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Abstract

Tonic solutions are of central importance for the properties of charged macromolecules in solu-
tion. The fundamental problem, in this context, is to trace over the ionic degrees of freedom
in order to obtain an effective electrostatic interaction, which acts between macromolecular
objects. While the modern treatment of this problem dates back many decades ago, to the
works of Debye, Hiickel, Gouy and Chapman, its analytical treatment is possible only under
strong simplifying assumptions, e.g., small surface charges, simple macromolecular geometry,
neglect of molecular details, neglect of ion-ion correlations, and other idealizations. Because
charged macromolecules are abundant in nature (and especially in the aqueous environment
of the living cell), taking these effects into account is of relevance for numerous systems, of
theoretical and technological interest.

This thesis addresses four issues in the theory of charged macromolecular systems.

The first issue is concerned with discrete polar solvents such as water. The main objective
is to study the consequences of solvent discreteness, as opposed to a continuous dielectric
medium. Jon-ion interactions are taken as pairwise-additive, consisting of the usual Coulomb
interaction in a dielectric medium and, in addition, a short-range contribution related to the
solvent discreteness. In order to treat the short-range part of the interaction, a quadratic
non-local term in the free energy is introduced, obtained using a virial expansion (which is
performed in an inhomogeneous fluid). The long-range part of the interaction is treated using
mean-field theory, as in the standard Poisson-Boltzmann (PB) approach. Two main effects of
the solvent discreteness are investigated: the effect on the ion distribution near a single charged
surface, and the effect on inter-surface forces. Both effects are found to be significant near
highly charged surfaces. In particular, the force acting between identically charged surfaces is
found to be attractive under certain conditions.

The second issue in this thesis is the theoretical treatment of ion-ion correlations, which are
neglected in PB theory. A model is proposed, which takes into account ion-ion correlations in an

approximated manner. Near an infinite, uniformly charged and planar surface (without added
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salt) this model is shown to yield exact results in two opposing limits: the weak-coupling limit,
in which the mean-field, PB theory is valid, and the strong coupling limit, in which exponential
decay of the ion concentration was predicted by recent theoretical approaches. At intermediate
coupling, the model interpolates between the exact results, showing semi-quantitative agreement
with Monte-Carlo simulations. In addition, the model sheds light on the existence of a distance-
dependent crossover, from exponential to algebraic decay.

The third issue is related to recent experiments on aggregation of rod-like, DNA segments, in
the presence of multivalent counterions such as spermine and spermidine. The minimal amount
of multivalent ions, required to induce aggregation, is considered theoretically. It is argued that
this minimal amount must depend linearly on the DNA concentration, over a very large range of
DNA concentrations. This result is shown to be in excellent agreement with recent experimental
measurements. The two coefficients of the linear dependence are related in a simple manner to
the distribution of ions near single DNA chains, at the onset of aggregation. Extracting them
from the experimental data leads to interesting conclusions on the conditions prevailing at the
onset of aggregation, and on the influence of short-range, ion specific interactions on the ion
distribution. These effects are shown to be of particular importance when there is competition
between monovalent and multivalent counterions.

The fourth issue is the charge regulation of weak, rod-like polyelectrolytes (PEs). In weak
PEs the dissociation of charged groups is partial, and depends on parameters such as the pH
and the salt concentration. Since all dissociation sites in a weak PE interact electrostatically
with each other, the Hamiltonian for charge regulation is equivalent to a one dimensional Ising
model with long-range interactions. A generalization of mean-field theory is proposed to treat
this problem, allowing for two sub-lattice symmetry breaking. It is shown that this formalism
performs much better than other commonly used approximations, when there is a plateau in the
dissociation curve at intermediate pH values (signaling that there are strong anti-correlations
between nearest-neighbor sites). A similar formalism is then used to study the interaction of a

polyacid and a polybase.



Organization of the thesis

The four issues described in the Abstract are organized in five chapters: chapters 2-3 deal
with discrete solvent effects, chapter 4 deals with ion-ion correlations, chapter 5 deals with
DNA aggregation in the presence of monovalent and multivalent ions, and chapter 6 deals with
charge regulation of weak polyelectrolytes. Each chapter has been published as one or more
scientific papers and can be read independently of the others.

The division between chapters 2 and 3, which both deal with discrete solvent effects, is as
follows: chapter 2 introduces the general formalism (which is the theoretical basis for both
chapters), and proceeds to evaluate these effects near a single charged surface. In chapter 3 two
interacting surfaces are considered. The main quantity of interest is the distance-dependent,
inter-surface pressure.

Chapter 1 is a general theoretical introduction to inhomogeneous ionic solutions. The intro-
duction is relatively extensive, which I believe is useful since there is currently no standard text
that covers these topics in a unified manner. Sections 1-7 deal mainly with Poisson-Boltzmann
theory whereas sections 8-9 deal with ion-ion correlation effects, which are not captured by
mean-field theory (these two sections are of importance mainly to chapter 4).

The supplements to chapter 1 expand on several topics covered in the introduction. Some
of them contain results that, to my knowledge, were not published elsewhere: the first one,
in Supplement 1.B, concerns the boundary between attraction and repulsion of two oppositely
charged surfaces. A previous result, due to Parsegian and Gingell (from the 1970s), is gen-
eralized beyond the linearized Debye-Hiickel theory; Supplement 1.C considers the effective
charge, far away from a charged cylinder in a salt solution. Numerical results are presented
for this quantity. In addition, an analytical expression is derived in the limit of very small
salt concentration, which differs from the commonly assumed expression coming from Manning
condensation theory; in supplement 1.F the density functional of an inhomogeneous ionic liquid
is systematically expanded in a loop expansion, relying on previous results of Netz and Orland.

Supplements 1.D and 1.E do not contain new results, but suggest a new perspective on the
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ion distribution near a charged cylinder, which I hope will be useful for understanding this
intricate topic.

Because the different chapters were written independently, they sometimes use different
notation. For example, in chapters 1-3, e is the electron charge, so that a multivalent ion
carries a charge ze where z > 1. In chapter 4, e is the counterion charge, which can be an
integer multiple of the electron charge. This difference in notation has consequences also for
the Bjerrum length [p and for the Gouy-Chapman length. In order to facilitate the reading,
a symbol legend was added at the end of each section. Symbol legends for chapters 2-3 are

combined, since these chapters use identical notation.
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Chapter 1

Introduction

This thesis deals with charged macromolecules in solution, and in the way that ionic solutions,
surrounding these molecules, mediate interactions between them. The term macromolecules
is used to describe objects that are small on macroscopic scale but contain many atomic or
molecular subunits. Before giving specific examples, we briefly discuss why molecules (and

macromolecules) often become charged in solution.

In vacuum or in air at room temperature the typical interaction energy, required to separate
a positive ion from a negative one, is about 180 times the thermal energy — assuming a separation
of 3A at contact and monovalent ions. Hence, free charges exist in vacuum only at extremely
low concentrations or high temperature. The situation changes dramatically in polar solvents
such as water, where the dielectric screening reduces electrostatic interactions by a large factor,
about 80 in water. Ionic bonds, now having interaction energies of order kg7, can dissociate;

dissociation is often favored due to the gain of entropy.

The dissociated ions typically form diffuse clouds around charged macromolecules, partially
screening their electrostatic field. Consequently, interactions between different charged objects
are not simply given by the bare Coulomb interaction. The ions play a central role, mediating
an effective interaction that differs from the direct Coulomb interaction in magnitude and
in range (in some situations, even in sign). In order to evaluate this effective interaction, a
thermal average over ionic degrees of freedom is required. All problems studied in this thesis are
concerned with such thermal averages in ionic solutions, and are within the realm of equilibrium
statistical mechanics.

The following chapters deal, mainly, with highly idealized models, where macromolecules
have simple geometrical shapes such as planes or cylinders. Several examples of real macro-

molecules, having different geometries are briefly discussed below. Many of the examples occur
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within the context of cell biology, with water as the solvent.

Mica

Mica is a clay mineral that can be cleaved to obtain atomically flat sheets. Cleaved Mica
surfaces are used in surface force apparatus [1] experiments, where the force acting across a
solution between two such surfaces is accurately measured as a function of separation, with
spatial resolution in the order of a few Angstroms. Mica is negatively charged, with a very high
surface charge density of 0.33C/m? (corresponding 48 A% per unit charge) at full dissociation

of its KT ions.

Cell Membranes

Cell membranes are composed of lipids, molecules that have a hydrophobic hydrocarbon tail,
covalently attached to a hydrophilic head group (either polar or charged). The competing
tendency to prefer or to avoid contact with water molecules leads to self-assembly into various
possible structures, in membranes — bilayers which conceal the hydrophobic tails from the

aqueous environment (Fig. 1.1a).

Cell membranes contain lipids of many different types, as well as numerous proteins such as
ion channels, receptors, and enzymes; they can deform and bend, and their lipid components
form a two-dimensional fluid. Nevertheless, from the electrostatic point of view, to first order
they can be viewed as planar, charged interfaces. More refined theories must take into account

their flexibility and heterogeneity.

In modeling of membranes as uniformly charged interfaces, the following physical parameters
come into play. The surface charge density is about 500-1000 A2 /e (where e is the unit charge),
assuming that 10-20% of the lipids are charged. The width of the lipid bilayer is about 30-50 A.

Tons are expelled from the inner part of the membrane due to its low dielectric constant.

Thermal undulations of lipid bilayers are smooth on cellular length scales [2], so that it is
meaningful to think about them as two-dimensional interfaces, possibly with a certain curvature.
In the outer cell membrane (as opposed to bilayers surrounding small organelles within a cell)
the radius of curvature is often sufficiently large in order for the membrane to be considered as
a flat interface. We note that at length scales of hundreds of nanometers or larger the shape
and structure (as well as thermal undulations) are typically governed by the attachment to the

cytoskeleton network.
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Figure 1.1: Charged macromolecules in solution. (a) Cell membrane (b) DNA structure (c) Electron
micro-graph of DNA, collapsed into a toroidal structure in the presence of spermine (4+) ions
(taken by J.L. Sikorav [4]) (d) Polyelectrolyte solution (e) Colloids: i. sterically stabilized ; ii.

charge stabilized (f) Polystyrene latex particles in solution. Figures (a) and (f) are reproduced from
Refs. [3] and [5], respectively.
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Polyelectrolytes

Polyelectrolytes (PEs) are charged polymers, i.e., long chains of molecular building blocks
(monomers) that are chemically attached to each other. In comparison with neutral polymers,
whose statistical mechanics is better understood, there are two main sources of difficulty in
theoretical treatment of PEs. The first arises from the long-range nature of electrostatic in-
teractions. The second source of difficulty is the coupling between PE conformation and the
ionic solution, which can be easily treated within the linearized Debye-Hiickel theory (discussed
later on), but is difficult to treat when the Debye-Hiickel theory is not valid (corresponding to
highly charged PE and low salt concentrations). Here we consider stiff PEs, modeled as rigid,
cylindrical rods. Even in this relatively simple case the distribution of ions involves subtle

effects, due to the logarithmic decay of the electrostatic potential (discussed in Sec. 1.5).

Biological PEs

DNA (Fig. 1.1b). Besides its fundamental function in storage of genetic information DNA is,
physically, a highly charged polyelectrolyte. The charge is due to the phosphate groups (one
per nucleotide), yielding a high packing of one unit charge per 1.7A (there are two nucleotides
every 3.4 A along the DNA axis). Other important physical parameters are the radius of DNA,
about 10A and the pitch, 34A (exactly 10 nucleotide pairs). DNA is not simply a cylinder of
radius 10 A: small ions can easily penetrate the major and minor grooves.

DNA is a relatively stiff molecule. In physiological solution it is stiff, or rod-like, on length
scales smaller than its persistence length, about 500 A. Properties of extended DNA chains (long
chains or short DNA segments) are extensively studied, motivated by the numerous technologi-
cal and biomedical implications, as well as for pure scientific reasons. It is important to realize,
however, that DNA does not assume an extended state in cells. Instead, it is wrapped around
histones, positively charged proteins, to form a bead of roughly 11 nm in diameter. These inter-
connected beads, each containing about 150 base pairs, form the 30 nm thick chromatin fiber,
and there can be several additional hierarchies of packing. In experiments involving extended
DNA molecules, such as those discussed in chapter 5, the DNA is first separated from the
packing agents and possibly cut into 150 base-pair strands. In a monovalent salt solution it can
then be modeled as a rod-like or as a semi-flexible PE. As discussed in chapter 5, in presence
of multivalent ions, DNA tends to aggregate or to collapse into compact toroidal structures
(Fig. 1.1¢).

Other PEs in the cell environment. There are many other PEs within the living cell. For



example, many proteins are charged. Since they are heterogeneous (three of the amino acids are
positively charged, two are negatively charged, and the rest are either polar or hydrophobic),
and since they are usually folded in a native state, forming a compact three-dimensional object,
their properties are quite different from those of stiff or semi-flexible PEs. Two important
examples of rigid polymers in the cell are actin filaments and microtubules, both of which take
part in affecting the cell’s mechanical properties. Their high electric charge (4.1 e/nm in actin
filaments, 3.8 ¢/nm in microtubules) plays a prominent role in determining their interactions

with other molecules, as well as the network structures that they form [6].

Colloids

The term colloids is used to describe particles of roughly spherical shape that are large on
the atomic scale but are small on macroscopic scale.! In a macroscopic sample the number
of colloids is typically very large — placing them, theoretically, within the subject matter of
statistical mechanics [8]. Examples for colloids in solution (colloidal suspensions) include glues,
paints, milk, blood, and latex particles in solution (Fig. 1.1f).

In order to solubilize colloidal particles, short-range van der Waals and depletion interactions
between them must be overcome: being relatively large on a microscopic scale, even weak
attractive interactions between colloidal surfaces sum up to an attraction energy which is large
compared to their translational entropy, of order kgT'. In the absence of stabilizing, repulsive
forces colloids aggregate and precipitate from the solution.

There are two main methods to introduce a stabilizing, repulsive interaction (Fig. 1.1e):
(i) steric stabilization, using, e.g., a polymer brush that is covalently attached to the colloidal
surface, and (ii) charge stabilization, i.e., a charging of the colloid surface, which leads to
electrostatic repulsion. Sometimes these two methods are combined: for example, the casein
micelles, which are the largest colloids in milk, are stabilized by a short brush of charged
polymers.

Naturally, the class of colloids of relevance to this thesis are the charged ones. A typical

charge for a colloid is between 100 and 10000 unit charges.

Tonic solutions

The most common ions in biological cells are the monovalent ions sodium (Na'), chlorine (C17)

and potassium (KT), and the divalent ions magnesium (Mg?") and calcium (Ca?*). There are

L Although there is no clear-cut definition for what is considered a colloidal particle, this term is usually used
for particle sizes ranging between a nanometer and a micron. For a discussion on physical properties of colloids
that are relevant criteria for their definition, and for a general discussion on colloidal systems see Ref. [7].
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also many small molecules of higher valency that, in some contexts can be viewed as small
counterions, such as spermine (47) and spermidine (37), discussed in chapter 5.

Hydrogen (H") and hydroxyl (OH™) ions play a special role in aqueous solutions since a
water molecule can dissociate into a (Ht, HO™) pair. Even pure water with no added salt
contains some free ions: HT and HO™, each of concentration 10~ M (a tiny fraction of the
water concentration, approximately 55M). Addition of solutes that contribute hydrogen or
hydroxyl ions, or associate with these ions, changes the concentrations of both H™ and OH~
while keeping their product fixed, equal to the dissociation constant.?

From the electrostatic point of view, the most important property of an ion is its valency g¢.
Because of the ge® form of the coupling to an external potential ®, multivalent counterions are
more closely bound to charged objects than monovalent ones. They tend to replace monovalent
ions in the neutralizing layer even if their bulk concentration is very low: replacing ¢ monovalent
ions by one g-valent ion is rewarded by gain of translational entropy. Another important
aspect of valency is that it controls the strength of interactions between ions. The larger the
valency, the more important are correlations between ion positions. A host of experimental
phenomena, theoretically attributed to ion-ion correlations effects, occur with multivalent ions
— most notably, attraction of similarly charged objects; like-charge attraction is rarely seen
with monovalent ions. Ion-ion correlation effects, near highly charged surfaces, are studied in
chapter 4.

Changing the amount of added salt in a solution is an important method of tuning its
electrostatic behavior, because of the Debye screening length’s sensitivity to salt concentration
(Sec. 1.2). The range of electrostatic interactions in water can vary between a few Angstroms

(with added NaCl at saturation) up to hundreds of nanometers (with no added salt).

Specific (non-electrostatic) ion effects

At relatively high salt concentrations, where electrostatic interactions are highly screened, dif-
ferences between ions of the same valency come into play. These differences are, for example,
their size, the structure of the hydration (water) shell around them, and their different po-
larizabilities. An important example where different ions of the same valency differ in their
experimental properties is the solubility of proteins (the Hofmeister effect) [9], where relatively
large ion concentrations are involved. Specific ionic interactions are important also when there

is competition between binding of different ion species to a charged macromolecule (as studied

2More precisely, the product of activities, divided by the activity of water, is fixed. Because water is at large
excess over all other components this implies approximately a fixed product of the concentrations. The pH is
defined as —logjgap+ =~ —logyo[HT], where ay+ is the hydrogen activity and [H*] is its concentration in M.
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in chapter 5).

The solvent, assumed here to be water, is often considered as a continuous dielectric medium,
€ = 78 in water at room temperature. This idealization, referred to as the primitive model,
simplifies theoretical treatment but is not always justified. As an example for discrete solvent
effects, Fig. 1.2 shows the potential of mean force between two sodium (Na') ions in water:
W (r) = —InZ(r) where Z(r) is the partition function of two ions fixed at a distance r from
each other, in a bath of water molecules.

Within the primitive model, W (r) = Iz /r, the monotonic dashed line in the figure. The solid
line shows W (r) as obtained in a molecular dynamics simulation [10]. Since W (r) approaches
Ip/r at large r, the difference W(r) — ig/r can be viewed as a short-range interaction acting
between the ions in addition to their long-range Coulomb interaction. The oscillatory behavior
of this short-range contribution reflects the arrangement of water molecules between the ions,
and its range (roughly 10 A) is governed by the size of a water molecule (about 3 A). Solvent

effects, beyond the primitive model, are studied in chapters 2 and 3.

Organization of the introduction

The rest of this chapter is a general theoretical introduction to inhomogeneous ionic solutions.
It is organized in nine sections dealing with bulk electrolytes (1.1), ionic solutions near charged
surfaces (1.2-1.6), and forces between charged objects in ionic solutions (1.7). The last two
sections (1.8, 1.9) deal with ion correlation effects, beyond mean field theory. Throughout

the introduction the solvent is treated within the primitive model as a continuous dielectric
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medium.

The supplements expand on several topics, or include derivations of identities that are used
in the introduction. Some of the supplements (1.B, 1.C, 1.F) contain new results that did not
fit in any of the main chapters.

General introductions to soft condensed matter that include a discussion on electrostatic

interactions can be found in Refs. [1,11,12].

1.1 Bulk electrolytes

In this thesis we deal mainly with highly inhomogeneous ionic solutions. We begin with a
brief discussion on properties of bulk electrolytes, which typically form a reservoir to which the
inhomogeneous ion distribution is coupled.

We consider a solution containing n species of ions of concentrations ¢, and valencies g,
where « is an index designating the ion species. It is first noted that charge neutrality must

hold:

otherwise the free energy is not extensive, and the thermodynamic limit does not exist. As
a result of charge neutrality, the mean electrostatic potential must vanish: on the mean-field

level, the free energy reduces to that of an ideal gas:
fia=> ca[In(Aica) —1] (1.2)

where fiq is the free energy per unit volume and A, is the fugacity of ion species «.

In similarity to uncharged fluids, Eq. (1.2) represents the free energy of a sufficiently dilute
ionic solution. A correction to this expression can be calculated for finite (non-zero) density.
In marked difference from neutral fluids, the standard virial expansion, in powers of ¢, fails
for charged fluids: the Mayer functions diverge due to the long range of the electrostatic in-
teractions. In fact, the correction to Eq. (1.2) is not analytic at zero concentration, as will be
demonstrated below.

A theory which takes ion-ion correlations into account was introduced by Debye and Hiickel
in 1923 [13], successfully explaining deviations from ideal gas properties of strong electrolytes.
Below we follow the derivation of Landau and Lifshitz (Ref. [14], Sec. 78), which captures the
most essential elements of Debye and Hiickel’s theory.

The electrostatic energy of the ionic solution, arising from correlations between ions, can be
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written as follows:

1
Eeorr = V§ 2{){: €qaCa®a (13)

where V' is the volume and &, is the electrostatic potential acting on an ion of type a due
to the other ions in the system. Once an ion of species « is fixed at a certain position, the
distribution of other ions around it leads to a non-vanishing electrostatic potential. To evaluate

this distribution, suppose that the fixed ion is at the origin, and use the following approximation:
ca(r) = Coe Paac®(r) (1.4)

where 3 = 1/kpgT and kpT is the thermal energy; ®(r) is the mean electrostatic potential in the
presence of the fixed ion and ¢, () is the average ion density of species ar. Both ®(r) and ¢, ()
are radially-symmetric. The prefactor in Eq. (1.4) is determined by requiring that c,(r) — co
far away from the fixed ion, where ®(r) — 0.

The potential ®(r) is related to ¢, (r) by the Poisson equation:
Vie(r) = —4162%60(7“) (1.5)
€ = '

where ¢ is the dielectric constant. Equations (1.4) and (1.5) yield together a non-linear self-
consistent equation for ®(r), which is known as the Poisson-Boltzmann equation.

For a sufficiently dilute solution, where interactions between ions are weak, we can assume

that Beqq®(r) is small and linearize Eq. (1.4). We then obtain for ®(r):
—[V*+rK*®=0 (1.6)

where

47 Be?

2 2

— E » 1.7
K - Caly ( )

«
and the length x~! is known as the Debye screening length. It is now straightforward to solve

for ®(r):

—KRTI

eqo e
e T

P(r) =

(1.8)

where g is the valency of the fixed charge. In the immediate vicinity of the fixed charge the
field must approach the Coulomb field of a point charge gge. This requirement sets the prefactor
in Eq. (1.8).

According to Eq. (1.8) the electrostatic field of a point charge is screened exponentially by

1

the other ions, with a characteristic decay length equal to k. Note that x increases with
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increase of ¢, and vanishes when ¢, — 0. Hence for small density we can expand Eq. (1.8) in
powers of k:
1

B(r) = SO0 {;_,H...] (1.9)

The first term is the electrostatic potential due to the fixed charge, and does not enter in
Eq. (1.3). The second term is the lowest order contribution to the electrostatic potential

exerted by the other ions. We thus obtain from Eq. (1.3):

3/2
| B Vi3
Ecorr = —V€3 6_3 anq(i = _w (110)

In order to evaluate the free energy we integrate the identity £ = (0/98)(8V f) to find:
I 3
f:fid—wfi (1.11)
(using the fact that f — fig as 8 — 0). Note that the first order correction to fiq goes like the
density to power (3/2), in contrast to the quadratic form that is typical to uncharged fluids.
The pressure follows from Eqs. (1.11) and (1.7):

/€3
P =kgT <§a: Ca — %> (1.12)

Using Eq. (1.12) it is easy to assess at what concentrations ion-ion correlation effects are
important. Comparing the two terms in this equation we see these effects are important if
the Debye length x~! is small compared to the typical ion-ion distance. In order to obtain a
more quantitative criterion, let us consider a ¢:1 salt of concentration c¢s. Concentrations of
the multivalent and monovalent ions are then cs; and gcs, respectively. The ratio between the

second and first terms in Eq. (1.12) is equal to:

|Pcorr| U 3713
22 = (g+1 s 1.1
Py 9(q g e (1.13)

where Ip = €?/(ekpT), the Bjerrum length, is the distance at which the interaction between
two unit charges is equal to the thermal energy. Since the typical distance between neighboring
ions in a 1:1 salt is of order ¢; /%, the ratio in Eq. (1.13) is small as long as the electrostatic
interaction between neighboring ions is small compared to the thermal energy.

In water at room temperature I ~ 7 A and 1153 ~ 0.0029A73 ~ 4.8 M. For a 1:1 salt correla-
tion effects are thus important for concentrations of order 1 M or larger. At salt concentrations
in the order of 0.1 M or smaller they can be safely neglected. Note that for multivalent salts
correlation effects are important at much smaller concentrations, as can be appreciated from

the dependence on ¢ in Eq. (1.13).
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At sufficiently low temperature an ionic solution phase-separates into coexisting ion-rich and
ion-poor phases. In order to understand this phase separation, it is essential to take the finite
size of ions into account. This topic is briefly discussed in Supplement 1.A for completeness,
although its relevance to aqueous ionic solutions is minor: the critical temperature is well below

the freezing point of water.3

1.2 Electrolytes near charged surfaces

In contrast to the situation in bulk solutions, near charged interfaces there is a non-vanishing
electrostatic potential. Evaluation of this potential using mean-field theory is often adequate in
order to evaluate quantities such as the ion density profile near the interface or the force acting
between two charged objects, as mediated by the ionic solution. Limitations of mean-field
theory are discussed later on, in Sections 1.8 and 1.9.

Before proceeding to discuss mean-field theory, we note that there are situations where an
ionic solution is non-homogeneous, but the leading correction to ideal-gas behavior still comes
from correlation effects beyond mean-field theory, as in a bulk solution. An important example
is a neutral interface between an ionic solution and a low-dielectric medium, such as a water-oil
or a water-air interface. Because the interface is neutral, the average electrostatic potential is
zero and the ion density is uniform on the mean field level. In fact, there is a depletion of positive
and negative ions from the interface due to their repulsion from the dielectric discontinuity. The
relevant interaction energy, naively a coulomb interaction with the image charge, is screened
by the ionic solution (and thus involves ion-ion correlations in an essential manner). The
depletion of ions from the surface is related, through the Gibbs adsorption equation (Ref. [14],
Sec. 157), to an increase of the interfacial energy. Hence addition of salt usually increases the
surface tension of polar solvents such as water. This increase was calculated by Onsager and

Samaras [15] (see also Ref. [14], Sections 157-158).

1.2.1 Mean-field theory

Figure 1.3 shows a group of charged objects immersed in an ionic solution. For simplicity we
assume that the dielectric constant is uniform, and that the only non-electrostatic interaction

is an exclusion of ions from a certain region of space — for example, the interior of a colloidal

3Demixing of the liquid phase, below the critical temperature, is not to be confused with the first order, liquid—
solid phase transition. Phase separation in an aqueous solution of NaCl occurs above a saturation concentration
of about 6 M at room temperature.
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Figure 1.3: Fixed charged objects, immersed in ionic solution. The fixed charge density due to
these objects is denoted n.(r) (in units of e, the unit charge). An excluded volume function O(r)
is equal to zero in regions that the ions cannot penetrate (such as the interior of the fixed objects),
and to unity elsewhere.

particle. The electrostatic potential is related to the charge density by the Poisson equation,

L2 = 3 gartar) + ne(r) (1.14)

47TZB

where ¢, the reduced electrostatic potential, is dimensionless and equal to the electrostatic
potential ® multiplied by e/(kgT), Ip = €*/(ckpT) is the Bjerrum length, g, is the valency of
the ion of species a, n, is its local number concentration, and n.(r) is a fixed charge distribution
coming from the charged objects, expressed in units of the unit charge e per unit volume.

A second, mean-field equation is obtained by treating the ions as if they interact with an

external potential ¢ which is not influenced by their own presence:

N (r) = caO(r)exp [—ga¢(r)] (1.15)

where ¢, is the fugacity of the ion species a [also equal to its bulk density on the mean field
level, as in Eq. (1.4)] and ©(r) is equal to zero in the excluded volume where ions cannot
be present and to unity everywhere else. Combining these two equations yields a non-linear
equation for ¢:

1
— V%6 = aca®O(r)exp [~qad(r)] + ne(r) (1.16)
This is known as the Poisson-Boltzmann (PB) equation.
Linearized theory

Much of the practical difficulty in solving the PB equation (1.16) arises from its non-linearity.

For weakly charged objects [corresponding to sufficiently small n.(r)] the PB equation can be



1.2. ELECTROLYTES NEAR CHARGED SURFACES 13

linearized, leading to a considerable simplification:

1
o 9742 6() = (o) (1.17)

where

K =47l > q2ca (1.18)

and x~! is the Debye screening length, introduced already in Sec. 1.1. For a 1:1 salt of con-
centration cg, k2 = 87mlpc,. Equation (1.17) was first derived by Debye and Hiickel within the
context of the bulk properties of electrolytes (Eq. 1.6) and is therefore called the Debye-Hiickel

equation. Its solution can be written in terms of the Green’s function:*

lBe—K,\r—r’\

UDH(I',I'/) = (119)

v — ']

Since the theory is linear, Eq. (1.19) leads to exponential screening of the interaction between
any two charged objects. The importance of Egs. (1.17) and (1.19) goes, in fact, far beyond
the linearized theory. Far away from any charged object the electrostatic potential is small
and Eq. (1.17) describes the ion distribution. Consequently, even interactions between highly
charged objects can be described using Debye-Hiickel theory as long as the distance between
them is large compared to the Debye length. The price that has to be paid is that the surface
charge is renormalized due to non-linearities close to the surfaces.

To close this section we note that the screening length itself is modified at high ion con-
centrations (klp 2 1), due to corrections to the Debye-Hiickel theory [20] (see also Sec 1.1).
Throughout this thesis we assume that the bulk ionic solution is sufficiently dilute that these

effects are insignificant.

1.2.2 Free energy

The exact partition function reads, in the grand-canonical ensemble,

o0

Zo= > NV Zy (1.20)
Ny, N_=0

where we assume, for simplicity, a 1:1 salt (the generalization to other combinations of ion
species is straightforward). In the above expression \g = ePFc /A3 is the fugacity, . is the

chemical potential, Az is the de Broglie thermal wave-length, and Zy, n_ is the partition

4This form of vpy holds only in the translationally invariant situation where ions can access the whole space,
O(r) =1 for all r. Inhomogeneities in © or in the dielectric constant modify the Green’s function [16-19].
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function in the canonical ensemble,

INyN. = NJrlN IH <)\3 dr;O(r 1)>

exp {_5 /dr dr’ fre(r)ve(r — 1')nc(r') + %(N+ + N_)ve(0) (1.21)

X

where
Ip
v — 1/

ve(r, ') = (1.22)

is the coulomb interaction in units of the thermal energy, and n. is the local charge density

operator,®
fe(r) = fig(r) — R_(r) + ne(r) (1.23)
in which
Nyt
fe(r) = Za(r—rf) (1.24)

The first term within the exponential in (1.21) includes an infinite self energy, > . vc(rs, r;),
which is canceled by the second term.

One way to derive the mean-field equation (1.16) is through the Gibbs variational principle
(Ref. [21], Sec. 10.4) where the solution of the PB equation minimizes a variational free energy.
Another, more systematic method is to re-express the partition function as a field theory [22-24]:

Za= o D@eXp{—% [ [81l (Ve)? +mesa—2A@cos4}. (1.25)

where Dy denotes a functional integral over a fluctuating field ¢. In this expression A =
)\Oe”“(o)/ 2 is a renormalized fugacity and the constant Z,, is the partition function of the Coulomb
interaction, Z, = y/det(v.). The prefactor 1/l is equal to one, but formally it is convenient to
include this prefactor and to expand in powers of | (the so-called loop expansion parameter). To
leading order in [ the functional integral is dominated by the stationary point of the functional
in the square brackets:

IF=-IZ=Fo+I1F1+... (1.26)
The zeroth-order term in Eq. (1.26), Fp, is the mean-field free energy, equal to
Fo= maX /dr {—— Vo) +nep — 2/\@cosh¢} (1.27)

and written in units of the thermal energy, where ¢ = iy is the electrostatic potential. We

omit the infinite but constant contribution coming from the prefactor Z,. It is easy to verify

5The term operator and the * superscript are used to distinguish 7(r), which depends on the microscopic
degrees of freedom, from n(r), its thermodynamic average.
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that Fy is a maximum at its extremum if ¢ is restricted to be real. In the complex plane the
functional in Eq. (1.25) has neither a maximum or a minimum, but is instead a saddle point.
The corrections to the mean-field free energy (Fi, Fa,...) arise from fluctuations around the
saddle point and are discussed in Sec. 1.8.2.

Truncating the loop expansion at the mean-field term can be justified, of course, only if the
other terms are small. In the case of a planar interface without salt, rescaling all spatial coor-
dinates by the Gouy-Chapman length u (defined in Sec. 1.3), leads to a natural dimensionless
parameter that can be viewed as the loop parameter [Sec. 1.8.2, Egs. (1.126) and (1.128)].

The mean-field free energy can also be expressed as a minimum of a functional of the local

densities n,(r) (« = £1 for a 1 : 1 salt):

Fo = min {/dr za:na(r) [hlnf;\((:) _ 1} + % /drdr' nc(r)vc(r,r’)nc(r')} (1.28)

na(r)

where n, = ny — n_ + n. It is straightforward to show that this form for Fj is indeed a
minimum at its extremum.5

It is interesting to note that, while both expressions (1.27) and (1.28) have the same value
at their extremum, one is a minimum while the other is a maximum. This observation can be
used to obtain bounds, from below and above, to the mean-field free energy. A slightly different
form for Fy, combining these two expressions, is found by defining ¢(r) = [ dr'v.(r, r")n.(r")
and using the Poisson equation to re-express the second term in Eq. (1.28):

Fo= min / dr{ﬁwf # 3 malr) [m";f:) - 1}} (1.20)

ne(r)

where ¢ is regarded here as a functional of n,. Formally the relation between ¢ and n, can be
imposed using a Lagrange multiplier A(r). This procedure yields a functional of ¢, ns, and A
from which both the expressions (1.28) and (1.27) can be obtained (see chapter 2).

Using a free energy functional as a starting point for the theoretical treatment has several
benefits. First, it is sometimes convenient to solve the PB equation numerically by minimizing
or maximizing a free energy functional. Second, the free energy approach lends itself easily to
extensions and generalizations, introduced by adding terms to the free energy functional, whose
origin may be phenomenological or systematic. The value of the free energy itself is important
— for example, the force acting on a charged object is found from the variation of the free energy

with respect to a change in its position.

6As discussed in Sec. 1.8.1, a density functional F[na] has a precise formal meaning that is not restricted to
approximations such as mean-field theory. The functional that is minimized in Eq. (1.28) is, in fact, the zeroth
order term in a loop expansion of F[nq] in powers of I. this result is derived in Supplement 1.F, showing also
that corrections can be obtained to this expression in a systematic manner.
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1.3 Planar case

The Poisson-Boltzmann equation can be solved analytically in a few simple geometries. The
most simple case, and a very important one, is an infinite planar surface with a uniform surface

charge o:

d(2) (1.30)

ne(r) = %

where 2 is the coordinate perpendicular to the plane. We assume also that O(r) =0 at z < 0
and O(r) = 1 at z > 0, i.e., ions can be present only on one side of the plane.” The treatment of
this problem, the planar electric double layer, dates back to the pioneering works of Gouy [25]
and Chapman [26].

The planar wall introduces a natural length scale into the problem, being the distance at

which the bare interaction of an ion with the plane increases by kgT,

e
S — 1.31
a 2wlg|o| (131)

This distance, which is inversely proportional to the surface charge, is called the Gouy-Chapman
length [27]. From here on we assume that o is negative, so that counterions carry a positive
charge. For a 1:1 salt of concentration c,, the solution of the PB equation reads (assuming

negative o):

1+ ~ye™r?
=2In{ ——— 1.32
o) =~ (12 ) (1.32)
where k2 = 8mlpcs [Eq. (1.18)],
v=/(sp)? +1—kp (1.33)

and the densities of positive and negative ions are

2
1+ e "%
=cg | ——— 1.34
ni(z)=c <1:F’}/6_K’Z) (1.34)

If o is positive the sign of ¢ should be reversed. Note that as z — oo all quantities tend to their
bulk values, ¢ — 0 and ny — ¢s. At contact with the surface, d¢/dz = —2/u = 4nlpo/e — as it
should be considering the surface charge at z = 0 and noting that the electric field vanishes at

z < 0, since there are no ions in this region.® Two limits of the solution are of special interest:

"This is the relevant situation for membranes, because the low dielectric constant within the membrane
prevents the penetration of ions. Neglect of the image forces (due to the dielectric discontinuity), which is
inherent to the mean-field approach, can often be justified for monovalent ions.

80nly half of the reduced electrostatic field at contact, 2wlgo/e, is directly due to the surface charge. The
other half comes from the ions at z > 0.
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Linear screening

When kp > 1, corresponding to large ion concentration or small surface charge, v ~ 2/(ku) < 1

and ¢(z) tends to the solution of the linear Debye-Hiickel equation (1.17),
$(2) = = (—r2) (1.35)
—_ X —_ .
z /‘We p(—kz

In this limit |@¢(z)| < 1 everywhere, and ion densities deviate only slightly from their bulk value:

—Kz

ny(z) =~ cs [1 + 2exp(—kz)/(kp)]. In contrast to the ion densities that decay to cs as e, we

K

note that the charge density [n4 (z) —n_(z)] decays to zero more rapidly, as e~2%*. The reason

for this faster decay is that the deviations of n4 and n_ from ¢ cancel each other to first order

in ¢.
Limit of no salt

The opposite limit, ku — 0, corresponds to ¢s — 0 or large surface charge. Let us consider the
formal limit ¢; = 0. In this limit v ~ 1 — xu and the solution in Eqs. (1.32)—(1.34) tends to the
following result:

o)~ -2m|—2 ]

1

2l (z + 1) (:30)

ny(z)

where we assumed that xkz < 1 in addition to xp < 1. Despite the vanishing concentration of
ions in the bulk, the density of counterions (positive ions in our case) is not zero. In fact, these
ions completely neutralize the charged plate as can be verified by integrating n4(z) from z =0
to infinity. The co-ion density, n_(z), vanishes to leading order and scales as k3 for small &.

The fact that all counterions are bound to the surface in the extreme limit of zero salt
concentration is special to the infinite planar case considered here, being a consequence of the
linear bare potential created by a charged surface of infinite extent (see also the discussion in
Sec. 1.4). Note that there is no need for salt in order for counterions to exist - the very fact
that the surface is charged implies that it has released counterions into the solution.

An alternative way to obtain Egs. (1.36) is to solve the PB equation for only one species of
ions:

_ L g2 ~6(r)
47rlBV ¢ = coO(r)e + ne(r) (1.37)

imposing a boundary condition of zero field at infinity (which is equivalent, in this case, to

the requirement of overall charge neutrality). The constant ¢y has dimensions of concentration
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but its value can be chosen arbitrarily: changing it only shifts the electrostatic potential by a
constant. Indeed, Eq. (1.37) is invariant to the transformation: ¢y — aco ; ¢(r) — ¢(r) +1Ino.

In the limit of no salt the ionic layer is very diffuse since the counterion density decays
algebraically with z. The width of the ionic layer is characterized by p: half the counterions are
present between z = 0 and z = u. Beyond z = p the distribution can be seen as corresponding
to a charged surface at z = p having half the surface charge of the plane at z = 0 or, equivalently,
a twofold Gouy-Chapman length. This observation demonstrates that the ionic layer becomes
more and more diffuse with increasing distance from the charged plate. In fact, all the moments

(z™) (n > 1) diverge, in marked contrast to the case of added salt.

Crossover to linear screening

When kp < 1 but is not identically zero, the density profile follows the no-salt solution close
to the charged plate, but crosses over to exponential decay at large z. This can be seen from

K

Eq. (1.32): the equation cannot be linearized with respect to ye™"* close to the plate because

~ ~ 1 is not small, but it can be linearized for Kz > 1,
P(2) = dye™™* (1.38)

Comparing with Eq. (1.35) shows that ¢(z) has the same form as in the case of linear screening,

but having an effective surface charge
Oeft = 2647 - O (1.39)

and |oeg| < |o|. The effective surface charge is smaller in magnitude than the nominal one
due to the non-linear screening close to the charged plane. In the limit where non-linear effects
are large, ki < 1 and oegr/0 ~ 2k < 1. Equation (1.39) applies for any value of ky; in the
opposite limit kK > 1, oeg — o.

To summarize, even for highly charged surfaces where non-linear effects are important,
linear screening applies beyond a distance of about £~!, the Debye length, from the charged
surface. This important result applies also to non-planar charged objects. A few simple cases

are discussed in the following sections.

Contact theorem

The contact density of ions is given, from Eq. (1.34), by

1 K2

o 2
S . (—) 2. 1.4
27Tl3,u2+477l3 B e +ec (1.40)

1. (0) +n_(0)
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This identity, called the Grahame equation, has a simple interpretation, relating the ion pressure
directly at the planar interface with the ion pressure in the bulk. The pressure exerted by ions
on the charged plate can be written as a sum of two terms: the electrostatic force per unit
area acting between the ions and the plate, —27lg(o/e)?, and an osmotic term, ny(0) +n_(0)
(see, also, Sec. 1.7.1). This pressure must be equal to 2¢;, the pressure far away from the plate,
because the ionic solution is in thermodynamic equilibrium, in agreement with Eq. (1.40).
Because the electrostatic field of an infinite charged plane is uniform, Eq. (1.40) can be
generalized beyond mean-field theory, yielding an exact identity, known as the contact theorem
11,28],
oN 2
n4(0) + n_(0) = 2rlp (g) + Pou (1.41)

where Py, is the pressure in the bulk ionic solution. In particular, in the limit of zero salt
concentration, Pryx = 0 and Eq. (1.41) determines the contact density of counterions in a
closed form: a derivation of Eq. (1.41) in this limit is given in Appendix 4.D. Furthermore,
Eq. (1.41) is exact even if there are non-electrostatic interactions between the ions, in addition
to their electrostatic interaction , but not if there is an ion-surface interaction. There are other

exact sum rules that can be derived for ionic solutions in the planar case [29].

Validity of the mean-field approach

We note that the density profile’s form depends only on the length scales x4 and x~! (and in
fact only their dimensionless ratio u/k~! is important). Notably Iz, which is an independent
length scale in the problem, does not influence the form of the density profile — a result of the
mean-field approximation. This result is valid only when [ is small compared to u as well as
to kL. If any of these two inequalities is not obeyed, correlation effects beyond mean field are

important. The case Ip > p is discussed in Sections 1.8.2, 1.9 and in chapter 5.

1.4 Other geometries

General considerations

To what extent is the planar solution relevant to non-planar geometries? It should first be noted
that regions of a charged surface, separated from each other by a distance large compared to
x~', are decoupled from each other. Consequently, if a surface is planar on this scale, the planar

solution can be applied locally.”

9Similarly, if the surface charge is not uniform on a length scale that is large compared to ™!, the planar
solution can be applied locally.
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Let us consider now the ion distribution without salt, Eq. (1.36). In the no-salt limit (when
k! tends to infinity), there are substantial differences between ion distributions near objects
of different geometry — an important observation that will be discussed in more detail below.
Despite these differences, the planar solution without salt is relevant to curved objects in some
situations. Consider a surface that is characterized by a radius of curvature R. If the Gouy-

Chapman length p is much smaller than R, there exists a window of salt concentrations:
p< k<R (1.42)

where the counterions distribution, close to the charged object, is similar to the one obtained
from the planar case. For example, near a colloid of radius 1000 A and with 1 = 10 A, Eq. (1.42)
holds for 107> M < ¢, < 0.1 M (see, also, Supplement 1.6).

A similar statement can be made on the relevance of the cylindrical solution (Sec. 1.5) to
semi-flexible PEs: if the persistence length is large compared to the Debye length, the infinite
rod limit is relevant locally (see, for example, a comment on this issue in the concluding remarks

of Ref. [30]).

Zero salt limit

At low salt concentrations, surfaces of different geometries differ fundamentally in the way coun-
terions distribute around them. Consider a single charged sphere, and a single ion interacting
with this sphere. The probability to find the ion, of charge ge, at a finite distance from the

sphere, of charge Qe and radius a, is zero because the weight

471'/ r2dr exp <— QilB> (1.43)

diverges. Consequently, a charged sphere does not bind any ions, whereas a charged plane is

completely neutralized by its counterions, as discussed in Sec. 1.3. In the case of a charged
sphere the entropy of an ion at a distance r from the sphere, scaling as In(r?), overcomes the
electrostatic attraction which decays to zero at large r. In the case of a charged plane the
situation is reversed. A special case is that of an infinite charged cylinder, where both the
entropy and electrostatic interaction depend logarithmically on the ion-cylinder distance. The

counterpart of Eq. (1.43),
271'/ rdrexp [—2¢lppln(r)] (1.44)

can be finite or, alternatively, diverge at qlgp > 1 or glgp < 1, respectively.
We consider the charged cylinder in the following section. The charged sphere is discussed

in Sec. 1.6.
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1.5 Charged cylinder

The cylindrical case is of great importance due to its relevance to charged polymers (polyelec-
trolytes). In this section we discuss the predictions of mean-field (Poisson-Boltzmann) theory.

Throughout this section we assume that the cylinder is infinite in extent and is uniformly
charged at its surface. The number of unit charges per unit length of the cylinder is designated

by p, and the sign of the surface charge is taken to be negative:
ne(r) = ———pd(r —a) (1.45)
T

where p > 0, a is the cylinder radius, and r is the radial coordinate (the cylinder axis is at

r = 0). We assume that ions cannot penetrate the cylinder, so that O(r) = 0 for r < a.

1.5.1 Single cylinder without salt

In the most simple situation of a single, uniformly charged cylinder, no salt, and assuming

monovalent counterions (¢ = 1) the ion distribution is
0 R pr <1

n(r) = 1 (lpp —1)°
2mlpr® [(Igp — Dn(r/a) + 1)°

(1.46)

, Ipp>1

where r is the radial distance from the cylinder and a is the cylinder radius (for details on
the PB equation in this geometry see Supplement 1.D). If Igp is smaller than unity, all the
counterions escape to infinity. If, on the other hand, [pp is larger than unity some counterions
are bound. A charge 1/lp remains unneutralized, as can be verified by integrating the charge

distribution from a to infinity.

The partial neutralization of charged cylinders is of central importance for polyelectrolytes
(PEs). It is common to assume that highly charged PEs, having a linear charge density larger
than 1/lp, are neutralized by a condensed layer of ions, resulting in an effective charge that
is equal to 1/lp. This assumption was introduced by Manning [30] and Oosawa [31] in the
late 1960’s (see also, [32]), and remains very influential until this day. Its consequences and
limits of validity are examined below in several contexts: the number of counterions near a
PE, the effective charge of a PE in a salt solution, the excess of counterions, and the osmotic
pressure (Sec. 1.7.4). Chapter 4 deals with a situation in which there is more than one species

of counterions in the solution.
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Bound ions

For some purposes it is important to know how many counterions are present near the charged
cylinder. For example, these counterions may mediate an effective interaction between two
polyelectrolytes.

We first note that a sets the scale in Eq. (1.46). As a — 0 the layer of bound ions reduces
to an infinitely dense, line charge distribution. However in practice, due to the logarithmic
dependence in Eq. (1.46), a part of the condensed layer is very diffuse. This can be seen as

follows: a fraction f of the condensed ions are present up to the radius

S S
(lsp—1)(1-f)]

Therefore, roughly speaking, only a fraction (Igp — 1)/(lgp) of the ions are present up to a

a exp (1.47)

distance of order a from the cylinder. The rest of the ionic layer is extremely diffuse, since for
larger values of f the argument in the exponential [Eq. (1.47)] is large compared to unity. If
Ipp is not much larger than unity (the typical situation, even for highly charged PEs such as
DNA), this very diffuse part of the ionic layer contains a significant fraction of the condensed
ions.

The situation is different if (Igp — 1) > 1. In this case almost all the condensed layer is
within a distance of order a from the cylinder. This situation can be achieved in practice with
multivalent ions, where the parameter [gp is replaced with ¢lpp.

Usually there is salt in the solution (a situation that is discussed in more detail below). As
long as ka < 1 salt has a relatively small influence on the ion distribution close to the cylinder,

and the above considerations are still valid.

1.5.2 Cylinder in a salt solution

Rescaling the spatial coordinate by the cylinder radius a, r — ¥ =r/a, V — V= aV, yields

the following equation (a 1:1 salt is assumed)

o¢

99
or 7

=2pp ; 97

=1 7—00

V26 = k%a’sinh¢ =0 (1.48)

Hence the only independent dimensionless parameters in the problem are Igp and ka. An
analytical solution to Eq. (1.48) is not known,'? but important observations can be made.
It is instructive to see, first, how the concept of partial neutralization, obtained in the no-

salt limit, remains relevant in the presence of salt. Far away from the cylinder, exponential

10An analytic expression for the case ka — 0 and Igp < 1 was recently obtained by Tracy and Widom [33],
expressed as an infinite sum of terms, each one the trace of an integral operator. Another recent treatment of
the small ka limit can be found in Ref. [34].
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screening results in complete neutralization of the cylinder by the ionic solution. This happens

on the scale of the Debye length x~1.

It should be clear then, that partial neutralization is
a meaningful concept only if there is separation of scales: the Debye length x~! (over which
complete neutralization occurs) must be large compared to a, the cylinder radius.

The importance of the limit ka — 0 can also be understood as follows. The potential

difference between a position r, close to the cylinder, relative to infinite distance from the

cylinder is obtained from the linear DH equation:
¢(r) = 2lppKo(rr) (1.49)

where K is the zeroth order modified Bessel function of the second kind and we ignore, for the
moment, possible nonlinear screening close to the cylinder.
Let us assume that the electrostatic potential follows the linearized theory up to contact

with the cylinder. The ion density at contact with the cylinder is then

2
1
coe=9@ = B__o—d(a) o

2-21
47‘([3 - 471'130,2 (Ha) 7 (150)

where in the last identity Ky (kxa) was replaced by its asymptotic behavior for small ka, Ko(ka) ~
—In(ka). If Igp < 1 this density vanishes when ka — 0. Consequently, there is no accumulation
of ions near the cylinder, despite the fact that the electrostatic potential is large. If, on the
other hand, Igp > 1 the density in Eq. (1.50) diverges, signaling that there is a condensed layer

of ions close to the cylinder.

Effective charge

At large distance from the cylinder the electrostatic potential is proportional to the solution of
the linearized Debye-Hiickel equation,

Ko(kr)

o(r) = QZBPeﬂm

(1.51)

The effective charge peg determines the interactions between polyelectrolytes in a sufficiently
dilute solution, as well as the interaction between different rod-like segments of a single PE,
provided that the distance between them is large compared to the Debye length.

Despite the importance of this quantity, its exact values are not reported in the literature
(as far as we know), whereas it is common to assume that

_Jlsp , lep<1
lBPeff—{ e (1.52)
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This issue is addressed in Supplement 1.C, where we show that Eq. (1.52) is over-simplified for
several important reasons. The main results are summarized below, and more details can be
found in the supplement.

The following identity is derived in the supplement,

lim Ippe = 2 ) sin (#) e <1 (1.53)
ka—0 T 1 L lgp>1
relying on previous results of Tracy and Widom [33] and Ramanathan [35]. Equation (1.53)
is an asymptotic expression, valid only in the limit ka < 1. In this limit, {ppeg is a constant
when lgp > 1, as in Eq. (1.52), but the constant is equal 2/7 ~ 0.64 < 1. There is also a
difference between the Egs. (1.53) and (1.52) when lgp < 1. In particular, an equality of Iz pes
and Igp is found in Eq. (1.53) only when lpp < 1.

We recall that the effective charge characterizes the electrostatic potential only far away
from the cylinder, at distances that are large compared to the Debye length. Since the Debye
length diverges as ka — 0, Eq. (1.53) is useful only when there is some salt in the solution,
so that x~! is finite but is still large compared to a. From the general considerations in the
beginning of this section we may expect to find small corrections to Eq. (1.53) as long as ka < 1.

The actual effect of added salt (non-zero ka) is studied in Supplement 1.C using numerical
solution of the PB equation, leading to two main conclusions. First, the approach to the
asymptotic limit (1.53) is very slow. At small, but realistic values of ka, there are significant
corrections to (1.53). Despite these corrections the main qualitative outcome of Eq. (1.53),
that {ppes depends very weakly on [pp when Ipp > 1, remains valid. Second, when ka 2 1
Eq. (1.53) is not relevant at all. In particular, Igpeg strongly depends on Igp when Igp > 1.

The very slow, logarithmic, convergence to asymptotic limits in the cylindrical problem is
one of the reasons for the difficulty to develop scaling theories for highly charged PEs. Another
example for such slow convergence is found in the zero salt limit, when finite PE concentration

effects are considered (discussed in Sec. 1.5.3).

Excess of bound ions

In addition to the effective charge, there is another important quantity for cylindrical macro-
molecules that are sufficiently dilute (separated by distances large compared to the Debye

length). This quantity is the excess of each counterion species per unit length of the cylinder,

Po = 27 /000 rdr [na(r) — cal (1.54)
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Due to charge neutrality,

—p+ Z dapa =0 (1.55)

where p is the number of negative unit charges per unit length of the cylinder. The excess is

important for several reasons:

e For a single charged rod in salt solution, the excess is related to a derivative of the free

energy:

0 (f = fo) (1.56)

Pa =

Ot T,V o
where f is the free energy per unit length, and f; is the free energy per unit length in
the absence of the PE, in the ensemble where chemical potentials of the ion species are

specified.

For a dilute solution of PEs, the excess free energy f — fy of a single PE is related to the
Gibbs free energy (or, equivalently, the chemical potential of PEs expressed through all
the other intensive parameters), of importance for equilibrium processes in which the PE

is involved.

e In a dilute PE solution the pressure is dominated by the concentration of ions far away
from the PE. This bulk concentration is different from the average ion concentration,
which takes into account the distribution of ions close to the PEs and is typically controlled
experimentally. The bulk and average concentrations are related to each other through

the excess. This is further discussed in Sec. 1.7.4.

e The excess p, is a measure of the number of bound ions, up to a distance of order £~!

from the PE.

An exact identity within mean-field theory, derived in Supplement 1.E, relates the sum
> o Pa to the density of ions at contact with the cylinder (see, also, Sec. 1.7.4 for an application
of this identity). The behavior of p, in a solution containing competing species of monovalent

and multivalent counterions is studied in chapter 5.

1.5.3 Finite volume: charged cylinder in a cylindrical cell

We return now to discuss the salt-free situation. As will be demonstrated below, the limit of
a single, isolated cylinder can be applied without modification only at extreme dilution of a

PE solution. In evaluating the influence of finite volume on the ion distribution, a standard
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(1-lgp)2m -1/2n
R
_)
u=0 u=L
=log(R/a)

Figure 1.4: The problem of an infinite charged cylinder of radius a and linear charge density —p
(p > 0), enclosed in a cell of radius R is analogous, within mean-field theory, to that of two infinite,
uniformly charged planes separated by a distance L = In(R/a). Their surface charge densities are
(1 —Ipp)/2m and —1/27 (choosing the units in the planar problem such that ip = 1).

theoretical model is the cell model [37], where each PE is placed at the axis of a cylindrical cell

of radius R. The volume of this cylinder is the inverse of the PE density:
TR apem =1 (1.57)

where ¢, is the monomer concentration and a,, is the distance between monomers along the
PE backbone (equal to 1/p if each monomer carries a unit charge). Charge neutrality within
the cell implies that d¢/dr must be zero at the cell boundary.!!

A solution of the PB equation in a cylindrical cell was obtained by Fuoss, Katchalsky and
Lifson in 1951 [39]. Le Bret and Zimm [40] clarified the relation between this solution and
Manning’s condensation theory. Here we present the Fuoss-Katchalsky-Lifson solution from a
slightly different perspective, which makes the relation to the single cylinder situation more
transparent. For more details see Supplement 1.D.

As shown in the Supplement, a transformation to the variable

r
U na ( )

maps the problem into a more familiar one: that of two charged plates separated by a distance
L = In(R/a) (Fig 1.4). The plate at u = L has a surface charge equal to —1/27 (in rescaled
units), so it always attracts the positively charged ions. The plate at u = 0, corresponding to

the surface of the charged cylinder, has a surface charge (1 — lgp)/27.

HThe case of extremely dilute, rod-like PEs without salt, was recently studied in Ref. [38]. Assuming that
PE distances are much larger than the PE length, the cell model is modified by embedding a cylindrical cell
within a larger, spherical cell that surrounds each PE.
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There are two distinct situations: if igp < 1 (1—Ipp > 0), the plate at u = 0 repels the ions.
As L is increased towards infinity all the ions follow the second plate and escape to infinity; the
ion concentration at any finite v vanishes. If Igp > 1, the plate at u = 0 is negatively charged.
This negative charge is neutralized by a layer of bound ions (Igp — 1 ions per unit length), even
as L. — oo. The rest of the ions escape to infinity with the second plate. In the asymptotic limit
L — oo the density profile of ions near the cylinder becomes a single plate profile, Eq. (1.36),
with a Gouy-Chapman length (Izp — 1)~1. Mapping back to the cylindrical coordinates yields
Eq. (1.46).

When L is finite and Igp > 1 there is a layer of bound ions near v = 0 and another layer
near u = L. Because there is no screening by salt these two layers are coupled to each other.
The relative magnitude of the two single-plate profiles is sufficient in order to obtain a rough
estimate for the magnitude of finite volume effects, although the density profile is not a simple
superposition of the single-plate profiles. For example, at large In(R/a) the ion density at
contact with the cylinder scales as

1 9 2
nlpa? {(zBp - 1"+ TImEar m(R/a)]Q} (1.59)

as expected from simple superposition, but the prefactor 72 can only be found from the exact
solution in the two-plate case. Equation (1.59) is an example for the very slow decay of finite
concentration effects with dilution of the PE solution (See also Sec. 1.7.4).

We finally note that the mapping of the cylindrical problem to a planar one is restricted to

mean-field theory, and cannot be performed in the exact theory.

1.6 Charged sphere

In the case of a charged sphere, there are no bound ions in the no-salt limit. Hence the main
quantity of interest is the effective charge of a sphere in a salt solution, defined through the

behavior of the electrostatic potential far away from the sphere:

eff-c(rfa)

6(r) = Qe 7

(1+ka) r (1.60)

where r is the distance from the sphere’s center. Many of the concepts discussed in the section
on cylinders are relevant also to the sphere. The discussion here will be more brief, since this
thesis does not deal directly with spherical objects.

We will assume that the sphere is highly charged, in the sense that the effective Gouy-
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Chapman length is small compared to the sphere radius:

I 2a
—=—x1 1.61
=g < (1.61)

where Qe is the total charge of the spherical particle, assumed to be uniformly distributed on
its surface. We note that the nominal valency @ is usually not known, whereas Q.g is often a
fit parameter in analysis of experimental data.

Despite the absence of bound ions in the absolute limit of zero salt concentration, a small
amount of salt is sufficient in order to maintain a layer of ions near the sphere, which renor-
malizes its charge. In order to understand why this happens, note that the potential at the
cylinder boundary, —Qlp/a, is very large and is not influenced by salt (on the Debye-Hiickel

level) if ka < 1. Even if ¢, is very small the concentration at the sphere surface,

Cs€Xp (%) (1.62)

can be very large, indicating that there is accumulation of counterions near the sphere.'?

The effective charge of a sphere, in the case ka < 1, was evaluated by Ramanathan [96].
To leading order in xa he found:

Qett = 2%1n {%ln (%ﬂ (1.63)
which implies, using Eq. (1.62), that ions accumulate at the surface of the sphere until their
concentration, at the boundary of the bound layer, reduces to about 1/la? (up to a prefactor of
order unity). Note that the effective charge, Eq.(1.63), does not depend on @Q: it is a saturated
value, which does not apply if Q or xa are very small.'3

So far we discussed the effective charge only at low (but not extremely low) salt concen-
tration. Spanning the whole possible range of salt concentrations, one finds that there are five

different regimes:

1. ka < exp(—Qlp/2a). At extremely small salt concentration the effective charge is
equal to the nominal charge. Due to the exponential dependence, this regime is accessible

in practice only for relatively small and weakly charged colloids.

121t is interesting to compare Eq. (1.62) with the parallel quantity in the cylindrical case, Eq. (1.50). Near a
charged cylinder having Igp < 1 there is no accumulation of ions, a situation that persists even with addition
of salt, as long as ka < 1.

13The variational approach of Netz and Orland [36] leads to a slightly different estimate, which depends weakly

on the colloid charge,
1 l
Our =2 1n <\/CTB>
g Ka a

We use Ramanathan’s result in this discussion, because it is obtained using a more systematic approach than
the variational one, and because it is supported by our numerical results, obtained from solution of the PB
equation.
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2. exp(—Qlp/2a) < ka K 1. Here the effective charge is equal to the saturated value of
Eq. (1.63).

3. ka ~ 1. Crossover between small and large ka. When ka is of order unity it is difficult

to obtain an analytical estimate for Qeq [96].

When xa > 1, the curvature of the sphere is irrelevant on the scale of the Debye length. The

renormalized charge can then be obtained from the planar case, using Eq. (1.39):14

4. 1 € ka < a/p. Using the expansion of v for small ku one obtains:

4 2
Qeit = Q (26p — 26212 +..) = ’l“‘ (1—kp+...) (1.64)
B

Note that Qg does not depend on @ to leading order.

5. a/p < ka. Here the linearized Debye-Hiickel equation is valid and to leading order
Qet = Q. Using the expansion of v for large ku:

QeH:Q<1—F1M2+...) (1.65)

The four latter regimes are easily accessible experimentally.

Figure 1.5 shows the effective charge of a colloid having a/u = 35. For a colloid of radius
a = 200 A this ratio corresponds (in aqueous solution) to @ = 2000 — matching, roughly, the
structural charge of a polystyrene latex particle of this size. Regimes (2)—(4) can be seen in the
plot, whereas regime (1) occurs at unrealistically small salt concentrations. With a = 200 A
the accessible range of salt concentrations 1077 M (water with no added salt) up to 5M (close
to saturation of NaCl) corresponds, roughly, to ka = 1072 up to 102

To summarize this section, the charge @) of a colloidal particle is typically renormalized
in the presence of salt. Furthermore, there is a wide range of salt concentrations where the
renormalized charge is almost independent on Q: if the salt concentration is kept fixed and @ is
gradually increased, Qg quickly saturates at a value that depends only on the salt concentration
and on the particle size.

In colloid suspensions inter-colloid separations are often large compared to the Debye length.
The relevance of Debye-Hiickel theory with a renormalized charge, in these situations, was
experimentally verified to a very high degree of accuracy in colloidal suspensions confined to
a two dimensional layer. Using several techniques involving video microscopy, it was possible
to extract the pair correlation function between spheres and to deduce the pairwise-additive

interaction energy [97,98].

1 Similar asymptotic expressions apply to charged cylinders at large xa but are seldom of practical relevance
for PEs.
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Figure 1.5: Effective charge, Qes, of a spherical particle in a salt solution as a function of ka. The
ratio a/u = 35. Different regimes (described in the text) are designated by the numbers (2)—(5).
The solid lines are the analytical expressions in the regimes (2), (4), and (5), Egs. (1.63)—(1.65),
while the dashed line is obtained from the planar solution without any further approximations (thus
being valid in both regimes (4) and (5), as well as in the crossover region between them). The
symbols were obtained from numerical solution of the PB equation in spherical coordinates. The
right axis shows the ratio Q.glp/a, which is independent on the structural charge @ in regimes (2)
and (4), being there a function only of xa.

Finite colloid concentration

Historically, the notion of charge renormalization in colloids was introduced by Alexander et
al. in 1984 [99]. They considered colloidal suspensions in the limit of no salt, but at non-zero
colloid concentration. Despite the absence of salt it was proposed that, far away from a colloid,
the potential is given by the Debye-Hiickel form with a suitably matched effective charge.

The main idea behind Alexander et al’s estimate for the effective charge is that the free ions
(those that do not renormalize the colloid charge) form a reservoir, similar to a salt solution,
of concentration

cs = QefrCe (1.66)

where ¢, is the colloid concentration. The effective charge of the colloid can then be estimated

from Eq. (1.63):

Qe = 1111( ! ) : (1.67)

lB Qef‘fccv

where, up to a logarithmic prefactor,

v~ lga’. (1.68)
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Alexander et al used, in their estimate, a much smaller value for v than (1.68), equal to the
excluded volume of a single counterion. This does not necessarily make a dramatic difference for
Qe since v appears inside the logarithm (we note, however, that choosing v to be the volume
of a counterion is difficult to justify from first principles). The outcome is that Qs depends

very weakly on @, and is considerably smaller than @ for highly charged colloids.
Crritical evaluation of the estimate (1.67)

In order for the free ions to form a reservoir of constant density, and in order for the concept

of effective charge to be meaningful in the presence of neighboring colloids, the typical distance

between colloids, R = ¢, 1/ 3, must be large compared to the effective Debye length:
1 < K2R? = 47l Qegcl/® = % (1.69)
For this inequality to hold, we must have
R < 47nlQeg ~ 4ma (1.70)

where Eq. (1.67) was used. This condition never holds, meaning that the coupling between
neighboring colloids is always large. Thinking of their interactions in terms of the Debye-
Hiickel interaction is thus an unjustified idealization [100]. Moreover, it is difficult to justify the
use of Debye-Hiickel theory when there are only counterions in the solution: the leading term
in the linearization of the exponent exp(—¢) (appearing in the Poisson-Boltzmann equation for
a single ion species) is a constant, rather than a linear term in ¢.

On the qualitative level the estimate of Eq. (1.67) is important, since it complements the

result for the case of added salt, leading to the following conclusions:

e A layer of neutralizing counterions exists almost invariably near a highly charged colloid
(obeying a/p > 1). This layer can disappear only if the salt concentration is extremely

low and, simultaneously, the colloidal solution is extremely dilute.

e Far away from such a colloid, the ion distribution depends very weakly on the colloid
charge @ (or in other words saturates) once @ crosses a certain threshold. At low salt
concentrations (ka < 1) the threshold is of order a/lp, with a logarithmic dependence on

the colloid concentration or the concentration of added salt.

We comment, in this context, that charged colloidal suspensions at low salt concentration
are not well understood, due to the coupling of ion distributions near different colloids and the

non pairwise-additivity of colloid-colloid interactions [100].
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1.7 Forces between charged objects in solution

There are several types of forces acting between charged surfaces in solution, in addition to
the electrostatic interaction [1]. These include dispersion forces [56], solvation and depletion
forces [1], and steric forces between undulating objects such as membranes and polymers [11,
57]. Recently it has been realized that ion-surface dispersion forces can have an important
contribution, especially at high salt concentrations where electrostatic interactions are strongly
screened [58,59]. In this section we discuss only the force mediated directly by the ionic solution,
treating the solvent as a continuum and assuming that the only interactions on the Hamiltonian
level are: (i) ion-ion electrostatic interactions, (ii) ion-surface electrostatic interactions, and (iii)
excluded volume interactions, restricting the ions from penetrating certain regions in space.
The modern theoretical treatment of these forces, together with the contribution of attractive
dispersion forces, was pioneered by Verwey and Overbeek [60] and, independently, by Derjaguin
and Landau [61], and is known as the DLVO theory.

1.7.1 The planar case

We begin with two uniformly charged, parallel plates. Due to symmetry, the reduced electro-
static potential ¢ depends in this case only on the normal coordinate z. The PB equation can
be solved analytically in the absence of salt (see Supplement 1.B for details), whereas in the
presence of salt z can be expressed a function of ¢, in terms of an elliptic integral [27].

We first discuss how the pressure is evaluated in the planar problem assuming, for simplicity,
that both plates are identically charged. The more general case of two different surface charges
is considered in Supplement 1.B.

We imagine that the plates are immersed in a solution that exerts pressure on both sides of
each plate. The pressure exerted in the inner side is found from the variation of the free energy

with respect to a small change in d:

OF

whereas the pressure Pk, acting on the external side of the plates, is equal to the free energy

per unit volume in the bulk solution. Within mean-field theory it is simply
Pouk = k'BTZ Ca (1.72)

where ¢, is the bulk concentration of the ion species a. The pressure required to maintain the

two plates at their position is equal to P = P,;, — Phux. The variation in (1.71) can be evaluated
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by inserting a thin slice of width dd at an arbitrary position zy between the plates — leading,

within mean-field theory to the result,

P 1 (de
kBT_ 87TZB dz 20

where n,(20) is the local concentration of ion species « at zp. The first term is the electrostatic

+ ) [ra(z0) — cal (1.73)

force acting between the two sides of the plane zp, and the second term is the excess osmotic
pressure exerted by ions at this plane, relative to the bulk. A derivation of this identity, in a
more general case where there are also ion-ion interactions, is presented in Appendix 3.A. As
expected, P does not depend on zg, as can be verified using the PB equation.

Equation (1.73) has a particularly simple form at the mid-plane, where d¢/dz = 0 from

symmetry, so that

P=>"[na(d/2) - cd] (1.74)
It also has a simple form at contact with the plane, where d¢/dz is fixed by the boundary
condition, leading to the result

—only (%)2 +3 1a(0) = 3 nald/2) (1.75)

[0

where o is the surface charge concentration on the plates. Equation (1.75) is the contact (or
Graham) equation for two parallel, identically charged plates.

It can be easily proved that the pressure, Eq. (1.74), is positive: surfaces with charge of
the same sign repel each other on the mean-field level (see also, Sec. 1.9). Note that at the
mid-plane the electrostatic interaction between the two halves of the system is identically zero,
and the repulsion is purely due to the osmotic pressure of a dilute solution of ions.

The important limits in the behavior of P(d) are briefly discussed, assuming a symmetric
1:1 salt of concentration ¢;. More details can be found in Ref. [27]. When kd > 1 the two
plates are decoupled from each other: the mid-plane potential is small and equal to twice the

potential at a distance d/2 from a single plate.

1. If, furthermore, kK > 1, the linearized Debye-Hiickel theory is valid, and

P 2
o~ 0d*(d/2) = Sl (g) e=rd (1.76)

2. More generally, an equation similar to (1.76) holds, with o replaced by the effective surface
charge that takes into account nonlinearities near the surfaces, Eq. (1.39). In the limit
Kp K 1, oo ~ k/(mlp) does not depend on p (or, equivalently, on o) and

P 8K% 4

—_—~— 1.
k‘BT 7TlBe ( 77)
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When kd < 1 the potential is not simply a superposition of the single-plate potentials. There

are three important limits:

3. If d > p (Gouy-Chapman limit),

P T

T ~ PR (1.78)

This result is related to the single plate profile without salt: at z > u the density is
independent on o, scaling as 1/(Ipz%). The coupling between the two plates only affects
the prefactor in (1.78), which is found from the analytical solution for two plates and no
salt. It is easy to check that the identity kd < 1 ensures that the mid-plane density is

large compared to cs, justifying the neglect of salt in the Gouy-Chapman limit.

4. If d < p and k?dp < 1 (ideal gas limit) the influence of salt can still be neglected, but

there are no longer distinct profiles near the two plates. To leading order in d/u,

P 1 12|o|
~ i bl 1.
kT  wlpud d e (1.79)

5. Finally, if d < p but k2dp > 1, Debye-Hiickel theory is valid, and it is found that

P N 2 1
kT ~— wlpud k2ud

(1.80)

From cases 2 and 3 it follows that for sufficiently large o the pressure saturates at a value that

depends on x and d but does not depend on the actual surface charge.

Oppositely charged plates

Two plates having charge of opposite sign can attract or repel each other. Repulsion is due
to the osmotic pressure of counterions that are squeezed between the plates, and occurs at
small separation — unless the two surfaces charges exactly balance each other. An underlying
assumption in reaching this conclusion is that the surface charge is neutralized completely
within the gap between the two plates. This is often the case with membranes due to their
low dielectric constant. The boundary separation between attraction and repulsion is derived

in Supplement 1.B.

1.7.2 Electrostatic stress tensor

In this section we discuss how the expression for the pressure in the planar geometry, Eq. (1.73),

can be generalized to objects of arbitrary shape. Fig. 1.6 shows a charged object in an ionic
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Figure 1.6: A volume element D in an ionic solution, surrounding a charged object. 0D is the
boundary surface.

solution, surrounded by a volume element D. The electrostatic force acting on the volume

element can be written as
F, = —kBT/ d®rn.(r)Vo(r) (1.81)
D

where ¢ is the reduced electrostatic potential (in units of kgT'/e) and n.(r) is the charge density
(in units of e, the unit charge), taking into account both the ionic solution and the fixed charge

distribution. This integral can be transformed into a surface integral:

P =t [ @rndo =0 [ @r@,0,000
D D
T A BN PR
= nlp /Dd ro {@@(3@) 2%(8@)(8@)} (1.82)

where F"e,i is the i-th component of F‘; and Einstein’s summation convention is used. Since the

integrand is a divergence, Green’s theorem can be applied, to obtain:

e, = d?s;Te i (1.83)
oD

where T, is the electrostatic stress tensor:

T = 45 |@:0)(0:0) - 305(0u0)00)] (1.84)

471'13

0D is the boundary surface of the volume element and 7 is the unit normal to the surface,
pointing from the volume element outwards. Equation (1.81) represents the electrostatic force
acting on the volume element D at any particular configuration of the ions. A statistical average
over this expression yields the average electrostatic force.

On the mean-field level a statistical average over (1.81) can be replaced by separate aver-

ages over each occurrence of ¢, which in turn can be replaced by the solution of the Poisson-
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Boltzmann equation. The total force acting on the volume element is then expressed as follows:

E = d28 IA17T1] (185)
oD

where T the full stress tensor, equal to:
Tyj(r) = =0ikpT Y na(r) + Teyy (1.86)

The first term is the momentum transfer due to ions crossing the boundary of D. This result
can be derived from the change in free energy, Eq. (1.29), due to an infinitesimal translation of
the volume element D. A similar derivation, albeit in a simple planar geometry, is presented in
Appendix 3.A

The tensor T is divergence free: 9;T;; = 0, a result that follows from the Poisson-Boltzmann
equation. Hence the force acting on the charged object surrounded by D does not depend on
the choice of the surrounding surface. Note also that the force is zero if the volume element does
not contain any charged object, as it should be since the ionic solution is at thermodynamic
equilibrium.

We finally note that the relevance of Eq. (1.85) goes beyond mean-field theory. It is in fact
an exact expression for the force, for the case of point-like ions. A statistical average should
be placed over all the terms in (1.84) and n, are the average concentrations. In Sec. 1.8.2 we

show that the stress tensor (1.86) is indeed divergence-free in the exact theory.

1.7.3 The Derjaguin approximation

As noted in Sec. 1.4, when the radius of curvature of a surface is large relative to the De-
bye length, the planar case can be used locally to describe the ion distribution close to the
surface. Similarly, the force acting between two such curved objects can be approximated by
locally treating them as parallel planes, summing up the contributions from the planar-like local
patches. This summation yields a surprising result (outlined below): the force acting between
two curved objects is proportional to the free energy associated with two planar surfaces of the
same separation.

We consider first a sphere of radius R interacting with a plane, and assume that the gap D
between the sphere and the plane is much smaller than R. As long as k! < R the force can

be approximated as follows (Fig. 1.7),

F(D) ~ /27rrdrP[d(r)] (1.87)
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Figure 1.7: The sphere-plane geometry considered in Egs. (1.87)—(1.89).

where 7 is the radial coordinate perpendicular to the symmetry axis, d(r) is the local distance

between the plane and the sphere:

d(r)=D+R—/R2—12 (1.88)

and P(d) is the force per unit area (pressure) between two parallel planes at a distance d from
each other. This approximation, known as the Derjaguin approximation, can be applied with
any interaction whose range is very small compared to R, and relies heavily on this requirement
(as noted above, another requirement is that D < R).

The integration in Eq. (1.87) yields the following simple result:

F(D) = 2xrRW (D) (1.89)

where W (D) is the interaction free energy, per unit area, of two planes.'®

More generally [1], for two spheres of radii Ry and Rz the force is given by
1
F(D) =2r (— + —) W(D) (1.90)

and for two crossed cylinders of radii R; and Rs, whose symmetry axes are oriented in perpen-

dicular directions,
F(D) = 27v/R1ReW (D) (1.91)

This equation provides the necessary link between surface-force apparatus measurements, typ-
ically using crossed cylinders, to the planar model. Use of the Derjaguin approximation is

justified since the crossed radii R; and Rs, being in order of magnitude of a centimeter, are

B more precisely, it is the free energy difference relative to infinite separation. Note that in the presence of

salt this difference is finite.
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L — even at very low salt concentrations. The Derjaguin approximation

much larger than £~
[Eq. (1.90)] is useful also for colloids, at sufficiently high salt concentrations and small inter-

colloid separations.

1.7.4 Cell model and osmotic pressure in a PE solution

The osmotic pressure in a PE solution is almost always dominated by the small ions, because of
the small translational entropy of the PEs. The situation is very different from that of neutral
polymer solutions, in which the polymers are the sole component.

The nomenclature in this topic is confusing, because the terms osmotic pressure and the
related osmotic coefficient are each used to describe two different quantities. The first is the
excess pressure of the ionic solution, relative to pure solvent [30,37,62,63]. This is the pressure
acting across a (real or imaginary) semi-permeable membrane that allows only the solvent to
flow through, such that one side contains solvent while the other one contains solvent, PE, and
ions. The second quantity, also commonly called the osmotic pressure [64—66], is the pressure
acting across a membrane that is permeable to solvent as well as small ions, but not to the
PE — a common setup in experiments. This is the excess pressure relative to a solution of salt,
having the same chemical potential as in the PE solution. We call the latter quantity the excess
osmotic pressure [67] in order to distinguish it from the former quantity.

To be more concrete, we first show how these quantities are calculated within the cell model

— a useful theoretical framework for their study, introduced already in Sec. 1.5.

Cell model

Within the cell model, each PE is enclosed within a cylindrical cell of radius R, given by
Eq. (1.57). The electrostatic potential obeys a Neumann boundary condition at the cell bound-
ary:

|
9R|,~ 0 (1.92)

The ionic contribution to the pressure is found from the derivative of the free energy F

[Eq. (1.29)] with respect to volume,

L Y Nnanf(R) =~ T (199

ReT 6V v

where N, is the number of PE monomers in the cell, f(R) is the free energy per unit length of
the cell (in units of kpT'), and Eq. (1.57) is used in the last identity (in which ¢, = Np,/V).

Evaluation of this derivative is similar to the pressure evaluation at the mid-plane between two
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identical planar surfaces, yielding:
I =kpT» na(R) (1.94)

that is, the osmotic pressure is proportional to the ion density at the cell boundary.

The excess osmotic pressure, which we denote 1:1, is equal to
0=kl [na(R) - cdl (1.95)

where c,, are the reservoir concentrations with which the ions in the cell are at equilibrium. For
a symmetric 1:1 salt ¢y = c_ = ¢,.

An important relation for PE solutions (at least, within the cell model), is summarized by
the following relation, obtained from Egs. (1.18) and (1.57),

K2R? = szBpCC—S (1.96)

m
where p is number of unit charges per unit length of the cylinder. This equation shows that the
following two conditions are related: decoupling of neighboring PEs by electrostatic screening,
and the number ratio of salt ions to that of counterions coming from the PE. Assume first that
Ipp is of order unity. If xR is large (decoupled PEs), most of the ions in the solution come from
the salt (cs > ¢,). Conversely, if KR is small, most of the ions are counterions (¢s < ¢p,). A
large value of [pp does not change this conclusion because of the nonlinear condensation close
to each PE. The only exception is a very weakly charged PE (Igp < 1), in which case it is
possible to have kR <« 1 and at the same time have salt as the main source of ions in the

solution.

Osmotic pressure in dilute solutions

Consider a container of fixed volume, which holds a PE solution of monomer concentration ¢,
and salt of concentration ¢, (for simplicity we assume a symmetric 1:1 salt). Let us assume also
that the PEs are sufficiently dilute that their typical distance is large compared to the Debye
length.

Because the PEs are dilute, the electrostatic potential far away from the PEs is exponentially
small, and the ion concentration at the cell boundary is equal to 2¢g. Since in our scenario the
experimentally known ion concentration is cs, we need to evaluate the difference between c;

and cg. As shown in Supplement 1.E,

Cm
2¢co = 2¢, + 7(/} —p+ —p-) (1.97)
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where pL is the excess of positive or negative ions per unit length of the PE. Because we assume
that each monomer carries a unit charge, 1/p = a,, is the axial distance between monomers
and py /p is the excess of positive or negative ions per monomer.

An exact identity, proved in Supplement 1.E, relates p+ +p_ to the density of ions at contact
with the cylinder. This contact density is weakly affected by salt, and to leading order may be

taken from the salt-free case — leading to the following result (see the supplement for details),

pr{l—%B—p} , Ilpp<1

11 m
—:2C0:2CS—|—LX 1
T ! 2 ) pr>1

1.98
kg Bp (1.98)

up to a correction term that tends to zero in the limit of vanishing salt concentration, ka — 0.
This result is useful as long as:

a< Kk P<R (1.99)

If R is estimated using the cell model,'® this requirement can also be written as follows:

1
—SprC <K K - ( )
The osmotic coefficient is defined as follows:
I
= 1.101
¢ kT (cm + 2¢s) ( )
and is thus equal to:
pr X
1—-——— l 1
2 e 1.102
- 2+ X L Ilgp>1 e
Npp) X1+2 PP

where X = ¢;,,/cs. This result is identical to the one obtained by Manning in Ref. [30], using
several simple assumptions and without direct reference to the ion distribution. The derivation
presented here shows that the same result is rigorous within PB theory.!” We emphasize that
the PEs must be decoupled (having separation large compared to x~!), an assumption that is
also made in [30].

The salt exclusion factor is defined as follows
l [1 — lB—p} , Ilpp<1

—cs 2 2
p_f—¢ _ (1.103)

cm ! l 1
- , >
Alpp Bp

where Eq. (1.98) was used. This result is also in agreement with Manning’s derivation [30].

16Note that the cell model is not required for any other ingredient of the calculation.
17This derivation was also obtained by Anderson and Record [68] and by Ramanathan [69].
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No salt limit

In the no-salt limit, there are only counterions contributing to the osmotic pressure. Within
the cell model, their contribution can be obtained from the Fuoss-Katchalsky-Lifson solution
(Sec 1.5.3). A particularly simple result is obtained if In(R/a) > 1: it is then possible to use
the limiting values for n(R), Egs. (1.200) and (1.201). We then find that

I
1— BTp , Ilgp<1
6= (1.104)
- Igp>1
2pr ) BpP

It is interesting to note that Eq. (1.102) crosses over smoothly to (1.104) when ¢; — 0 (X — 00).
We note, however, that when R is not large compared to x~! adjacent PEs are usually coupled.
Finite distance effects decay very slowly through In(R/a) and are not taken into account in

Eq. (1.104).
Excess osmotic pressure

Although Eq. (1.104) is the zero salt limit of Eq. (1.102), these equations represent two distinct
physical situations. This becomes clear when the excess osmotic pressure is considered.

Within Manning’s derivation [30] the excess osmotic pressure is identically zero. This is
easily verified by evaluating (II — 2¢g) using Manning’s expressions for ¢ and I' [which are
identical to Egs. (1.102) and (1.103)]. In fact, the derivation of these equations here uses the
equation II = 2¢q as its starting point.

In reality, the excess osmotic pressure is not zero, but is exponentially small in kR. In order
to evaluate it the exponentially small electrostatic potential, at the cell boundary, must be
found. This can be done using the PB equation within the cell model or using Manning’s two-
phase model [32] , but is completely beyond the scope of the derivation leading to Eqgs. (1.102)
and (1.103).

In the context of experiments that measure the excess osmotic pressure an osmotic coefficient

is usually defined as follows:'®

~ II
¢ o kBTCm

(1.105)

In similarity to II, ¢ is exponentially small when kR >> 1.
In the opposite limit of kR < 1 there are typically many more counterions than salt ions,

and the difference between II and II is small. It is then tempting to use Eq. (1.104) as an

18This quantity is usually designated by ¢. We use ¢~> in order to distinguish it from ¢, Eq. (1.101).
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estimate for the osmotic coefficient ¢~5 However, Eq. (1.104) is a limiting expression that is

seldom valid since it requires both kR < 1 and In(R/a) > 1.
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Figure 1.8: Excess osmotic coefficient, Eq. (1.105), in a PE solution, as a function of PE monomer
concentration. Symbols: experimental results of Raspaud et al. [65] with short (150 base pair) rod-
like DNA segments (Igp = 4.2). Squares - with 10mM TE. Circles - 2mM NaCl. Diamonds -
2mM TE. Solid lines are obtained from numerical solution of the PB equation in a cell. The DNA
is modeled as a rigid cylinder of radius a = 10 A. The arrows designate the DNA concentration at
which kR = 2.5. Below this value there is large deviation between the cell model prediction and
experimental data, as well as between the cell model prediction and the approximation of Eq. (1.106).

As an example, Fig. 1.8 shows recent measurements of the excess osmotic pressure in a solu-
tion of rod-like DNA segments [65], as a function ¢,,, at two different salt concentrations: 2mM
(circles and diamonds) and 10mM (squares). The solid lines show the cell model prediction,
obtained from numerical solution of the PB equation. It is clear that the cell model itself works
well for small kKR (large ¢,,). On the other hand equation (1.104), which for DNA (ipp = 4.2)
yields ¢ = 0.12, is clearly not valid.

In Ref. [66] it was demonstrated that an analytical approximation can be used to evaluate
I, yielding very good agreement with the experimental data. The idea is based on the clas-
sical notion of Donnan equilibrium [70]. However, instead of treating the ions as uniformly
distributed within the cell, it is assumed that the charge distribution n4y — n_ is governed by

the zero-salt solution. The ion concentration at the cell boundary is then found from the two

equations

ny(R) —n_(R) =~ npkn(R)
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ny(R)-n_(R) = ¢t (1.106)

where npky, is the analytic Fuoss-Katchalsky-Lifson expression. The second equation is exact,
since the Boltzmann factors e*? cancel each other. We note that the same derivation was

obtained by Oosawa (Ref. [31], Chapter 7, Sec. IV).

It should be stressed that the above approximation is valid only for kR < 1. At large
kR (small ¢,,) it yields much larger 6 values than the exponentially small result predicted by
full numerical solution of the PB equation with salt. Incidentally, these larger results agree
quite well with the experimental data [66]. We believe that this apparent agreement is only a
coincidence. The measured osmotic pressure cannot be a simple ionic contribution within the

cell model, and must be attributed to PE-PE interactions.'®

Finally, for very weakly charged PEs it is possible to have both small KR and a comparable
number of salt ions and counterions. The ions (both counterions and salt ions) are then almost
uniformly distributed within the PE solution, leading to the result

~ 4 2

b=\1+5 % (1.107)

where X = ¢,,,/cs. This result is similar to that of Eq. (1.106), if npky, is replaced by c¢y,.

1.8 Beyond mean-field theory
1.8.1 Liquid-state theory approaches

There is a large class of approximate methods used to treat fluids in the liquid state. All
of these methods involve some kind of uncontrolled approximation, making them less rigorous
than perturbation methods, but much more successful at the relatively high concentrations that
are characteristic of liquids. All liquid-state theory approaches concentrate on the evaluation of
correlation functions of various orders and the relations between them. Thus, in the context of
charged fluids, they offer a possibility to take into account ion-ion correlations, beyond mean-

field theory.

9This interpretation was also suggested in Ref. [65]. By PE-PE interactions we mean configurations other
than the dispersed, parallel configuration assumed by the cell model. In the extreme limit of large screening,
the problem becomes that of rigid rods having an effective radius determined by the Debye length. As shown by
Onsager in a classical treatment of this problem [71], the second term in the virial expansion is the main contri-
bution to the pressure or, in other words, the pressure is dominated by two-body rod-rod interactions. On the
other hand, the statistical mechanics of charged rods with moderate screening (such as the lower concentrations
in Fig. 1.8), is not well understood theoretically.
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Integral equation methods

Integral equation theories [41] introduce a certain approximate relation between two correlation
functions. One possible starting point is the exact Bogolyubov-Born-Green-Kirkwood-Yvon

(BBGKY) hierarchy of equations,

Z Ve, v(r1,r)pn(r ... 1y)

=2

+ /dI‘n_H Vrlv(rl, I‘n,+1)pn+1(1'1 .. .I‘n+1) (1108)

_kBTvrlpn(rlv s 7rn)

written here for a homogeneous fluid (with no applied external field), and assuming that
there are only pairwise-additive interactions between the particles: the Hamiltonian is H =
kgT ;. ;v(ri,r;). This equation relates the n-particle and the (n + 1)-particle density func-
tions, whose definition is,

( ) N! f e PHdr, 1 ---dry
n(r1...1,) = ,
Pnit1 (N—=n)! [ePHdr; - dry

(1.109)

where N is the total number of particles (in the canonical ensemble). A related quantity, the

n-particle correlation function g, is conventionally defined such that g = pi/ n* where n = 1

is the (one-particle) density. Eq. (1.108) is easily obtained by differentiation of Eq. (1.109).
The most simple approximation is based on the first BGGKY equation, relating ps to ps.

A second, approximate, relation between po and ps is introduced, allowing one to solve for ps:

g3(r1,re,13) = go(r1,12)g2(r2,r3)g2(r1, r3) (1.110)

This equation is called the Kirkwood superposition approximation.

Several widely used approximations [41] consider only the two-particle correlation function
g2 [which, for a bulk fluid, is a function of a single coordinate: ga(r1,r2) = g(r1 —r2)]. Instead
of relating g(r) to a higher order correlation function, an approximate relation is introduced
between g(r) and the direct correlation function c(r), defined as follows (the Ornstein-Zernike
equation):

g(r)—1=c(r)+[cxn-(g—1)](r) (1.111)

where n is the density and ¢ *n - (¢ — 1) is the convolution of ¢ and n - (¢ — 1). In the

Hypernetted-Chain (HNC) approximation, the approximate relation is:

g(r) = exp{—uv(r) + [g(r) = 1] — c(r)} (1.112)

where v(r) is the interaction potential appearing in the Hamiltonian. This equation, together

with Eq. (1.111), can be solved in Fourier space to obtain g(r). Since we do not motivate
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Eq. (1.112) (and similar relations) within this short introduction, we will only mention by name
two other widely used relations [41]: the Percus-Yevick approximation and the mean spherical
approximation (MSA). Generally speaking, the HNC approximation is more successful than the
Percus-Yevick and MSA in treating long range interactions [42,43], and is therefore commonly
used with charged fluids.

The HNC approximation can be related to the virial expansion, which is the exact expansion
in powers of the density. It is equivalent to partial summation of the diagrams appearing in the
perturbative expansion, while neglecting a certain class of diagrams called the bridge diagrams.
A refinement is obtained by reintroducing the bridge diagrams, taking their contribution from

a reference system such as that of hard-core particles [44].

The AHNC approximation

Integral equation methods can also be formulated in anisotropic systems [42]. A generalization
of the HNC approximation yields equations similar to (1.111) and (1.112), with ¢ and ¢ being
functions of r1 and ry (not simply of their difference), and n being a non-uniform function of
r (a third equation relates the r dependent n to g, ¢, and the external potential responsible to
the anisotropy [43]).

The Anisotropic-Hypernetted-Chain (AHNC) approximation [43,46], has been very success-
ful in describing ionic solutions in contact with uniformly charged planar walls. For such a

planar system it can be derived also in the following way [46]. First, the coordinate z per-
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pendicular to the charged interfaces is discretized. Then, by considering ions at different z
values as different species, the inhomogeneous three-dimensional problem is transformed into
a homogeneous two-dimensional problem with many species. The HNC approximation is then
applied to this two-dimensional problem, requiring also that all “species” have the same value
of the chemical potential.

An example for an AHNC calculation is shown in Fig. 1.9, where the AHNC prediction for
the pressure between highly charged plates (60 A? per unit charge) is compared with Monte-
Carlo simulation results, showing excellent agreement. In the presence of divalent counterions
the pressure is attractive at close separations, in contrast to mean-field predictions. The AHNC
approach was one of the first to predict this effect in a quantitative manner [47].

Solving the AHNC equations is computationally-intensive, since it requires a two-dimensional
Fourier (Hankel) transform for each pair of discrete coordinates z1, z2, at each iteration of the
solution of the nonlinear equations. In practice, only planar systems were treated in the AHNC

approximation.

Density functional theories

The formal basis for density functional theories is the existence of a thermodynamic potential,
whose natural variable is the local density n(r). To show that such a potential exists, imagine
a system under the influence of an external field h(r) (in units of the thermal energy), in

equilibrium with a particle reservoir. From the partition function it then follows directly that

OF
() =n(r) (1.113)

where F is the grand potential, considered here as a functional of h(r), and n is the local

particle concentration. A Legendre transform with respect to h(r) yields a functional of n(r),

Fln(r)] = Flh(r)] - / dr n(r)h(r) (1.114)
that must obey R
5F

S = —h) (1.115)

or vanish in the absence of an external field.

The density functional approach is very well suited for the treatment of inhomogeneous
problems. Deriving an expression for the density functional can proceed using perturbational
methods or a virial expansion (as in Supplement 1.F and Chapter 2), as well as heuristic or

approximate relations, in similarity to integral equation methods [48].
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In Local density functional theories (LDFTSs) the density functional is approximated by an

integral over a function of the local density:

Fln(r)] = / dr f[n(r)] (1.116)

where f(n) is the free energy per unit volume of a bulk system having density n. Naturally,

this approach is suited for problems where the concentration varies slowly [49,50].

1.8.2 Field theory methods

The field theory formulation of the partition function, Eq. (1.25), is a starting point for a
perturbative expansion in the loop expansion parameter [ [24]. We consider here the case of
only counterions in the solution. The partition function is then similar to Eq. (1.25), with 2cosy

replaced by e~ [24]:

_ 1 1 L o2t ine— —ip(r)—h(r)
Zg = Zﬂ/Dapexp{ l/dr [87TZB (Vo) +incp — AO(r)e (1.117)

The field h(r) is introduced in order to facilitate evaluation of the average local density, using
a term in the Hamiltonian of the form [dr’h(r')n(r') = >, h(r;). It follows that the local

density is

(n(r)y = -1 ShE) |,y (1.118)
From the way h(r) enters in Eq. (1.117) it is seen that
(n(r)) = AO(r) (e~ () (1.119)

Before discussing the loop expansion, we make a few comments on the field theory formu-
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lation. First, the following equation is exact:2°
1 . —ip(r
o (Vi) = 20()(e™#7) + n(v) (1.120)

which demonstrates that mean-field theory is valid when (e=%) = e~ %), Eq. (1.120) is the
field-theory version of the Poisson equation. A second comment is related to the fugacity A
which is introduced, in the grand canonical ensemble, as a conjugate variable to the total
number of ions. In the special case where there are only counterions in the system, the field
theory has the peculiar property that A has no influence on the ion distribution. This is seen

by noting that the integrand in (1.117) is invariant to the transformation
A—=ar 5 o(r) = o(r) —ilna (1.121)

which leaves the ion density, Eq. (1.119), unaffected. In fact, the total number of ions in
the system is controlled by the boundary condition imposed on ¢, as seen by integration of
Eq. (1.120). On the formal level, a boundary condition must be defined when inverting the
Coulomb operator, in the transformation from Eqgs. (1.20) and (1.21) to the field theory (1.25).
Typically, this boundary condition is of the Neumann type, V¢ - n = 0, a requirement of
vanishing electrostatic field in the perpendicular direction to the boundary of the region in
which the problem is defined. Using Eq. (1.120), this boundary condition implies overall charge
neutrality if the problem is defined within a finite region (which can be arbitrarily large).

A third, related comment is that, if the boundary condition is imposed at infinity, charge
neutrality is not guaranteed. Indeed, for a single charged sphere or a cylinder below the Manning

threshold and on the mean-field level, all ions “escape” to infinity. More precisely, the system

20This identity can be derived as follows. The field ¢ is first shifted by defining: —i% = —i@ — h. By doing
so, h is eliminated form the exponent in Eq. (1.117) but three new terms are generated:

1 i 1

——fdr |-V -Vh— ——(Vh)? —neh
l drlpg 8nlp

Taking the functional derivative of InZ with respect to h then yields,

oInZqa
oh(r)

7

(V2p(r)) = ne(r)

heo  Amlp

where integration by parts is used to evaluate the contribution of the first term in Eq. (20). Comparison with
Eq. (1.119) yields Eq. (1.120).
If Vip(r') is first inserted in front of the exponential in (1.117), a similar derivation yields the identity
7

Al

(Volx') V2p(r)) = A V(' )e ™))

where we restrict ourselves to points in space where there is no fixed electric charge, ne = 0 and where © = 1.
Using this identity it is straightforward to show that the stress tensor [Egs. (1.84), (1.86)] is divergence free,

0j (T j — kpTAe ) =0
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is charge-neutral if it is enclosed in a finite cell, but all the ions are bound to the cell boundary
and disappear as this boundary is taken to infinity. Charge neutrality is guaranteed in the
exact theory only within a finite volume, or if there is salt in the solution.

Returning to discuss the loop expansion, up to linear order in [ the free energy reads:
l
IF =Fo+5n [detG™'] + ... (1.122)

where Fp is the mean-field free energy. The first-order correction is obtained from a Gaussian
integral over the quadratic term in the expansion of the field-theory Hamiltonian around its
saddle point at @9 = —i¢pp: G~ ! is the operator

V2

—1 _
G a 47TZB

+OXe PR = 71 4 ppp (1.123)

Higher order terms in [ can be obtained, in principle, in a diagrammatic expansion [24].
The outcome of the loop expansion is an expansion, in [, of observables such as the electro-

static potential and the ion density:

—~
<
~
—
S~—"
~
I

¢0(I‘) =+ l(bl(r) 4+ ...
no(r) +Iny(r) + ... (1.124)

—~
S
—~
=]
~
~
I

where ¢ = ip, ¢ is the PB potential and ng is the PB density.
The equations determining the first order terms were obtained explicitly in Ref. [24] and are

presented, from a slightly different perspective, in Supplement 1.F.

Single charged plate

In the case of single plate of charge density ¢ and no salt,
o
ne(r) = gé(z), (1.125)

the leading order correction to mean-field theory was evaluated explicitly [24].

The mean-field density profile is characterized by a single length scale, the Gouy-Chapman
length p. There is only one more independent length scale in the problem, Iz, and the impor-
tance of correlations is determined by the dimensionless ratio Z = Iz /u. This can be seen by
rescaling all coordinates by u, r - & =r/u, V — V = uV after which the partition function,
Eq. (1.117) is

- L [0+ L@z — Reiw®
Zag = Z. /Dsﬁexp{ E/dr [Sw(Vga) + 27T<p(r)5(z) AOe (1.126)
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Nt wH

Figure 1.10:  The first order correction in the loop expansion to the PB density profile, 711(Z2),
appearing in Eq. (1.129).

where
A =lpp’\ (1.127)

Therefore, = (called the coupling parameter) plays the role of the loop parameter, that was
introduced in Sec. 1.2.2 only as a formal expansion parameter. When = is small, mean-field
theory is expected to be exact, while correlation effects become increasingly important with
increase of =Z. We note that

lp 2redo

=2 = T (1.128)

and that for multivalent ions of valency ¢, e is replaced by ge. Therefore = increases with

[1]

increase of the surface charge, decrease of the temperature and increase of the ion valency.
A loop expansion, using = as the expansion parameter, yields an expansion for the ion

density:
1

(n(z)) = W

where Z = z/u. The zeroth order term is the Poisson-Boltzmann density profile, ng(Z) =
1/(Z41)%
The function 711 (Z) was calculated in Ref. [24] and is reproduced in Fig. 1.10 (the analytical

[fio(2) + Efig () + .. ] (1.129)

expression for n is rather lengthy and is not reproduced here). We note that 71 (0) = 0, as it

must be due to the contact theorem. Because the ions neutralize completely the charged plate,

/oo Az (2) = 0 (1.130)
0

The ion density is increased close to the charged plate, relative to mean-field theory. The

physical reason for this increase is discussed in chapter 5. Roughly speaking, an ion close to
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the plate is attracted more strongly to the plate than predicted by mean-field theory. Due to
Eq. (1.130), an increase in the ion density close to the plate must be compensated by a decrease
further away.

Being a perturbative approach, the loop expansion is useful only for small values of =.
Comparison with MC results [52] shows that truncation at the one-loop level is useful for = of
order unity or smaller, where the one-loop term is a small correction to the PB term. Since
obtaining higher order terms in the loop expansion is difficult technically, the loop expansion

is not useful for higher values of =.

1.8.3 Other theoretical approaches

To conclude this section on theoretical treatments beyond mean-field theory, we mention two
recent theoretical approaches. The first, Strong coupling theory [51,52], is an expansion in the
limit = > 1. It turns out that a virial expansion can be used in this limit because, in the
rescaled coordinates T = r/u, the ionic solution becomes dilute as E — co. To leading order in
the virial expansion,

n(r) o« exp[—u(r)] (1.131)

where u(r) is the bare ion-macroion interaction. One conclusion from this expansion is that, near
a planar, highly charged surface, the ion density decays exponentially instead of the algebraic
decay predicted by mean-field theory. Other results, related to forces between macroions, are
discussed in Sec. 1.9.

The second approach, also treating the case of large =, approximates the free energy of ions
close to the charged surface by that of a two-dimensional one-component plasma [53,54]. One
of the important observations made in these works is that in the presence of salt (a z:1 salt or
z-valent counterions and monovalent 1:1 salt) the surface charge can be overcompensated by

z-valent counterions, leading to sign reversal of the effective charge [55].

1.9 Correlation induced attraction

Mean-field theory predicts a repulsive force between like-charged objects. This was seen in
Sec. 1.7.1 for the planar case, but the same conclusion can be reached for other geometries, as
was recently proved rigorously by Neu [72] and by Sader and Chan [73]. Limitations of mean-
field theory were realized only in the past 15 years or so, and this subject continues to attract
theoretical interest. In particular, it is now realized that like-charged objects can attract each

other — as was demonstrated in simulation [52,74-77], and using liquid state theory approaches
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[45,47,75], field theory [23,51] and other theoretical approaches [22,49,54,78,79]. There is also
ample experimental evidence for this phenomenon [80-84]. In particular, aggregation of DNA
and other PEs in presence of multivalent ions (discussed in chapter 4) is interpreted in this
context as related mainly to electrostatic interactions.

Here we discuss the most simple possible model system: two parallel and uniformly charged
plates having the same surface charge, without salt. The only interactions are the Coulomb
interactions, and an excluded volume interaction that confines ions to the gap between the
plates. The main purpose of the discussion is to elucidate why correlation-induced attraction
can occur. Some of the ideas presented here are due to Safran and Pincus [79], Perel and

Shklovskii [53,54], and especially Moreira and Netz [51,52].

1.9.1 Planar model

The model has the following parameters: o, the surface charge density of each plate; ge, the
ion charge where z > 1 for multivalent ions; d, the plate separation, the thermal energy kpT';
and ¢, the dielectric constant.

In order to evaluate the pressure we pass a dividing plane at z = zy, and write the force per

unit area acting between the two sides of this dividing plane:
P =kpTn(z) + P. (1.132)

where P, is the electrostatic force acting between the two sides of the plane. The first and
second terms correspond, respectively, to the first and second terms in Eq. (1.86). For the

present discussion it is convenient to express P, as a volume integral:

1 = /2 / dve (|I‘ — rl|) /
Pe = Z </z_d/2 dr/z dr nc(r)Tnc(r ) (1133)

'=z

where v.(r) = e2?/(er), n. is the charge density, A is the area, and the brackets denote a
statistical average.

On the mean-field level the statistical average in Eq. (1.133) can be replaced by a statistical
average over n.(r) and a separate average over n.(r’). In the particular choice of 2z = 0, P.
must vanish, being the electrostatic force between two charge-neutral slabs: from symmetry each
half of the system is charge-neutral. The remaining contribution to the pressure, kgTn(zp), is
positive.

Note that in the stress tensor language P, is equal to (0.¢0,¢/2 — 0,¢0,¢ — 0y¢0y¢). On
the mean-field level ((9;¢)?) = (8;0)°; all the derivatives vanish at the mid-plane from sym-
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Figure 1.11: Two plates, each with \
a uniform charge density —o, in the I
regime: d < (20)"Y/2 <« 22lg. The :
amount of charge within the gray re- '
gion is —o A on the right side of the @ !
1
1
1
1
1

dividing line, and +o on its left side. d << (26)-1/2 << 2215

metry. This line of reasoning is the basis for more general theorems [72,73] applicable to other
geometries and to the presence of salt.

Let us now focus our attention on the situation shown in Fig. 1.11. The typical lateral
distance between neighboring ions is (i) large compared to d and (ii) small compared to 2%[p.
According to (ii), electrostatic interactions between neighboring ions are much larger than kg7,
enforcing strong correlation in their lateral positions.

In the neighborhood of a particular ion, highlighted in Fig. 1.11, there is only a small
probability to find another ion. Neglecting this small probability altogether, we find that there
are charges of opposite sign on the two sides of the dividing plane. In the figure, a charge —c A
on the right side coming from the charged surface (A is the area). On the left side, a total
charge of +0A: —0 A coming from the charged surface and +20 A coming from the ion, since
the number of ions per unit area is equal to 20 from charge neutrality. The charges are reversed
(but still opposite) if the ion crosses to the other side of the dividing plane.

From this discussion, it is seen that the electrostatic interaction across the plane zy is
attractive: the pressure P, < 0. Its magnitude is estimated as follows: a uniform electric field
—27kpTlpo/e?, exerted by the charge plate in the vacant side, acts on a charge oA in the

opposite side, so that

P, ~ —21kpTip(c/e)? (1.134)

The osmotic term can also be estimated easily. The force acting on an ion in the z direction
is almost zero, because the contribution of the charged walls vanishes, while the contribution
of the other ions is very small, due to the large lateral separation. As a result the probability

distribution in the z direction is almost uniform (a statement that is made more precise in
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Figure 1.12: Dividing line between attraction and repulsion for two interacting plates, as obtained
from numerical simulation (diamonds, adapted from [52]). The lines I, II, III and the dotted line
are discussed in the text.

chapter 5):
kpTn(z0) ~ 22 (1.135)
BLN(zp) = od )
An overall attraction is thus expected if
2rzlp(o/e)d > 2 (1.136)

The estimates (1.134) and (1.135) are relevant only in the situation of Fig. 1.11, where the

typical lateral distance between ions obeys:

ds \/% SdPls (1.137)

An overall attraction between the two plates is thus expected in the range of parameters
bounded by the inequalities (1.136) and, up to prefactors of order unity, (1.137). This re-
gion is shown in Fig. 1.12 in terms of the two independent dimensionless parameters in the
problem, d = d/u and the coupling parameter Z [Eq. (1.128)].

Using d and Z, equation (1.136) reads:

d>2 (1) (1.138)

This relation is shown as a solid line. The two other requirements, correct only up to a prefactor

of order unity, are shown using dashed lines (a prefactor o = 3 is chosen in the figure): the
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small separation requirement d < 4/q/20 translates into:
d<a Va2 (I1) (1.139)

while the requirement of strong lateral correlation, \/q/20 < ¢*lp reads:

(1]

> o’r (I11) (1.140)

The region bounded by Egs. (1.138)-(1.140) is compared with recent results from Monte-
Carlo simulations [52]. Symbols, corresponding to zero pressure, trace the boundary separating
attraction from repulsion in the simulation. There is excellent agreement with Eq. (1.138),
showing that the estimates (1.134) and (1.135) are almost exact close to line (I).

Another conclusion from the simulation results is that attraction is possible beyond the
boundary II, at much larger plate separations. The situation of large J, where there is a distinct
layer of counterions near each plate, was considered in several theoretical studies [22,79,85-87],
emphasizing the role of correlated fluctuations in the two layers. These fluctuations can generate
an attraction that overcomes the osmotic repulsion in Eq. (1.132). The physics of attraction in

this regime is different from the small separation situation, and requires a separate discussion.
Attraction at large separation

We counsider a relatively simple model, studied by Pincus and Safran [79], where each plate has
an associated two-dimensional layer of counterions. The counterions are modeled as a liquid
with a bulk modulus y, which characterizes the energy cost of density fluctuations around the
average density o. The final result for the electrostatic pressure [Eq. (1.133)] is expressed as an
integral over the wave-vector k of lateral fluctuations:

o) 2
P = —k;BT/ dr i (1.141)
0 27 [e%d 1+ kN -1

where A = x/(2nlp). The surface charge o enters this expression through the value of x: if the
non-electrostatic part of the 2-d layer’s free energy is simply its ideal gas entropy, x ~ e/o.
Equation (1.141) has an interesting feature: when d > A the pressure is dominated by
fluctuations on length scales larger than d (kd < 1), and is completely independent of A (or,
equivalently, on o):
C(3) kT

Pe:—gw (1142)

where ( is the Riemann zeta function, ¢(3) ~ 1.2. In fact, this expression is identical to the van
der Waals interaction between two conductors at large separation, where the zero frequency

term dominates [56].
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A more elaborate calculation was performed by Attard, Mitchell, and Ninham [85], and by
Podgornik and Zeks [22,86]. They considered the contribution to the free energy of fluctuations
around the mean-field solution, up to quadratic (one loop) order. The leading order for d > u
is similar to (1.142), with a logarithmic prefactor:

P, ~ —gkcfj—BTln (%) (1.143)
The logarithmic prefactor is related to the very weak decay of the mean-field ion density profile,
which leads to the presence of a three-dimensional distribution of ions between the plates [87].

To check the possibility of overall attraction, Eq. (1.143) should be compared with the mean
field mid-plane density. In similarity to (1.143), this density is almost independent on o for
d > p [Eq. (1.78)]. The fluctuation pressure is the larger term if

1 d
d< —Igln | — 1.144
S Pt (u) ( )

or in the rescaled parameters,

=5 ot (1.145)
Ind

However, these expressions are only valid for d>1 [at smaller separations the fluctuation
pressure is much smaller than (1.143), while the density is larger]. This means that Z must
be large compared to unity, whereas the derivation itself is valid only for small =, since it
considers small fluctuations around the mean-field solution. The outcome is that Eq. (1.145),
while suggesting the possibility of fluctuation-induced attraction at large =, cannot be taken
too seriously in this regime.

We briefly discuss the situation close to the dotted line, assuming that = is large. It was
recently found, in theoretical treatments of the one-plate distribution, that ions are then much
more localized near the charged plate than predicted by mean-field theory (Refs. [51-54, 88]
and chapter 5). As discussed in chapter 5, the ion density decays exponentially as exp(—ci) up
to a rescaled distance of, roughly, 2 = v/Z from the charged plate. Assuming that the rest of
the ions are uniformly distributed between the two plates, a rough estimate for the mid-plane

density is:
1 exp(—VE)

n(d/2) ~ Sl yi

(1.146)

The presence of two very localized ion layers near each plate brings us back to the deriva-
tion of Eq. (1.142). This equation is obtained in the regime where long wavelength fluctuations

(k=1 > d) dominate, whose contribution is insensitive to the bulk modulus of the two dimen-
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sional layer. This suggests that the 1/d® dependence [Eq. (1.142)] applies for two-dimensional
ion layers with large =, provided that the distance between them is sufficiently large.2!
Using Eq. (1.146) for the mid-plane density and Eq. (1.142) for P, leads to zero pressure

along the line:

d? = C(gg)Eexp(\/E), (1.147)

shown as a dotted line in Fig. 1.12. Because the mid-plane density is much smaller than the

PB prediction, attraction is possible at larger distances than in Eq. (1.145). We stress that
the estimates (1.142) and (1.146) for the pressure ingredients, in the regime where = > 1
and d > VZ, are rather speculative: a systematic theoretical treatment of this regime is still
missing.

On the other hand, at small separations, close to line I, strong coupling (SC) theory
(Sec. 1.8.3) can be used to evaluate the pressure. The leading term in the SC free energy
expansion involves the partition function of a single ion, sandwiched between the charged ob-
jects, leading to the same pressure estimate as in Egs. (1.134) and (1.135). In addition to
interacting planar surfaces, this theory was also used to study forces between cylindrical and
spherical objects [89].

To summarize this section, there is a smooth crossover in Fig. 1.12 between two different
mechanisms for attraction. Close to line I the electrostatic attraction is a low-temperature
effect: P, is independent on the temperature, equal to its value in the limit of T = 0. The
repulsive term, scaling as kpTo/d, arises from the lateral pressure exerted by a single layer of
counterions which are squeezed between the two plates.

Close to the dotted line there are separate, distinct layers of ions near the two plates;
electrostatic attraction arises from long-wavelength, correlated fluctuations within these lay-
ers. Because this attraction arises from thermal fluctuations around a charge-neutral state,
it increases in magnitude with increase of the temperature. We note, however, that so does
the repulsive, osmotic term. The increase of the osmotic term more than compensates for the
increase in P,, so the region of attraction shrinks with increase of temperature in both of its
boundaries. The situation near the critical point, at = ~ 10, cannot be described precisely by
either of the above pictures.

We note, finally, that only line I corresponds to a minimum of the free energy, whereas the

other boundary of attraction (near the dotted line) corresponds to an unstable configuration.

21n rescaled coordinates the distance between neighboring ions scales as vE. If d > VZ P, is dominated
by fluctuations on length scales much larger than this lateral distance, and the derivation of Ref. [79] may be
applicable. In other words, it is reasonable to assume that the two ion layers interact as if they were conducting
plates.
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Consequently, within an aggregated state of macromolecules the mechanism of attraction is
expected to be similar to the situation near line I, more than the situation near the dotted line.
There is one important reservation regarding line I: at small inter-molecule separations, non-
electrostatic interactions such as dispersion forces, hydration forces, finite ion size, and other
short-range interactions are important, and must contribute to the balance between attraction
and repulsion. The model discussed here is thus only a crude approximation for aggregation of

real macromolecules, intended to highlight the role of electrostatic correlations.



Supplements to chapter 1

1.A Critical behavior in electrolytes

This supplement is included for completeness of the discussion on bulk properties (Sec. 1.1). Tt
is largely based on the reviews [90] and [91].

The free energy in Eq. (1.11) has a negative second derivative with respect to the salt
concentration ¢y, when ¢ is sufficiently large, at c; > (2/7)l5> for a 1:1 salt. This behavior of
the free energy is unphysical since it leads, at any temperature, to collapse of the electrolyte
to zero volume at sufficiently large concentration. In order to understand the global phase
behavior of electrolytes the finite size of ions must be taken into account, although it affects
the free energy in a different way than in uncharged fluids.

Let us consider ions modeled as hard spheres of radius a and assume, for simplicity, that
they are monovalent. The derivation leading to Eq. (1.11) can then be modified, allowing
screening ions to be present only outside a spherical shell of radius 2a around the fixed ion.

The calculation is straightforward and leads to the following expression for the free energy [13]:

f=fia— % [In(ka + 1) — ka + (ka)?/2] (1.148)

where & is given by Eq. (1.7) and is equal to (87lpcs)/? for a monovalent salt. Note that as
ka — 0 (corresponding to small ion density) this expression approaches the previous result of
Eq. (1.11).

Since the model discussed here involves three independent length scales: I, k! (or, alter-
natively, cs 1/ 3), and a, there are two independent dimensionless parameters. Following Ref. [90]

we choose these two parameters to be a dimensionless concentration, the volume fraction
p = 2a3c,, (1.149)

and a dimensionless temperature:
- as a
T=—<kpT=— 1.150
62 B lB ( )
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Figure 1.13: Phase diagram of a symmetric electrolyte in the p—T plane (dimensionless concentra-
tion and temperature, Eqgs. (1.149) and (1.150)), as obtained from the free energy of Eq. (1.148)
which takes into account the finite size of ions. The critical point is at 7. = 0.0625 and
pe = 0.00497. Within the gray-shaded region of the phase diagram the ionic solution separates
into a dense and dilute phase. The spinodal is represented by a dashed line: within the region
bounded by this line the homogeneous solution is unstable to small fluctuations.

The free energy (1.148) leads to phase separation below a critical temperature T,. The phase

diagram can be easily calculated and is shown in Fig. 1.13. The critical point is at

-
T, = — =0.0625 ; pe=—— ~0.004 1.151
5 = 00625 1 po= - ~0.00497 (1.151)

Note that correlations play an important role at the critical point, according to the estimate
of Eq. (1.13): 13¢5 = p/(2T%) = 10.2 >> 1. The parameters T, and p. agree in order of magni-
tude with estimates from simulation; a theoretical improvement that yields semi-quantitative
agreement with experiment is briefly discussed in the following section.

Several comments are in order. First, a ratio a/lp = 0.0625 or smaller cannot be achieved
in water: this requires a reduction of the temperature below the freezing temperature, because
a is at least in the order of a few Angstroms and Ig = 7A in water at room temperature.
A practical way to observe criticality in ionic liquids is to replace water by a solvent of lower
dielectric constant [92].

Second, below T the concentrated phase is not stabilized directly by hard core interactions
between ions, as in a van der Waals fluid. The ion size enters in a more subtle way, through
the structure of ionic clouds. Indeed, Eq. (1.148) does not take into account the hard-core

ion-ion interactions. Including their contribution — through a quadratic term in the density, or
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through excluded volume (as in the van der Waals theory), shifts the critical parameters only
slightly [90]. This can be expected because the volume fraction of ions is small at the critical
temperature: 2p. ~ 0.01 < 1

Finally, the criticality class of the hard sphere ionic solution is not yet clear, neither theo-

retically or experimentally, an issue that is beyond the scope of the present discussion.
Bjerrum pairing

Let us return the derivation of Eq. (1.11). Since the ions were considered as point-like, the
linearization [Eq. (1.9)] cannot be justified sufficiently close to the fixed ion. This problem
occurs also in the derivation of Eq. (1.148), if a is sufficiently small. In fact, as a — 0, ions are
expected to form tightly bound neutral ion pairs, since the integral [ d3rexp(lp/r) diverges at
small r; linearization strongly underestimates the weight of such configurations if a/lp < 1.

A crude, but useful approximation is to treat closely bound configurations of a positive and
negative ion as a distinct component, coexisting with the free ions. This idea, dating back to
Bjerrum, is similar in spirit to the two-phase models used in treatment of Manning condensation.
Another way to think about it is that some salt molecules are not dissociated. Although the
number of associated pairs is very small in strong electrolytes at room temperature, association
becomes more important at lower temperatures, close to the critical temperature.

The density of associated pairs is related to the square of the free ion density through
a law of mass action, involving the free energy of a bound positive—negative ion pair. The
free energy (1.148) can be modified to take into account these bound pairs in several levels
of refinement. The most simple level is to treat bound pairs as neutral particles that do not
interact electrostatically with free ions. A more refined theory [90,93] takes into account dipole-
ion interactions of the bound pairs with free ions, leading to semi-quantitative agreement in the

coexistence curve with Monte-Carlo simulations [90].
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1.B Two interacting planes

In this supplement the mean-field interaction of two surfaces of arbitrary sign is considered.
After presenting the PB equation’s solution in the case of no added salt, we consider plates
having surface charge of opposite sign. The boundary separation between attraction and sep-
aration is derived, generalizing a result of Parsegian and Gingell [94] that was obtained within
the linearized Debye-Hiickel approximation.

We begin with the case of no salt, where the PB equation can be solved analytically.

1.B.1 No salt

The PB equation is:

1 d2?¢
- =)e? 1.152
dnlp dz2 (1.152)
with boundary conditions:
1 1
I .. (1.153)
drlp dz|,_, e drlp dz|,_, e

where o1 and g2 can be positive or negative. Since we assumed that counterions are positive,
only the case:

014+02<0 (1.154)

is considered. Changing A only shifts ¢ by a constant, and can be used to set ¢ to zero at an
arbitrary position.

Multiplying Eq. (1.152) by d¢/dz, it is seen that (—1/87l5)(¢')? + Ae™? is a constant, that
we identify as the pressure p between the two plates (divided by kgT):

1 d¢

2
—m (&) + )\6_4) =p (1155)

This equation can be integrated once more to obtain ¢(z). There are three types of solutions,
corresponding to positive, zero, and negative p.

Because Ae~? is positive, ¢’ can be zero only if p > 0. If both ¢y and oy are negative, ¢’
must vanish between 0 and d, as seen from the two boundary condition. The solution must

then belong to the class of solutions with p > 0. A general solution can be written as follows,
A2 1/2
¢ =1nq —cos [(27rpr) (z — zo)} (1.156)
p

where 2y is the coordinate where ¢’ = 0. The density at this position, Ae~?(#0)  is equal to p,

in agreement with Eq. (1.155). To simplify notation we chose A = p [so that ¢(zg) = 0], and
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define K = (2xlgp)"/?:
¢ = Incos® [K(z — 2)) (1.157)

The parameters zy and K are determined from the two boundary conditions, noting that

d
d—(b = —2Ktan [K(z — z0)] (1.158)
z
In the symmetric case 01 = 09 = —e/(2nlpu) , 20 = d/2 from symmetry, and p = K2/27lp is

determined from the transcendental equation,
Kd
Kptan <7> =1 (1.159)

Surface charges of opposite sign

The parameter zg in Eq. (1.156) can be outside the interval [0,d], in which case the surfaces at
z = 0 and z = d have charges of opposite sign. The coordinate zy is then the position where
the electric field would vanish, had the solution been continued outside the interval [0,d]. It
is also possible that such a position does not exist at all, in which case the parameter p < 0,
corresponding to attraction between oppositely charged plates.

The general solution of Eq. (1.155) with p < 0 is:

¢=1In {ﬁ sinh? [(27Tl3|p|)1/2(z - zo)} } (1.160)

and the parameters zg, p are found from the two boundary conditions. Note that here z; is a
singular point that must be outside the interval [0,d].

We next investigate the boundary between attraction and repulsion in the phase space of
o1, o2 and d. Without loss of generality, assume that 01 = —o_ is negative and o9 = o4 is

positive. We define 01 = —e/2nlgu_ and o9 = ¢/2nlgu4, so that

d 2 d 2
oy _2 ., dop _ 2 (1.161)

dz z=0 H— dz z=d H+
Keeping o_ fixed, the boundary between attraction and repulsion corresponds to the density
profile at zero pressure; this profile is the same as for a single charged plate, as given by

Eq. (1.36):

do 2
- = 1.162
dz  z+4+wm ( )
Hence the pressure is zero (see Fig. 1.14) if:
2 2
== (1.163)

d+p- gy
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\

Z

Figure 1.14: The mean-field interaction between a negatively charged plate and a positively charged
plate can be either attractive or repulsive. The solid line shows schematically the electrostatic
potential ¢ between the two plates. If the pressure vanishes, the potential is the same as if there is
a charged plate only at z = 0.

To check which side of the equality corresponds to attraction, we note that in the limit p — oo
the electrostatic field vanishes at z = d, and the pressure must be positive. Hence the two plates

attract each other if

by —pu— <d (1.164)

a result that was obtained also in Ref. [95] [note that py must be larger than p_ due to
Eq. (1.154)]. Equation (1.164) can be written as follows,

2nlp o_ —o4
oL o_ > ——
e2 t ed

(1.165)

This expression demonstrates that the boundary between attraction and repulsion is the result
of competition between electrostatic attraction (left hand side) and osmotic repulsion coming
from the counterions (right hand side).

Using Eq. (1.164), and without assuming that o_ — o4 > 0, the requirement for attraction

can be written as follows,

1 1 1
— <= (1.166)
oy O_ o4
where
e
= 1.167
74 origd (1.167)

This region is shown in Fig. 1.15.
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d
w

Attraction

oclo

0.,/04

Figure 1.15: Regions of attraction (gray) and repulsion (white) for a positively charged plate
interacting with a negatively charged plate, in the case of no added salt. The axes show oy /o4
where o1 are the charge densities and oy is defined in Eq. (1.167).

1.B.2 Added salt

In the case of two charged plates and added salt the PB equation reads,

d2
d—zf = k2sinh¢ (1.168)

where we assumed a 1:1 salt of concentration cg (n2 = 8mlpc,) and the boundary conditions
are the same as in the no-salt case [Eq. (1.153)]. In similarity to the no-salt case, this equation
can be integrated once to obtain

1 [de\?
- = 2¢.coshd = pip 1.1
Srln <dz) + 2c¢scoshp = p (1.169)

where p;, is the pressure acting on the inner side of the plates, divided by kgT. The total
pressure acting on the plates, divided by kT, is equal to

P = Pin — Pbulk = Pin — 2Cs (1.170)

(see, also, Sec. 1.7.1). A second integration of Eq. (1.169) yields an expression for z as a function
of ¢, in terms of an elliptic integral:
® d¢/

—1
¢ \/2cosh¢’ — pin/cs

where ¢q is a free parameter, determined together with p;, from the boundary conditions.

Z=K

(1.171)
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In general, a simple analytical expression for ¢(z) cannot be obtained from Eq. (1.171).
However, a full analytical solution is available in the case of zero pressure (pin/cs = 2), being
the expression for a single charged plate [Egs. (1.32)—(1.33)]. This expression is sufficient in
order to find the boundary between attraction and repulsion, on similar lines as in the no-salt
case.

We first note that in the presence of salt there is no restriction on o1 + o2, which can be

either positive or negative with the same form for the PB equation. We define,

o =\ (kp)? 1 — kp (1.172)

Using the derivative of Eq. (1.32), the pressure is zero if

d¢
dz

4er oy 2
-0 _ = (1.173)
e?rd — 2y

z=d

Yo =\ (ipg)® + 1= kg (1.174)

re-expressing (1.173) using -4 yields a particularly simple result,

We next define

Ve =7-/e" (1.175)

When 74 — 0 (vanishing surface charge at z = d), the two plates must repel each other.
Therefore the parameter range for attraction is
erd <« TE  ond (1.176)
Yo
where the inequality on the right hand side is found by reversing the signs and positions of
o4+ and o_. The outcome is that y; and y_ must be sufficiently similar to each other to have
attraction. Attraction at contact (d — 0) is possible only if they are identical.

Eq. (1.176) is a generalization of a result obtained by Parsegian and Gingell, only in the
linearized theory [94]. Indeed, using the definition (1.39), Eq. (1.176) can be re-written in terms
of the effective surface charges o o, 0 o

erd o THefl - ond (1.177)
O off
In agreement with Parsegian and Gingell’s result for small surface charges, where o4 o >~ 04.

Since Eq. (1.176) is valid even when the PB equation cannot be linearized, it includes as a
special case the zero salt limit of Eq. (1.164). This can be verified by using the expansion of
for small xu, v~ 1 — ku, and requiring in addition to kut < 1 also that xd < 1.
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1.C Effective charge of a cylinder in a salt solution

In this supplement we consider the effective charge of an infinite charged cylinder, having a
negative linear charge density p and radius a, and immersed in a salt solution of concentration
cs. Far away from the cylinder, the solution of the PB equation is proportional to that of the
linearized Debye-Hiickel equation, making it possible to define an effective linear charge density
peft, as in Eq. (1.51). This effective charge characterizes the electrostatic potential far away
from the cylinder, at distances that are large compared to the Debye length.

As the salt concentration tends to zero, the effective charge becomes relevant at increasingly
larger and larger distances from the cylinder. Nevertheless, it remains a well-defined quantity
that can be considered even in the formal limit of vanishing c,, as will be done below. In practice
the effective charge is a useful quantity only at non-vanishing salt concentrations which may,
nevertheless, be small.

As discussed in Sec. 1.5.2, the only dimensionless parameters in the problem are [pp and
ka [see Eq. (1.48)]. By small salt concentrations we mean that xa is small compared to unity.
We first derive an analytic expression for the effective charge in the limit ke — 0, using a
recent analytic result of Tracy and Widom [33]. The situation of finite ka values is then studied

numerically.

1.C.1 The limit ka — 0

In this limit the denominator in Eq. (1.51) is unity, so that
¢ = 2lppe Ko (k) (1.178)

Tracy and Widom derived an analytical expression for the potential ¢ in the limit ka — 0,
which applies only for [gp < 1 and reads,

> A\2j+1
=4
¢ (sr) ;0 571

Tr (K*H) (1.179)

where K is the integral operator on [0,00] with the kernel

exp [—(kr/2)(z + 1/x)]

1.180
r+y ( )
and
1 . 71'pr
A= —sin—— 1.181
71_sm 5 (1.181)

In Ref. [33] this expression was used to evaluate the free energy and structure factor of the ion

density profile. Here we note that it can also be used to evaluate Ippes, as follows. For large r
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only the first term in Eq. (1.179) is important, because Tr (K™) = O (e~"™"") as kr — oo [33].

The first term can be easily evaluated:

Tr(K) = /Ooo el G e 0 (1.182)

2x

and comparison with (1.178) leads to the conclusion that
2 . (ml
IBpett = —sin <TBP> . (1.183)

For lgp =1, lgpes = 7/2 ~ 0.64.
Beyond the threshold Igp = 1, Ippeg must be equal to its value at the threshold:

(1.184)

This statement was proved by Ramanathan [35]. Combining this result with Eq. (1.183) leads

to an expression for Ippeg for all values of Ipp, Eq. (1.53).

1.C.2 Numerical results with added salt

Despite the importance of peg, as far as we know its exact values are not reported in the
literature, whereas it is very common to assume simply that [gp.g = 1 when lgp > 1, and that
IBpet = lpp when Igp < 1. Figure 1.16a shows Igpeg for five different values of xa: 1074,
1072, 1071, 1, and 5, obtained from numerical solution of the PB equation. Several conclusions
are reached: first, if ka is small compared to unity, Igpesr is (approximately) constant for
Ipp > 1. Second, in the limit of very small xa this constant is smaller than unity, in agreement
with Eq. (1.53). The asymptotic limit 2/7 ~ 0.64 (dotted line) is reached numerically only at
extremely small values of ka (not shown in the plot). As can be appreciated from the plot, the
approach to the asymptotic limit as ka — 0 is very slow. Finally, when ka is of order unity or
larger the effective charge has very little to do with the Manning prediction.

Figure 1.16 b shows Igper as function of xa for fixed Igp = 0.5, 1, and 4.2 (solid lines, top
to bottom). The last value corresponds to DNA in aqueous solution. Note that when xa > 1,
lppesr approaches the nominal value [gp in all cases. For some purposes it is more relevant to
define the effective charge as if the electrostatic potential is due to a line charge distribution,

concentrated at r = 0:

@(r) = 2l pea Ko (k) (1.185)

This effective charge, which can be considerably larger than Igpes [Eq. (1.51)], is shown for
DNA (dashed line). At 10 mM salt (ka ~ 0.3) Ippes is equal to about 1.7, almost twice the
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Figure 1.16: Effective charge [ pes
of a charged cylinder in salt solution,
obtained from numerical solution of
the PB equation:

() IBpesr as a function of ipp, for
ka = 1074, 1072, 0.1, 1, and 5.
The dashed line is the Manning pre-
diction, lgpeg = 1 for Igp > 1 and
lpper = lpp for Ilgp < 1. The
dotted line is the asymptotic limit at
ka — 0, Eq. (1.53).

(b) Ippesr as a function of ka, with
fixed Igp = 0.5, 1.0, and 4.2 (solid
lines, bottom to top). The dashed
line shows the effective charge I g e,
defined to match the Debye-Hiickel
potential of a cylinder of zero radius
[Eq. (1.185)], for Ipp = 4.2.

(a) 3 \
2.5

I3 Pegt

0.5

Ka

Manning prediction. At physiological salt solution (¢; = 100 mM, ka ~ 1) Ipfes jumps to

4.0, while at extremely low salt concentration (cs = 10~*mM, corresponding to water with no

added salt), it is about 25 percent smaller than unity (the Manning prediction).

Recently, a variational scheme was suggested for evaluating the renormalized charge of

surfaces having arbitrary shape [36]. In highly symmetric cases (single plane, cylinder, or

sphere) this scheme yields a transcendental equation that can be solved numerically to obtain

the variational effective charge. Numerical values presented in [36] for a cylinder agree quite

well with the exact numerical values that are presented here.??

22However, an asymptotic analysis leads, in Ref. [36], to the conclusion that the effective charge at Igp > 1 is
equal to unity when ka — 0, in disagreement with our results.
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1.D Mapping between the cylindrical and planar prob-
lems

An analytic solution of the PB equation in a cell geometry without salt was obtained by Fuoss,
Katchalsky and Lifson [39]. Here we present this solution from a slightly different perspective,
which makes the relation to the single cylinder solution relatively transparent.

We consider a uniformly, negatively charged cylinder of radius a, in contact with its coun-
terions. The number of negative unit charges per unit length is p, and we assume for simplicity
that counterions are monovalent, carrying each a charge e. The counterions are point-like and
can be present only between the radius a and an outer radius R.

Assuming that the cylinder is negatively charged and the counterions are positively charged,

the Poisson-Boltzmann equation, written in cylindrical coordinates, reads:

1 > 1d
_ e 2 h= e 1.186
drlp [er + rdr} ¢ =Ae ( )
where
d¢ 2lpp d¢
dr,._, mBI a 1 dri|_p 0 (1.187)
Changing to the variable
r
w=In (5) (1.188)
yields the equation
1 d%¢ -
T Ne ¢T2u 1.1
4 du? ¢ (1.189)
where
A =lga’X (1.190)

and boundary conditions are at u = 0 and at w = L = In(R/a). It is now possible to shift the

variable ¢:

b =¢—2u (1.191)

leading to our final form for the equation (see, also, Fig. 1.4):

1 d%yp - »
R S P 1.192
4 du? Ae (1.192)
with the boundary conditions
dap dy
— =2(lgp—-1) ; — =-2 1.193
| =2y s (1.193)

This equation describes the distribution of positive ions between two charged planes (using

units in which ip = 1): a first plane at w = 0 with a surface charge (1 —Igp)/27 and a second
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plane at w = L with a surface charge —1/27w. The density of ions in this equivalent planar
system corresponds to the density of ions in the cylindrical problem, in the following sense:

27T/T2 rdrn(r) = 2% /f du i (u) (1.194)

r1 Ip 1

where n(r) = Xexp[—¢(r)] and fi(u) = Aexp|—(u)].

In the planar system to which we have mapped our problem, the charged plane at v = L
attracts ions since it is negatively charged, while the charged plane at u = 0 can be positively
or negatively charged, depending on Igp. If I[gp < 1 the plate at w = 0 is positively charged
and repels the counterions. As L — oo all the counterions go to infinity together with the
second plate. If, on the other hand Igp > 1 the first plate is negatively charged; a fraction of
the ions, which neutralize this plate remain bound to it as L is increased. When L — oo the

ion distribution becomes that of a single charged plate, Eq. (1.36):

. _ 1
n(u) = It )2 (1.195)
where
p=(gp—1)" (1.196)

In the original, cylindrical problem this result maps into Eq. (1.46).

Bound counterions neutralize the charged cylinder only partially: their number, per unit
length, is equal to p — lE_;l. The Gouy-Chapman length of the planar problem, Eq. (1.196),
determines the characteristic radius in which ions are bound: exactly half the ions are present

up to the radius

] (1.197)

When Ipp > 1, r1/2 —a ~ a/(Ipp). This is precisely the Gouy-Chapman length corresponding
to a surface charge o = p/(27a). On the other hand, when Ipp — 1, ry /5 diverges exponentially.

In the planar problem there is also a layer of ions that are bound to the plate at u = L
or, in other words, are not bound to the plate at «w = 0. In similarity to the bound ions, their
distribution approaches a single-plate density profile as L — oo (only in the case Ig > 1), with

a Gouy-Chapman length p = 1:

1
Munboun = 5/ . 12 1.1
Punbouna () = 57— 29y (1.198)
which maps in the cylindrical problem into
1 1
nunbound(r) (1199)

" 2l [In(R/r) + 12
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Note that the unbound ions are not uniformly distributed within the cell area. Therefore it is
an oversimplification to view them as an ideal gas of free ions. A uniform distribution occurs
only if there is salt in the solution, beyond a distance of the Debye length from the cylinder.

A second conclusion from Eq. (1.199) is that, when L — oo, the ion density at » = R is

1 1

This is half the density obtained by uniformly distributing the free ions (of linear concentration
1/l) within the cell area. This result has important implications for the osmotic pressure of a
polyelectrolyte solution, discussed in Sec. 1.7.4.

In the case [pp < 1, the ion density at r = R (in the limit R — 00) can be found as follows.
In the equivalent planar problem, the contact density at u = 0 is zero, so the pressure is equal
to —(1 — Ipp)?/2m. This must also be equal to —1/27 + 72(L), which is the pressure evaluated
at u = L. Mapping the result to the cylindrical problem yields

n(R) = ;LB(]L%; - 7%2 (1 - l%’”) (1.201)

For small Igp < 1 this is equal to the density obtained by distributing all the counterions
uniformly within the cell [note that p/(7R?) = ¢,,].

Equations (1.200) and (1.201) were obtained in the limit L — oco. In practice, L = In(R/a)
is usually not a very large number, even for dilute polyelectrolyte solutions, because of the
logarithmic dependence on R. For finite L the ion distributions near v = 0 and near v = L are
not decoupled, leading to significant corrections to the ion density profile, Eq. (1.46), and to
Egs. (1.200) and (1.201). These effects are further discussed in the following subsection and in
Sec. 1.7.4.

1.D.1 Analytical solution for finite R

As discussed in Sec. 1.B.1, the solution to the PB equation can be written analytically for the
case of two charged plates and no salt. Recall that here we are interested in a charged plate
with surface charge (1 — igp)/2m at u = 0 and a charged plate with surface charge 1/27 at
u = L. Mapping the analytical solution for this case back to the cylindrical coordinates yields

the Fuoss-Katchalsky-Lifson solution [39],

B? "
sinh? [Bln(r/R) — tanh_lB} p=r
1 1 x
= - T 7 N 412 p = p .
n(r) omipr? [1n(R/rg +1)° (1.202)
B o>

sin® [Bln(r/R) — tan™ ' B]
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where

Ipp* = % (1.203)

and B is obtained from the boundary conditions,

Ipp = { 1 — Beoth [Bln(R/a) + tanh™' B] p<p*
RO =

1 — Beot [BIn(R/a) + tan™ ' B| p> p* (1.204)

The solution is written here using similar notation to that of Fuoss, Katchalsky, and Lifson.
The three different analytical forms in Eq. (1.202) correspond to the cases of negative, zero,
and positive pressure p in the analogous planar problem: Egs. (1.160), (1.36), and (1.156),

respectively, with the following relation between the parameters B and p,

—B?/(27lB) p<p* (B<O0)
p= 0 p=p° (B=0) (1.205)

B?/(2xlg) p>p* (B>0)
We stress that p, the pressure in the analogous planar problem, should not be confused with

the real pressure in the cylindrical cell, which is always positive.

The value of the threshold p*, where the analytical solution changes its analytical behavior,
can be found as follows. At the threshold, p = 0 and the density profile between the two plates
is the same as though there is only one plate at u = L, Eq. (1.199). The value of p* is thus

easily obtained from this equation:

dy dlnng 2
2(lgp* —1) = — = —— =—— 1.206
(lep ) du|,_, du |, L+1 ( )
where Eq. (1.199) was used for ng(u), so that
L In(R
Ipp* = _ _In(R/a) (1.207)

L+1 In(R/a)+1°
as in Eq. (1.203). This is equivalent to the boundary between attraction and repulsion d =

s — p—| [Eq. (1.164)], with uy =1, u— = (Igp — 1)}, and d = In(R/a).
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1.E Contact identity for a charged cylinder with salt

Consider a single cylinder immersed in a salt solution. In this section we develop an exact
identity relating the concentration of ions at contact with the cylinder, to the excess of ions,
per unit length, adsorbed on the cylinder. This identity is useful for evaluation of the osmotic
pressure in a dilute PE solution, discussed in Sec. 1.7.4. Some of the details of this derivation
are presented here.

The parameters of the problem are defined as follows. The cylinder, of radius a, is confined
in a cylindrical cell of radius R and carries a negative charge per unit length p. The cylindrical
cell contains a salt solution including several species of ions. We imagine that the solution is
in equilibrium with a large reservoir where the concentration of the species «, of valency ¢, is

equal to c,. Due to charge neutrality
> gaca =0 (1.208)

A mapping to a one dimensional problem, in similarity to Eq. (1.189) can be performed, leading

to the following equation:

1 d2
_Ed—u(s = Z Gl BCat®exp(—qad + 2u) (1.209)

with the following boundary conditions:

d¢

d¢
du du

—0 (1.210)
u=L

=2pp ;

u=0

where L = In(R/a) and u = In(r/a).

In contrast to the no-salt case, shifting ¢ is not useful in Eq. (1.209), because it can cancel
the 2u term within the exponential only for one of the ion species. Equation (1.209) describes
ions interacting with a charged plate at uw = 0, subject also to a linear external potential 2u.
This external potential cannot be interpreted as an electrostatic force because it has the same
(repulsive) form for all ion species. Nevertheless, Eq. (1.209) can be used to obtain a useful
exact identity in the limit of a large cell (R > xk™1).

Multiplying Eq. (1.209) by d¢/du and integrating from u = 0 to u = L leads to following

result:

L

( >
87 dU,
0

L

= —lpa® Z Ca€xXp(—qa® + 2u)

0

L
+ 2lBaQZ/ du caexp(ga g + 2u) (1.211)
o Jo
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This equation can be interpreted as an equality of the pressure evaluated at v = 0 and at
u = L in the one dimensional system. Returning to the cylindrical coordinates and using the
boundary conditions (1.210), Eq. (1.211) maps into the following result:

1 R
L (lap? = 1 3 [Fona(R) - @na(a)] + 21 Z/ rdr o () (1.212)

where the integration is within the cell area and n,(r) is the local concentration of ion species
Q.

Consider now the limit R — oo. The concentrations n,(R) are then equal to ¢, (the differ-
ence between these two quantities decays exponentially with xR). It is then straightforward to

obtain from Eq. (1.212) our final result:

1 , 1
o - — o 1.213
Z " 27rlBa2 (Ip) Ta? za: P ( )

where
R
Po = 27r/ rdr [ne(r) — cq (1.214)
0

is the excess number of ions of species 4, per unit length, compared to the bulk solution, and
ne(r) =0 for r < a.

This identity was also derived by Anderson and Record [68] (see, also, Ref. [69]). It should
be noted that, in contrast to the planar contact theorem, the identity derived here is restricted

to mean-field theory and is not valid if there are short-range ion-ion interactions.

1.E.1 An application: Osmotic pressure in a dilute PE solution

We consider a symmetric 1:1 salt. The number of positive and negative ions, per unit volume,

can be written as follows:

cs = co+cmpi/p

Cm+Cs = cotcmp_/p (1.215)

where pL is the excess of positive or negative ions per unit length of the PE. For example, in the
second line the left hand side is the number of counterions contributed by PE monomers and
salt. The right hand side is the contribution of the bulk concentration ¢ (the concentration
far away from the PEs), plus a correction which is proportional to the PE concentration. The
proportionality factor, p.,/p, is the excess of adsorbed counterions per monomer (we assume,

for simplicity, that each monomer carries a unit charge, so that 1/p,, = a., is the distance
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between monomers). From these two equations,
Cm
2co = 2¢5 + 7(0 —p+ —p-) (1.216)

Using the identity (1.213) for p+ + p—_,

c 1
2c0 = 2¢4 + % - = 2+ ma? E o 1.217
Co C ; p{pr 2(pr) a’lp 4 n (a)} ( )

Aslong as k! is large compared to a, the contact density of ions is close to its value without
salt,

(1) (1.218)

Z ng(a) ~

[e3%

where Eq. (1.46) was used. The notation o(1) indicates that the correction term tends to zero

0 , pr<]. 1
ﬁ(pr—l)Q , lpp>1 +lBa20

in the limit of vanishing salt concentration, xa — 0.22> We thus obtain:

l

- ! [1—£E} Clgp<1

2coz2cs+c—>< BP 1 2 BP
lB/) 5 , pr>1

+o(1) (1.219)

which is the expression for the osmotic pressure, Eq. (1.98).

23This statement is proved in Ref. [35].
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1.F Loop expansion of the density functional

In this section we develop the loop expansion of the density functional, for a charged fluid of
point-like ions. We consider first the case of only counterions and no salt, where Zg is given
by Eq. (1.117). We define

Flh]l = —InZg (1.220)

and perform the Legendre transformation from F[h] to F[n], discussed in Sec. 1.8.1 [Egs. (1.113)~
(1.115)], to obtain an expansion in [ of the density functional. For simplicity we assume that
O(r) =1 for all r.?4

The partition function’s invariance with respect to a constant shift in h, which occurs only
when there is no salt, requires special attention. Due to this invariance, when inverting the
dependence of n on h — to express h in terms of n, there is freedom to choose h up to a constant.
This freedom will be used in the following derivation. On the other hand, not all choices of
n are valid: assuming that the problem is defined within a finite volume and that Neumann

boundary conditions are imposed on ¢, Eq. (1.120) imposes charge neutrality:

/dr [((x)) + ne(r)] = 0 (1.221)

The argument of F[n] should obey this relation.

We will evaluate the first two terms in the expansion,
IF=Fo+1Fi+... (1.222)

Only the two leading terms of F[h] are required, which are given by [24]:

1 ,
Fo = /dr —— (V)2 +ipne — e~ " (1.223)
871’13
and
1
Fi = glndet G! (1.224)
where
2 ) v2
G = + e ierBTh = + no (1.225)

B 47‘([3 B 47‘([3
in which @pp is the saddle point of Fy.

Using Eq. (1.118) n is expressed in terms of h. Up to first order in I:

n(r) = no(r) +Ini(r) + ... (1.226)

24Having a nonuniform ©(r) is equivalent to an external field hex(r) equal to zero wherever © = 1 and to
infinity wherever © = 0. It follows that the only modification to F[n] is the addition of a term [ dr hex(r)n(r).



78 CHAPTER 1. INTRODUCTION

The result of this evaluation is [24]:

mofr) = gy = e (1.227)
and
0F1
mE) = S
= Gl + / dr'G(r', ') G(x', ¥)no (x')no(r) (1.228)

The next step is to invert this relation to express h in terms of n. We re-express Eq. (1.226)
as follows,

)\e—iapPB—h(l‘) + lm =n (1229)

Because n is multiplied by [ we can replace every occurrence of ng by n in the expression for
n1, Eq. (1.228). This yields:
Ne~wre—h — (1 4 1) (1.230)

where

n(r) = %G(r,r) - % /dr'G(r',r')G(r',r)n(r’) (1.231)

in which G is now defined using n instead of ng:

2

G'= pm il (1.232)
and
h(r) = —ippp(r) —In {@} — In(r) (1.233)

In order to express ¢pp using n we first express it using no and then use Eq. (1.230), written

as follows: ng = n(1 +In). To express ppp using ng we use the Poisson equation:

i
V3ppp = no + 1 (1.234)
471'13

which can be inverted as follows:

ippp(r) = /dr’ ve(r, ') [no(r') + ne(r’)] + do (1.235)

The presence of a constant ¢g is special to the case of no salt (in the presence of salt the
potential must decay to zero at infinity). We now recall that there is freedom in F'[h] to shift
h by a constant, which leads to a shift in i@pp but does not affect the value of n. Using this

freedom we set ¢g = 0, which corresponds to a particular choice of the additive constant in h.
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The remaining steps (whose details are skipped) are to express the terms of Fy using n. In
F} the definition of G, Eq. (1.225), can be replaced by Eq. (1.232), which is a replacement of ng
by n. This is allowed because F; is multiplied by [, so the difference between the two definitions

contributes only to higher orders in the expansion of F. The final result for F is very simple:

Fln] = / den(r) [m@_l]

+ % /drdr’ [n(r) + ne(r)] ve(r, ') [n(r') + ne(r'))

v o bpae - Y (1.236)
g T, T '

The constraint of charge neutrality should be imposed on [ drn(r), which can be included as a
Lagrange multiplier. In practice this means that A is replaced by a constant that is determined

from the constraint, at each order of the loop expansion.

Density equation

From Eq. (1.236) the first order correction in ! to n and ¢ is obtained as follows. Requiring

5.7:'/571 = 0 yields,

lng + /dr’ ve(r, ') [n(r)) + ne(r')] + éG(r, r)=0 (1.237)
where
. 2
= 1.2
G s +n (1.238)
and the identity:
dlndet A 1
i A (1.239)

was used. Note that G(r,r) is infinite, but the difference G(r,r) — v.(0) is finite.

Salt

In the case of a monovalent 1:1 salt, the derivation is similar to the previous case, but there
are two fields h(r), h—(r), coupled to the positive and negative ions. The partition function

is similar to Eq. (1.25), with the inclusion of A4 and h_:

1 1 1 , ,
7= /D(pexp — /dr —— (V)% +inep — \Oe =+ — \@elr - (1.240)
Zy l 8nlp

The final result for the density functional is:



80 CHAPTER 1. INTRODUCTION

Fioen) = 3 [ dma [l 1]

a=+,—

+ %/drdr’ Ne(r)ve(r, v )n.(r)

+ élndet G! (1.241)

where n.(r) = ne(r) + n4(r) —n_(r) and
2

-1 _ V
G ' = o +ng +n_ (1.242)

More generally, for several ion species of valencies g, F has a similar form as Eq. (1.241), with
ne(r) = ne(r) + Y, qana(r) and

GV

2 e, 1.24
e +§a:qan (1.243)

The first order correction coming from the loop expansion is the generalization, for a nonuniform
fluid, to the correlation free energy that was calculated by Debye and Hiickel (Sec. 1.1). Indeed,
in a bulk fluid with constant densities n, the first two terms are the ideal gas free energy per

unit volume (in the grand canonical ensemble), and

1 1

=— [~V + &’ 1.244
47Tl3 [ v e ] ( )
so that G obeys the differential equation
1
—— [-V? + K] G(r,x') = 6(r — 1) (1.245)
471'13

whose solution is G(r,r) = Ige™ " /R where R = |[r — 1|, and
G(r,r) =v.(0) = lpr + ... (1.246)
The derivative of In det G with respect to k is

d1
IndetG = LG(r,r):

dr 2 47l [ve(0) = lpr + .. ] (1.247)

K
47Tl3
and by integration with respect to x,

1

L3
TG (1.248)

1 1
ElndetG =3 za: z5v:(0) —

The first term is the Coulomb self energy of the ions, which renormalizes the fugacity of each

ion species, while the second term is the same as in Eq. (1.11) (see, also, [23]).
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Finally, the equations that n, obey in an inhomogeneous solution are obtained from func-
tional differentiation of F with respect to nq:
No ’ / ’ C]2
ln)\——kqa/dr vc(r,r)nc(r)—i—lé"G(r,r) =0 (1.249)

which is equivalent to the following set of equations:

—LVQQS(I‘) = ne(r) + Z QQna(r)

47Tl3

G(r,r') =6(r — 1) (1.250)
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Symbol Legend (Chapter 1)

1

TTET A28 60 /0D
<

o

!

= H
=

$e
=

—~
=)
~—

S =909

O O O
ERENENES

Co

7, Z¢

Ton species index.

Dielectric constant.

Electrostatic potential.

Reduced electrostatic potential, ¢ = e®/(kpT).
Fluctuating field.

Osmotic coefficient and excess osmotic coefficient (Sec. 1.7.4).
Eq. (1.33).

Inverse Debye length, Eq. (1.17).

Fugacity.

Gouy-Chapman length, Eq. (1.31).

Chemical potential.

Osmotic pressure and excess osmotic pressure.

PE charge [negative unit charge per unit length].

Number excess per unit length of ion species «, Eq. (1.54).
Effective PE charge [negative unit charge per unit length].
Surface charge [electric charge per unit areal.

Excluded volume function.

Free energy (in units of thermal energy).

Free energy per unit volume (sec. ) or length (Sec. ).
Force.

Coupling parameter, Eq. (1.128).

Radius of PE or colloid.

Distance between unit charges along a PE backbone, a. = 1/p.
Bulk concentration of ion species a.

PE monomer concentration.

Concentration of a 1:1 salt.

Concentration of a 1:1 salt in a PE solution, far away from the PEs.

Inter-plate separation.

Unit (electron) charge.

Thermal energy.

Loop expansion parameter (Sec. 1.2.2).
Bjerrum length, ip = €2/(ckpT).
Molar (Mol/Liter).

Local number density of ion species a.
Pressure.

Electrostatic pressure, Eq. (1.133).
Valency of ion species «.

Colloid valency.

Cylindrical cell radius.

Potential of mean force (in units of the thermal energy).
Normal coordinate to charged plane.
Partition function.
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Chapter 2

Hydration interactions: Aqueous
solvent effects in electric double
layers

The following two chapters deal with short-range, solvent mediated interactions between ions,
and their influence on ion-distributions near highly charged macromolecules. Chapter 2 in-
troduces the theoretical framework and then concentrates on the situation of a single planar
surface. In chapter 3 the implications for inter-surface interactions are investigated.

In the present chapter,! a model for ionic solutions with an attractive short-range pair
interaction between the ions is presented. The short-range interaction is accounted for by
adding a quadratic non-local term to the Poisson-Boltzmann free energy. The model is used to
study discrete solvent effects in a planar electric double layer (an aqueous solvent and sodium
counterions are assumed). The counter-ion density is found to increase near the charged surface,
as compared with the Poisson-Boltzmann theory, and to decrease at larger distances. The ion
density profile is studied analytically in the case where the ion distribution near the plate is
dominated by counter-ions. It is shown that far away from the plate the density distribution
can be described using a Poisson-Boltzmann theory, with an effective surface charge that is

smaller than the actual one.

2.1 Introduction

Electrolytes, in contact with charged surfaces or macro-ions, play an important role in deter-
mining the properties of many biological and chemical systems. One of the most widely used

tools for studying ions in aqueous solutions is the Poisson-Boltzmann (PB) theory (Chapter

IThe material presented in this chapter was published in Ref. [].
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1 and Refs. [2-7]). The mathematical and conceptual simplicity of this theory makes it very
appealing both for numerical computation [8], and for gaining insight into the underlying phys-
ical principles. Although the theory contains important simplifications, it has proven to be a
useful and accurate tool in the study of systems such as colloidal dispersions [9,10], biological
membranes [7], polyelectrolytes [11] and complex systems, e.g., proteins or DNA interacting

with charged membranes [12-14].

The Poisson-Boltzmann theory is obtained by making two simplifying approximations. The
first approximation is the treatment of the electrostatic interactions on a mean-field level. The
ions are treated as independent charged particles interacting with an external electrostatic po-
tential, derived self-consistently from the mean charge density distribution. Thus, correlations
between the ion positions are not taken into account. The second approximation is the treat-
ment of the ions as point-like objects, interacting only through the electrostatic interaction in
a dielectric medium. In reality, ions in aqueous solutions have more intricate interactions [6].
These include a non-Coulombic interaction between ion pairs, which is mainly a short-range
steric repulsion, interactions with the polar solvent molecules and short-range interactions with

the confining charged surfaces.

Various models have been proposed for the inclusion of effects not accounted for by the PB
theory. These include liquid state theory approaches [15-19], field theory expansions [20,21],
computer simulations [22-24] and other modifications to the PB theory [25-28]. Most of these
models remain within the framework of the so-called “primitive model”, in which the interaction
between the ions is modeled as a purely repulsive hard-core interaction. On the other hand,
relatively few works have addressed explicitly the discrete nature of the solvent molecules [19,
29-31]. Clearly, the replacement of the solvent by a continuous medium cannot be precise when
the inter-ion distance is comparable to the solvent molecular size. Therefore, when the ions
reach high densities the discreteness of the solvent is expected to have an important effect on
the ionic distribution. This is of particular importance for water. Due to its high polarity,
the strong screening of the electrostatic interaction (represented by the dielectric constant) is

modified at small ion separations.

Using the surface force apparatus [6], it is possible to measure precisely the force between
charged mica plates. These measurements supply evidence for the importance of the solvent
structure in aqueous solutions [32,33]. At inter-plate separations below approximately 20 A
significant deviations are found from the prediction of the Derjaguin-Landau-Verwey-Overbeek

(DLVO) theory [9,34]. The measured force is oscillatory or consists of a series of steps, with
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Figure 2.1: Schematic description of the aqueous pair potential model. An aqueous ionic solution
in contact with a charged plate in (a) is replaced in (b) by ions in a continuum dielectric medium
having a dielectric constant e, with electrostatic and short-range interactions w;;(r) = w;;(|r|).
The z coordinate designates the distance from the charged plate, with z = 0 corresponding to the
distance of closest approach of the ions to the plate. The distance of closest approach is equal to
dnc/2, where dy, is the hard-core diameter of the ions.

a period corresponding to the water molecular size. Oscillatory forces are known to arise as a
result of the solvent structuring in layers between surfaces [6]. However, a repulsive contribution
is found in addition to the oscillatory force at plate separations below several nanometers [32,33].
This repulsive force is often referred to as the “hydration force” [6,32], and its origin is not yet

completely understood [30].

2.1.1 Aqueous pair potential model

Recently [35,36], an aqueous pair potential model has been proposed for electrolytes, in which
the effect of the solvent on the ions is described as a short-range two-body interaction between
the ions. The solvent is replaced by a continuum dielectric medium as in PB theory, but the
ions also interact through a two-body short-range hydration interaction [35]. This is shown
schematically in Fig. 2.1.

This aqueous pair potential model [35,36], involves several simplifying assumptions. One is
that the effect of the solvent can be represented as a linear superposition of two-body potentials

between all ion pairs. Another simplification is that the effective potential between the ions
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is taken as the effective potential in the bulk, regardless of the ion concentration, and of the
geometry imposed by the charged surfaces. Finally, a short-range surface-ion effective potential
should be included in addition to the ion-ion effective potential. Despite of the simplifications
made in the aqueous pair potential model, it offers a first step towards a qualitative under-

standing of solvent effects on the ion distribution, in particular near highly charged surfaces.

2.1.2 Effective ion pair interaction

For the short-range ion-ion interaction, the so-called potential of mean force between ions in
solution can be used. Potentials of mean force are defined as —kpT Ing;;(r) where g;;(r) are
the ion-ion radial distribution functions for ion pairs of species ¢ and j. The radial distribution
functions have been calculated numerically for a single ion pair immersed in an aqueous solution
using molecular dynamics techniques [37-39].

An alternative approach has been proposed in Refs. [40,41]. In this approach, a Hamiltonian
consisting of a pairwise effective potential between the ions is obtained using the so-called
“reverse Monte-Carlo” approach. The ion-ion radial distribution functions are first calculated
using a molecular dynamics simulation for a system including solvent molecules and a finite
concentration of ions. The ion-ion effective potential in the system without the solvent is
then adjusted iteratively until the same distribution functions are obtained using Monte-Carlo
simulations.

The different available calculations of potentials of mean force differ in their quantitative
predictions. This may be a result of high sensitivity of the models to detailed features used for
the water molecules and for the inter-molecular interactions [37]. However, all the potentials
of mean force as well as the effective potentials [40] are qualitatively similar [42]. Thus, for the
purpose of the present work, aiming at a qualitative understanding of solvent effects, any one
of these potentials may be used.

At large ionic separations the ion-ion effective potential is well approximated by a screened
electrostatic interaction, with the water dielectric constant in the continuum limit. At short
ionic separation, the difference between the total effective potential and the screened electro-
static interaction is a short-range potential reflecting the structure of water molecules in the
ion vicinity. Fig. 2.2 shows the short-range contribution (excluding the screened electrostatic
part) to the effective potential calculated between Nat - Na™ pairs in the reverse Monte-Carlo
approach [40]. Below about 3 A, the electrostatic repulsion between the ions becomes un-
screened. Therefore it is much larger than the screened repulsion in the dielectric medium, and

the effective potential is strongly repulsive. The unscreened electrostatic potential leads to an
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Figure 2.2: Short-range effective potential between Na' ion pairs, adapted from Ref. [40] using
simulations in a bulk NaCl solution of concentration 0.55 M, at room temperature [44]. The potential
is shown in units of kgT, as a function of the distance between the ion centers. For ion separations
smaller than 2.9 A a hard core interaction was assumed. The Coulomb interaction is subtracted to
show only the short-range hydration effect due to the water molecules.

effectively enlarged hard-core separation between the ions, relative to a hard-core diameter of
about 2.3 A used in the short-range part of the bare ion-ion potential. At larger separations, the
effective potential is oscillatory, and mainly attractive. It has a distinct minimum at an ion-ion

separation of about 3.6 A, followed by a maximum and a second minimum at approximately

6A.

2.1.3 The present work

The replacement of the discrete solvent by a continuum medium, with electrostatic and short
range interactions between the ions, is a considerable simplification. Still, the statistical me-
chanical treatment of an electrolyte solution in this model is difficult, and requires the use of
further approximations, or simulations.

The Anisotropic Hyper-Netted Chain approximation (AHNC) [16] was previously used to
calculate the effects of hydration interactions in the aqueous pair potential model [42,43].
When the ion concentration is large enough, e.g., near a highly charged surface, the hydration
interaction is found to have a significant effect on the distribution of ions in the solution. It was
also proposed that the so-called repulsive “hydration forces” between surfaces arise from the
ionic structure near highly charged surfaces. According to this description, at large distances

from the plate, the ion distribution follows a PB profile with a reduced effective surface charge.
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When two plates approach each other, the ions near the surfaces come into contact giving rise
to an apparent new repulsive force.

In the present work a simple description for ions interacting through electrostatic and short-
range attractive interactions as mediated by the solvent molecules is introduced. We apply this
description to the aqueous pair potential model. Our aim is limited to describe the important
effects of the short-range interaction, and not to provide an accurate tool for their calculation.
Therefore our model follows the PB theory as closely as possible, and describes the short-range
interaction using a simplified term added to the free energy. The advantage of this approach
over more elaborate treatments such as the AHNC [42,43], is that it provides relatively simple
equations that can be treated numerically and analytically with relative ease as well as allowing
extensions to non-planar geometries. In a planar geometry, we show that the effect of the
ion-ion hydration interaction can be understood as a perturbation over the PB results. An
increase in the concentration of counter-ions near the charged surface is found, and it results
in an apparent surface charge which is reduced relatively to the PB theory.

The outline of the chapter is as follows. Section 2.2 presents the model. In section 2.3 we
apply the model to a single charged plate, present numerical results for the ion density profile
and discuss the modifications to the PB theory due to the addition of short-range interactions.
In section 2.4 we present analytical results in the low salt limit. We calculate the effective PB
surface charge and the effect of the hydration interaction on the density profile of counter-ions

in a system with no added salt.

2.2 The Model
2.2.1 Free energy

We start from an approximated free energy, written as a functional of the various ion densities.
We choose the electrostatic boundary conditions to be of fixed surface charge densities and
write the free energy as a sum of the usual PB term and a correction term, due to hydration,

as will be explained below:

Q= Qpp + AQ (2.1)

We discuss first how the PB free energy is obtained, and then generalize this result to include

the short-range hydration interaction.
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Poisson-Boltzmann free energy

The Hamiltonian of the system is:

_iv / &t espr(r)(r) +% A2r, (s )d(r,) (2.2)
—Jv v

where V' is the volume occupied by the electrolyte solution, o(rs) is the surface charge density
of immobile charges on the boundaries OV, and e; is the charge of the ith ion species. The ion
densities p;(r) are:

N;

pilr) =360 —x)) (23)

j=1
where rf is the position of the jth ion of the ith species, and the electrostatic potential ¢(r) is

a function the different ion positions:

Z/ d3 / erJ + d2rs& (24)

Ir—r’l v Elr—r
where £ = 78 is the dielectric constant of water. The PB theory is obtained by using a mean-
field approximation for the electrostatic interaction. The Hamiltonian (2.2) is first replaced by
a mean-field Hamiltonian, where the electrostatic potential ¢(r) is replaced by an external field
U(r). In the thermodynamic limit the free energy can then be written as a functional of the

mean densities of the ion species, ¢;(r) = (p;(r))mr, as follows:

OQur = k;BT/ ZQ {m— —1} d*r
+§/‘/Zei@(r)ci(r)d3r+%]{w o(rs)U(ry) (2.5)

where kgT is the thermal energy, and (; is the fugacity of the ith ion species. The mean-field
approximation is obtained by requiring that the external potential ¥(r) is the thermodynamical

average of (2.4) in the system with the mean-field Hamiltonian, ¥(r) = (¢(r))mr, i.e.:

Z/ d3 / ezcz + d2 (rg) (2 6)
r—r| “elr -1y '

oV

This relation is equivalent to the Poisson equation:

4
2\1/=——§ iCi 2.7
\Y% 2 €;Ci ( )

supplemented by the boundary condition:
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4
VU -nl. = —?ﬂ-a(rs) on the charged surfaces (2.8)

where the normal vector n points away from the charged surfaces into the volume occupied by
the ionic solution. Using this boundary condition and Eq. (2.7), the second and third terms of
Eq. (2.5) can be re-expressed as:

%/‘/Xi:ei‘l’(r)ci(r)dgr+%7gv o(rs)¥(r) = 8%/‘/(V\I/)2d3r (2.9)

Substituting this relation in Eq. (2.5) we obtain the PB free energy:

o g 213 ) Ci 3
Qpp = S—W/(vm) dr—i—k;BT/zi:cl [1115—1](1 r

+ /)\(r) <V2\I! + 4; Z%‘Q‘) d®r (2.10)

The first term in Qpp is the electrostatic free energy and the second term is the entropy of
the ions. The fugacity (;, in the second term, is equal in PB theory to the bulk concentration
cp,; of the ith ion species, (; = cp;, as for an ideal gas. For more generalized free energies,
a different relation may exist between the fugacity of each ion species and its respective bulk
concentration. The electrostatic potential ¥ is a functional of the ion densities ¢;, and is
determined by the Poisson equation (2.7) and the boundary conditions (2.8) imposed by the
surface charges. Alternatively, in Eq. (2.10) ¥ is regarded as an independent field and a third
term containing a Lagrange multiplier A(r) is added to Qpp. The PB equilibrium mean densities
¢i(r) result from minimizing Qpp. With the introduction of A(r) the minimization is equivalent
to requiring an extremum of Qpp with respect to the three fields ¢;, ¥ and A, subject to the
boundary condition (2.8). By requiring first an extremum of Qpp with respect to ¥ and ¢; the

following relations are obtained:

A= 0 (2.11)

and:

ci = Giexp (—Be; V) (2.12)

where = 1/(kpT) and (; = c¢p ;. The extremum condition with respect to A gives the Poisson

equation:
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4
V2 = —g eics (2.13)

Combining these relations we obtain the PB equation:

4ar
VW = —— > (iee P 2.14
2 Giee (2.14)

Alternatively, the first two relations, obtained from the extremum condition with respect
to ¥ and ¢;, can be substituted into Eq. (2.10). Formally, this gives Qpp as a functional of A.

Using Eq. (2.11), the expression obtained for Qpp can be written as a functional of ¥:

Opp = _i/ (vq/)2d3r+7§ o¥d?r, — k;BT/ dBnge—ﬁw (2.15)
8 Jy ov v f

where the second integration is over the charged surfaces. Requiring an extremum of this
functional with respect to ¥ is another way to obtain the Poisson-Boltzmann equation (2.14).

A more formal derivation of the mean field, PB free energy, and a discussion on its gener-
alization to systems with non-electrostatic interactions is presented in Ref. [45]. The PB free
energy (2.10) can also be derived by formulating the problem using field theory methods. In this
approach the mean-field approximation is obtained as the saddle point of the functional integral,

and corrections due to ion-ion correlations can be obtained in a systematic expansion [20, 21].
Inclusion of the hydration interaction

As discussed in the introduction, our starting point is a model in which the hydration inter-
action, arising from solvent effects, is described as an effective ion-pair interaction. We denote
this short-range potential between ions of species ¢ and j at distance r as u;;(r). The potential
is taken as the short-range effective potential between ions immersed in a bulk ionic solution
having a specific, constant concentration. Therefore, u;;(r) is assumed to be isotropic and does
not depend on the ion positions or the confining geometry.

Our aim is to treat the long range electrostatic interaction on the mean-field level, as in
PB theory. Thus, we begin by considering the free energy of a system placed in some arbitrary
field ¥(r), where the ions interact with each other only through the two-body potential w;;(r).
Due to the short-range nature of the hydration interaction, the free energy can be obtained
from a virial expansion of the grand canonical partition function. Since we will be interested
in highly inhomogeneous systems, we perform an expansion in the inhomogeneous ion density.
The derivation is given in Appendix 2.A. Including terms up to the quadratic order in the

expansion we obtain:
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Q, = k‘BT/Z:Q [1n% —1:| d3r+/2i:e7;c7;\1/d3r

kT

5 ci(r)Uij(r — v')ej(r') dBrd®y (2.16)

i,J
where U(r) is an external field, coupled to the ith ion charge density e;¢;. The short-range

weighted potential U;; in the third term of {2, is defined as:

Ujj =1 — e Puislir=r'D (2.17)

where u;; is the nominal short-range interaction potential between ions of species ¢ and j. This
form of describing the short-range interaction is a rather crude approximation, valid only in the
low density limit. Its advantage is its simplicity. The free energy ), amounts to setting the
direct correlation function ca(|r — r’|) to be equal to —U(|r — r’|), and all higher order direct
correlation functions to zero [46].

Having found the hydration free energy €25, the electrostatic interaction can be treated
on the mean-field level. This is done by considering ¥(r) as the electrostatic potential and
imposing the self-consistency requirement of the Poisson equation (2.7). This is essentially the
approximation we used to derive the PB equation (2.14), with the difference that the free energy
of a dilute, non-interacting ion distribution is replaced by the free energy €, of Eq. (2.16). The
result is the free energy of Eq. (2.1), with AQ defined as follows:

kT

AQ 5

ci(r)U;j(r — 1')c;(r') d®rd®r/ (2.18)

0.J
We conclude this section with some remarks on the approach presented above. Important
solvent effects are already introduced in the PB theory by using an electrostatic interaction
with a dielectric constant e = 78 of water, instead of the bare electrostatic interaction. In the
modified model a more precise effective potential between the ions is used. The separation
of this potential into a long-range electrostatic term and a short-range hydration term allows
each of these two interactions to be treated in a simple though approximated form. The virial
expansion is a standard choice for approximating short-range interactions. Such an expansion
fails for the electrostatic interaction due to its long-range [47]. On the other hand, the wide
success of PB theory demonstrates that the electrostatic interaction can be treated quite well
in the mean-field approximation. Therefore we use this approximation for the long-range part

of the interaction, and in this respect we remain within the framework of PB theory.
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The free energy (2.1) can also be obtained by rewriting the grand canonical partition function
as a field-theory partition function. The short-range part of the interaction can be separated
from the electrostatic interaction and a different expansion can be performed for each of these
interactions. By using a density expansion for the short-range interaction and a loop expansion
for the electrostatic interaction, Eq. (2.1) is obtained up to second order in the density expansion
and first order in the electrostatic potential [48].

The simplicity of our approach can lead to elegant analytical results, but has several limita-
tions. The use of only the second term in the virial expansion implies that we are using a low
density approximation. The validity of such an approximation for a bulk fluid can be assessed by
considering kpT Boc, where Bs is the second virial coefficient in the expansion of the pressure,
and c is the ion density. Qualitatively, if Bsoc is small compared to unity, the correction to the
ideal gas behavior is small and truncating the virial expansion after the second term is sensible.
For non-homogeneous cases, the corresponding quantity is (1/2) >, Jdr’ e(x')U;;(r — x'). For
relatively high surface charges considered here this integral approaches values of order unity
near the charged surfaces, indicating that the approximation should only be expected to give
qualitative results. Another deficiency of the virial expansion to second order can be seen from
the fact that the direct correlation function is simply —U;;(r). This implies that the hard core
interaction is not described accurately in our treatment. A faithful description would require
the vanishing of the pair correlation function hs(r) for separations smaller than the hard-core
diameter. Hence, it should be kept in mind that our main concern is to study the effects of a
short-range interaction with a dominant attractive part. Finally, the fact that we describe the
electrostatic interaction in the mean-field approximation implies that ion-ion correlations are
ignored, as they are in PB theory. When our approach is applied for the aqueous pair potential
model, these approximations should also be kept in mind. In particular, we follow Ref. [35] and

do not include an effective ion-surface potential [49].

2.2.2 Density equations

The mean density distribution is obtained by minimizing the total free energy Q = Qpg + AQ.
From equations (2.1), (2.10) and (2.18) we have:

_ £ 213 , [ 3
Q = g/(V\I!)dr—HﬂBT/zi:cZ(lnCi 1)dr

kT
+ 9 Z/ci(r)Uij(r—r')cj(r’) Brd3r’
Z!j
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—|—/)\(r) <v2\1/ + 4?” Zce) d’r (2.19)

where p; and (; = exp(Bpu;)/A3 are the chemical potential and the fugacity of the ion species

172 where h

i, respectively. The thermal de Broglie wavelength, Ar, is equal to h/(2rmkpT)
is the Planck constant and m is the ion mass. Requiring an extremum of 2 with respect to ¥

gives: A = (¢/4m)¥ as in Eq. 2.11. Taking the variation with respect to ¢; then gives:

In % + / ¢ (r')Usj(r = 1) &t + Beg(x) = 0 (220)

This equation is supplemented by the Poisson equation (2.7). Since Eq. (2.20) is an integral
equation, the ¢; cannot be written as a simple function of ¥ as in the PB case. Therefore,
a single equation for ¥, analogous to the PB equation, cannot be obtained, and we are left
with the two coupled integro-differential equations (2.20) and (2.7). These equations should be
solved together to obtain the electrostatic potential and density profiles. In the case U — 0,
Eq. (2.20) reduces to the Boltzmann relation ¢; = ¢; exp(—fe;¥) with {; = ¢p ;. Combining
this relation with Eq. (2.7) reproduces the PB equation (2.14).

In order to simplify the set of equations, we assume the same short-range interaction between
the different pairs of ion species. Assuming that the charged surfaces are negatively charged,
we choose: u;;(r) = ut4(r) = u(r), where uy 4 (r) is the short-range effective potential between
the (positive) counter-ions. This assumption is not exact for the effective potentials of ions in
water [40]. However, since only the counter-ions reach high densities, close to the oppositely
charged surfaces, and the co-ions are repelled from the surface neighborhood, the exact choice
of the potentials u4_(r) and u__(r) is expected to be of only minor significance.

We now consider an electrolyte of valency z,:z_, i.e., a solution of positive and negative
ions of charges ex = +z1e, where e is the electron charge. We designate the surface charge
density on the plate as a constant ¢ and the bulk densities of the positive and negative ions as
¢y = cp,+ and cp,—, respectively. Due to charge neutrality in the bulk, ¢, - = (24/2-)cy and

similarly, (_ = (z4+/2-)¢ where ¢ = (;. Equation (2.20) can then be written as follows:

ci(r) = CeeTPoEY exp {—/c(r')U(r —r')d*r (2.21)
where ¢(r) = ¢4 (r) + c¢_(r) is the total ion density, and U(r) = U4y (r) is obtained from u(r)

using Eq. (2.17). From the Poisson equation (2.7) we obtain:

4
VU = —%e(erch—z,c,)
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Note that in addition to the explicit dependence on the ion valencies z4 in equations (2.21)
and (2.22), in a more realistic model the details of the potential u(r) should also depend on the

type of counter-ion species present in the problem.

2.3 Single charged plate
2.3.1 Density equations

After presenting the general formalism let us consider, as an example, a single negatively charged
planar surface (Fig. 2.1). The charged surface is in contact with an electrolyte of valency z1:z_.
We designate the axis perpendicular to the plate as the z axis, and consider the ion solution in
the region z > 0. For simplicity we consider positive and negative ions of the same hard-core
diameter dy.. The coordinate of closest approach of the ions to the plate is designated as z = 0.
Hence the “real” surface lies at a distance of one ion radius dne/2 from the actual z = 0 plate
position, as shown in Fig. 2.1 (a). When we refer to conventional PB results, however, the ions
are point-like and the plate should be understood to be positioned exactly at z = 0.

Due to the one-dimensional symmetry imposed by the uniformly charged planar plate, the
integration in Eq. (2.21) can be performed over the x—y plane, leaving us with profiles depending

only on z, the distance from the plate:

ci(z) = (e exp {—/ c(Z\B(z — ') dz'} (2.23)
0
where ¢(2) = ¢4 (2) + c—(z) is the total ion density and B(z) is the integral of U(r) in the plane

of constant z. Using cylindrical coordinates:

B(z) = 2n /OOO pdpU (V224 17) (2.24)

and the Poisson equation (2.22) reads:

d?w 4me . Bex
e

X exp [— /0 T ()B(=— ) dz'] (2.25)

Equations (2.23) and (2.25) are supplemented by the boundary conditions:

dv

v _ dm v
dz

=——0 ;

= 2.2
€ dz 0 (2.26)

z=0
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Finally, the relation between ¢ and the bulk density ¢, can be obtained from Eq. (2.23).
As z — oo, ¥ becomes zero, and c4 assume their asymptotic constant, bulk values. Thus the
integrand inside the exponential can be replaced by —(1 + z4/2_)eyB(z — 2’). Recalling that

¢y =c¢p and c_ = (z4/2z_)cp, we obtain:

cp = Cexp {— (1 + §—+> Btcb] (2.27)

where:

By = /oo dz B(z) = /d3rU(r) (2.28)

—0
is also equal to 2Bs, the second virial coefficient. Note that B(z) and B, are negative for an
attractive interaction. The limit Bic, — 0 is the limit in which the short-range interaction
becomes negligible in the bulk. In this limit the relation between the bulk density and fugacity
of Eq. (2.27) tends to the ideal gas relation ¢, = ¢ = exp(Bu)/A3..

Two special cases will be of particular interest in the following sections. The first is the case

of a monovalent 1:1 electrolyte, where we have:

ci(z) = (eTP%exp [— /OO c(z"B(z — 2')d7’
0

dzw 4
L = = 2.2
dz2 € o(z) (2.29)

and:

¢y = Cexp (—2Biep) (2.30)

The second case is that of no added salt. The solution contains only monovalent counter-ions
(z4 =1, z_ = 0). This case can be obtained by taking formally the limit ( — 0 of Eq. (2.29),
or by repeating the derivation from Eq. (2.19) with only one type of ions, of charge e. The
term —kBde3rcln(C) in Q is then a Lagrange multiplier added to impose the condition:

fooo dzec(z) = |o|. The following equations are then obtained:

c(z) = Coe PYexp [— /000 c(z")B(z — 2')d7’

A2 4dre
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Figure 2.3: The effective interaction in a planar geometry B(z) obtained from the potential of
Fig. 2.2, using Eq. (2.24). The oscillating structure of the radial potential shown in Fig. 2.2 is
apparent in the secondary minima of B(z).

where (p is an arbitrary reference fugacity. The choice of {y determines the (arbitrary) position
in which ¥ is zero. Note that the electrostatic potential ¥ diverges in the bulk. This divergence
exists also in the usual PB theory, because the system is effectively one dimensional with no
screening by added salt. Although ¥(z) has a weak logarithmic divergence, the density of

counter-ions decays to zero, lim,_,, ¢(z) = 0 as it should.

2.3.2 Parameters and length scales

For the ion-ion potential u(r — r’) we use an effective potential between Na' - Na™ ion pairs.
The potential was calculated using a Monte-Carlo simulation [40] for an NaCl ionic solution
of concentration 0.55M, at room temperature. The electrostatic interaction between the ions
is subtracted, and the net short-range potential is shown in Fig. 2.2. For ion-ion separations
below 2.9 A a hard core interaction is assumed. Fig. 2.3 shows the function B(z), derived from
this potential, using Eq. (2.24). Note that B(z) has several local maxima and minima. These
correspond to the local maxima and minima of u(r). Thus the structure of B(z) reflects the
oscillatory behavior of the effective potential.

We use the effective potential calculated for ¢, = 0.55 M, regardless of the actual bulk ion
concentration in the system. Since the important effects occur near the charged surface, where
the ion concentration is much larger than ¢, it seems reasonable to use an effective potential

calculated in the presence of a rather high salt concentration. The choice of ¢;, = 0.55 M is still
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somewhat arbitrary, and we rely on the fact that the dependence of the effective potential on
the ion concentration is weak [40].

It is useful to employ two length scales that characterize the PB density profiles [7]. The
Gouy-Chapman length, defined as b = e¢kpT/(2me|o|), characterizes the width of the diffusive
counter-ion layer close to a single plate charged with a surface charge o, in the absence of
added salt. The Debye-Hiickel screening length, Ap = (8mcpe?/ckpT)~/?, equal to 19.6 A
for ¢, = 0.025M at room temperature characterizes the decay of the screened electrostatic
interaction in a solution with added salt. The strength of the electrostatic interaction can also
be expressed using the Bjerrum length, lg = €*/(ckpT). This is the distance at which the
electrostatic interaction between two unit charges becomes equal to the thermal energy. The
Bjerrum length is equal to about 7 A in water at room temperature.

The inclusion of hydration interactions introduces additional length scales in the system.
For the interaction shown in Figs. 2.2 and 2.3, the range of the interaction dnyq can be seen
to be approximately 7 A, over twice the hard core diameter dp. = 2.9 A. The strength of the
hydration interaction is characterized by B; ~ —(7.9A)3, as is calculated from Eq. (2.28).

2.3.3 Numerical results

Equations (2.23) and (2.25) are a set of three nonlinear integro-differential equations. We treat
them numerically using an iterative scheme, based on the assumption that the positive ion
density profile is dominated by the electrostatic interaction. We start with the analytically
known PB profile close to a single charged plate and calculate iteratively corrections to this
profile, as result from equations (2.23) and (2.25). For a 1:1 electrolyte we iteratively solve the
equation:

2w 8

i gc sinh (66\11(”)) exp [— /000 A" VNB(z - ) dz'] (2.32)

where ¢(z) = c4(2) + c_(2) is the total ion density and the superscript n stands for the nth

iteration. For n > 0:

CEEL)(Z) = Ce:F,@e\p(") exp [_/ C(nfl)(zl)B(Z _ Z/) dzl] (2.33)
0

and the zeroth order densities ci) ) are taken as the density profiles generated by the PB equation

(2.14). The boundary conditions (2.26) are satisfied by the electrostatic potential ¥(™) in all
the iterations. Note that using our iterative scheme, Eq. (2.32) is an inhomogeneous differential

equation, because the integral in the exponential is a known function of z, calculated numerically
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in the (n — 1) iteration. A similar iterative scheme, based on Eq. (2.31) can be used when only

counter-ions are present in the solution.
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Figure 2.4: Counter-ion density profile (solid line) obtained from numerical solution of Eq. (2.31)
with the hydration interaction as of Fig. 2.3, plotted on a semi-log plot. No salt is present in the
solution. The surface charge is |o| = 0.333C/m?. The dielectric constant is ¢ = 78 and the
temperature is T' = 298 K. The dotted line shows the corresponding density profile obtained from
the PB equation.

Figure 2.4 shows the calculated density profile of the counter-ions on a semi-logarithmic
scale, for a charged plate with a surface charge, |o| = 0.333 C/m?, corresponding to an area
of approximately 48 A per unit charge. This is a typical high surface charge obtained with
mica plates. It corresponds to a Gouy-Chapman length b = 1.06 A, at a temperature of 298K,
with ¢ = 78. No salt is present in the solution. The calculated density profile (solid line) is
compared to the PB prediction (dotted line). The short-range attraction favors an increased
concentration of counter-ions in the vicinity of the charged plate. This results in an increase of
the concentration relative to the PB prediction. For a surface charge as in Fig. 2.4, an increase
of the concentration is seen at distances from the plate up to approximately 4.5 A. The overall
number of counter-ions is fixed by the requirement of charge neutrality. Therefore, the increase
in the density of counter-ions near the plate is balanced by a reduced concentration further
away.

When salt is present in the solution, the short-range attraction draws additional ions from
the bulk solution to the diffuse electrical layer near the plate. This can be seen in Fig. 2.5, in
a comparison of counter-ion profiles for different values of the bulk concentration ¢;. For each

salt concentration, the figure shows the ratio between the counter-ion density and the density
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Figure 2.5: The ratio ¢y /c}® between the positive ion density obtained from Eq. (2.29) and the
value obtained from PB theory, for a surface charge |o| = 0.333 C/m? and several values of ¢;,. Other
parameters are as in Fig. 2.4. The three values of ¢,: 0.1 M, 0.025M and 0.00625M correspond to
Debye-Hiickel screening lengths Ap ~ 9.8 A, 19.6 A and 39.2 A, respectively.

predicted by PB theory, as a function of the distance from the plate. The dotted line shows
the result in the no-salt limit. As the salt concentration increases, the counterion concentration
increases relative to the PB concentration at all distances from the charged plate. Qualitatively,
however, the hydration effect on the counter-ion profile is similar in all the curves. As long as
the Debye-Hiickel screening length is large compared to the Gouy-Chapman length, b = 1.06 A,
the density profile in the vicinity of the plate is dominated by the balancing counter-ions and
the salt has only a small effect.

The effect of the hydration interaction is strongly dependent on the surface charge o. As o is
increased, the ion density near the surface increases too. The exponential in Eq. (2.31) deviates
more strongly from unity, leading to a larger deviation from PB theory. The dependence on o
is demonstrated in Fig. 2.6. The ratio of the positive ion density to its PB value is shown for
three values of the surface charge. The effect of the hydration potential is very minor for small
surface charge, |o| = 0.0333 C/m? (dotted line), where the deviation from PB is less than 2%
at its maximum, and considerable for a surface charge of 0.333 C/m? (dashed line), where the
deviation from PB reaches almost 40%.

The numerical scheme, described above, requires several iterations to converge fully. It is
interesting to note, though, that the first iteration captures most of the effect of the short
range interaction. This indicates that the density profile is dominated, as we assumed, by the

electrostatic interaction, and assures that the convergence of the iterative scheme is good with
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Figure 2.6: The ratio ¢y /ci® between the positive ion density obtained from Eq. (2.29) and the
value obtained from PB theory, for surface charges |o| = 0.333 C/m? (dashed line), 0.1 C/m? (solid
line) and 0.0333 C/m? (dotted line). The bulk salt concentration ¢, is 0.025 M. Other parameters
are as in Fig. 2.4.

the PB density profile as the zero-th order approximation. On the theoretical level it indicates
that the effect of the hydration interaction can be seen as a perturbation over the PB results.
The fact that the first iteration provides a good approximation to the full iterative result can
lead to further analytical approximations. For example, the corrections to the density profiles,
in the no added salt limit, are studied analytically in the next section, based on this observation.

As an example for the results of the first iteration, we compare, in Fig. 2.7, the correction
to the counter-ion density profile obtained in the first iteration (dashed line), with the full
iterative result (solid line). We use a high surface charge of 0.333 C/m?, where the differences
between the exact profile and that of the first iteration are relatively pronounced. The two
density profiles differ by at most 3.2 percent, where the ion density deviates from the PB value
by 30 percent. For smaller surface charge the results obtained in the first iteration are even

better.

2.3.4 Contact density and the contact theorem

The contact density of the ions is barely modified as compared with the PB prediction. This is
evident in Figs. 2.4-2.6. As long as the Debye-Hiickel screening length is large compared to the
Gouy-Chapman length, or the hydration interaction is negligible in the bulk, the modification
remains small. This result can be obtained from a generalization of the PB contact theorem

[6,50]:
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Figure 2.7: The positive ion density profile obtained after one iteration of Eq. (2.32) (dotted
line), compared to the full solution of Eq. (2.29) (solid line). Parameters are as in Fig. 2.5. The
maximal deviation between the two density profiles is 3.2 percent, where the deviation from PB is
approximately 30 percent.

> ei0) - @02 = Phuk (2.34)
i

where Py, is the bulk pressure of the ionic solution. Equation (2.34) is derived in detail for
the free energy used in our model in Chapter 3. It is obtained from the equality of the internal
pressure in the electrolyte solution at different distances from the charged plate. Far away from
the charged plate the pressure must be equal to the bulk pressure of the ionic solution, because
the densities approach their bulk values and the electrostatic potential becomes constant. At
the contact plane between the plate and the solution, the pressure involves only an electrostatic
contribution and an osmotic contribution, as in PB theory. This is due to the fact that in our
model no short range interaction between the plate and the ions is included. Equating the

pressure at the contact plane and far away from the plate results in Eq. (2.34).

The contact density, as expressed by Eq. (2.34), differs from the PB prediction only due to
the change in the actual value of P,yk. This change is negligible if the short-range interaction
is not of importance in the bulk. In addition, if the surface charge is high, such that b < Ap,
Pyuix is negligible compared to the second term in the left hand side of Eq. (2.34). Thus the
contact density remains very close to the PB prediction. In the no-salt limit P,k is zero and

the contact density coincides exactly with the PB result, ¢, (0) = (273/¢)o?.
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2.4 Analytical solutions

The simplicity of the model makes it possible to obtain various analytical results. The effect
of the hydration on the ion distribution can be characterized by several quantities, such as the
magnitude of the deviation from the PB result and the effective PB surface charge density seen
at a distance from the plate. Using several simplifying assumptions it is possible to obtain
analytical expressions for these quantities.

First we assume that the hydration interactions can be neglected in the bulk, i.e., Bycp < 1.
In this case, the effect of the hydration potential is significant only in the vicinity of the charged
surface, where the ion density becomes large. In addition, the Debye-Hiickel screening length,
ADp, is taken to be large compared to the Gouy-Chapman length b = e/(2nlg|o]). Since Ap > b,
the negative co-ion density near the negatively charged surface can be neglected compared to
the positive counter-ion density. Far away from the charged plate, the system is well described
using the PB equation, with an effective surface charge density o.g different from the actual
charge density 0. The result of the above two simplifying assumptions is that the salt is of minor
importance in the region where the effective surface charge is determined. The effective surface
charge can then be inferred by considering the case in which only counter-ions are present in
the solution (no added salt).

Equation (2.31) can now be recast in a simpler form, by considering n = In(c/(p), as

expressed by Eq. (2.31), and taking its second derivative:

d2n

d*n /)dQB(z -2
dz2

2 dz’/ (2.35)

4 o0
e G
€ 0

The PB density profile, cpp(z) = Coe™ ) for the same surface charge, satisfies the equation
d?no/dz* = (4 Be’Co/e) exp(no). Its exact solution is known to be:
1 1

— (neo(2) — S 2
cpp(z) = (oe oy (210 (2.36)

Note that only in the PB equation 7(z) is the reduced electrostatic potential e¥(z)/kgT. From
the generalized contact theorem (2.34), the surface density in the no added salt case and in the

presence of one plate is ¢(0) = 27302 /¢, as in PB theory. Therefore:

n(z=0) =mno(z=0) (2.37)

From the derivative of ¢(z), Eq. (2.31), we find:
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dn dv ., ,dB(z—2")

= Be—— — d - -7 2.

p Be P /0 2 e(2) P (2.38)
and using the boundary condition (2.26):

dn dno > ’ / dB(ZI)

— = — d 2.39

dz|,_, dz z_0+/0 e(z) dz ( )

where the odd parity of dB/dz has been used. This relation can be used together with Eq. (2.37)
as a second boundary condition at z = 0, instead of the boundary condition of vanishing dn/dz
at infinity.

Linearizing Eq. (2.35) with respect to:

w=mn-—mno =In(c/cpp) (2.40)

which is valid for relatively small deviations from the PB profile, results in the following equa-

tion:

dQ_w - 4—WﬂeQCpB(z)w(z)

dz? 3
= /Do 4’ (1 + w(z’))CPB(z’)w (2.41)
0 dz?
This equation can be further simplified by omitting w(z’) from the integrand in the right hand
side. This approximation was motivated in Sec. 2.3.3 and is equivalent to stopping the iterative
scheme (2.32) after the first iteration. The density profile is then replaced by the PB density
profile in the term that involves the hydration interaction B(z). This results in the equation:

2
O AT etepy(apu(z) +T(:) = 0 (2.4)

where I'(z) is the convolution integral:

1 ° 1 d?B(z-2')
I'(z) = —— ! 2.4
(2) olp /0 dz (2 + b)? dz2 (2.43)

The corresponding boundary conditions, obtained from equations (2.37) and (2.39) using the

same approximations, are:

w(z=0) = 0
dw o0 dB(z")
cv - d2’ cpp (2 2.44
Tl = [ e (2.44)
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Equation (2.42) is a second order linear differential equation for w(z) and can be solved analyt-
ically. The solution, given in detail in Appendix 2.B, is expressed in terms of the convolution
integral I'(z) of Eq. (2.43). The effective surface charge and the effect of the hydration on the
density profile can then be calculated in several limits, described in detail in Appendix 2.B.

Here we outline the main results.

2.4.1 Slowly varying density: b > dpyq

In the limit b > dyyq, the PB distribution varies slowly on the scale of the hydration interaction,
described by B(z), and the theory becomes effectively a local density functional theory. The
specific form of B(z) is not important, and all the results simply depend on B, = [~ B(z)dz.
The deviation of the effective Gouy-Chapman length beg from the actual Gouy-Chapman length
b depends linearly on B; and on the surface charge o ~ 1/b. This can be expected since we use
a linearized equation. Thus we have, on dimensional grounds, beg — b ~ B;/lpb. The detailed

calculation gives the numerical prefactor:

~ Bl

bess — b
ft 4rlg b

(2.45)

Since B; is negative beg is larger than b and the effective surface charge, oeg, is smaller than
the actual surface charge o. This result should be expected. The short range interaction
attracts counterions to the vicinity of the charged plate and the surface charge is screened more
effectively than in the PB equation.

The correction to the counter-ion density profile, described by w(z) = In[e(z)/cpp(2)], is

found to be:

—B; 3 1
wle) = 2rlp {Z(z +b)2  b(z+b) } (2.46)

The density profile is increased relative to PB theory for distances smaller than b/2, and de-
creased for larger distances. The deviation from PB, w(z), is maximal at z = 0, where it is
equal to —B;/(4wlb?), and minimal at z = 2b, where it is equal to B;/(127lb?).

Figure 2.8 shows the approximated function w(z) of Eq. (2.46) for b = 21.2 A, corresponding
to b/dnya = 3 (dotted line). The approximation is compared with the function w(z) obtained
from the exact solution of equation (2.31) for the case of no added salt (solid line). Although b
is not much larger than dpyq, the approximation describes well the correction to the PB profile.
Note that w(z), as expressed by Eq. (2.46) is maximal at z = 0, whereas according to the

contact theorem w(0) should be zero. This apparent inconsistency results from neglecting the
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Figure 2.8: The logarithm of the ratio between the counter-ion density obtained with the inclusion
of the hydration interaction and its value in PB theory, w(z), as a function of the distance from a
charged plate, with no added salt in the solution. The solid line shows the function w(z) obtained
from the exact solution, for b = 21.2A. The dotted line shows the approximated curve obtained
from the linearization with respect to w, Eq. (2.42), in the limit b > diya, Eq. (2.46).

range of the hydration potential relative to b. In the precise solution of Eq. (2.31) w(0) is zero,
as it should be. The prediction of Eq. (2.46) is valid only for distances z 2 dnyd, as can be seen
in Fig. 2.8.

The range of validity of the linearization procedure can be found by requiring that the

minimal and maximal values of w(z) are small compared to unity:

_Bt

47‘(‘le2

<1 (2.47)

2.4.2 Surface layer limit: b < djyq

In the limit in which b < dnyq, the ion density effectively becomes a dense layer concentrated
at z = 0 on the scale of the hydration interaction. The effective Gouy-Chapman length has the
same form as in the limit of slowly varying density, b > dpya, but having a different prefactor:

-B; 1

— 24
1271’13 b ( 8)

beff_bg

The effective surface charge is, therefore, smaller than the actual surface charge. Note that beg
depends on B(z), in this limit, only through B;. The linear dependence on o ~ 1/b follows

from the linearization leading to Eq. (2.42), as in the previous limit.



2.4. ANALYTICAL SOLUTIONS 115

0 5 10 15 20 25

Z[A]

Figure 2.9: The logarithm of the ratio between the counter-ion density obtained with the inclusion
of the hydration interaction and its value in PB theory, w(z), as a function of the distance from a
charged plate, with no added salt in the solution. The solid line shows the function w(z) obtained
from the exact solution, for b = 1.06 A. The dotted line shows the approximated curve obtained
from the linearization with respect to w, Eq. (2.42), in the limit b < dnya, Eq. (2.77).

It should be stressed that although b is small compared to dnyq we still assume that b is
large enough for the linearization to be valid, i.e., we assume that w(z) is small compared to
unity. Furthermore, the counter-ion density should be small enough that we can sensibly use
only the quadratic term in the virial expansion. To check the validity of these assumptions, the
correction to the density profile should be considered.

The form of w(z) depends, in the surface layer limit, on the specific form of B(z). In order
to study w(z) analytically, we use an approximated form of B(z), described in Appendix 2.B. A
typical form of the approximated w(z), obtained using this approximation [Eq. (2.77)], is shown
in Fig. 2.9 (dotted line). The Gouy-Chapman length is b = 1.06 A, corresponding to b/dyyq =~
0.15. In addition, the function w(z) obtained from the exact solution of equation (2.31) is shown
for comparison (solid line). The approximated curve captures well the qualitative behavior of
the correction to the PB profile. Note that the discrepancy between the approximated and
actual profiles results not only from the linearization and small b limit, but also from the loss
of detail due to the use of an approximated form for B(z).

The deviation from the PB profile, w(z), can be qualitatively described as follows. For
2 < dpe, w(2) increases from zero quadratically (with an additional term of the form z2In 2) to
its value at z = dp.. It then decreases from its maximum positive value to a minimum, negative

value, on a scale of the range of the attractive part of B(z). This minimum value is equal to
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approximately By/6mlgbdnyq. For distances larger than the interaction range, w(z) assumes

the form w(z) ~ 1/z, characterizing a PB profile with a modified, effective surface charge. For

finite values of b, we can expect the above behavior to be smoothed over a scale of order b.
The validity of the linearization can be found by requiring that |w(z)| < 1. This requirement

results in the following condition:

-B,
m <1 (2.49)
The validity of stopping the virial expansion at the quadratic order can be shown to have the
same condition. For the hydration potential of Fig. 2.2, the condition expressed in Eq. (2.49)
implies that the various approximations we use start to break down when b becomes smaller
than approximately 1A, or o = 0.022 e/A2. When b is of this order, it is well below dpya,

making the surface layer limit a sensible approximation.

2.4.3 Effective surface charge

In the two limits described above, the effective Gouy-Chapman length was found to be of the
form beg —b ~ — By /b, with different prefactors in the two limits. For intermediate values of b,
the effective charge depends on the specific structure of the function B(z). In order to study this
dependence, we use a simple approximated form for B(z), described in Appendix 2.B. Using
this approximation, an analytical expression can be obtained for the effective Gouy-Chapman
length for all values of b.

Figures 2.10 (a) and (b) show the predicted beg and beg — b, respectively (solid lines) as
a function of b, together with the asymptotic limits (2.45) and (2.48) (dotted lines). As the
surface charge increases from zero (and b decreases from infinity), the effective charge |oes|
increases too (but is always smaller than the actual surface charge). When b reaches a certain
value b™", b.q starts increasing with further reduction of b, i.e., the effective charge decreases
with increasing surface charge above |o|™®* = ¢/(27lzb™™). The value of b™" depends on the
structure of the function B(z), but can be estimated to be between the values predicted by the

asymptotic expressions (2.45) and (2.48). From the condition dbeg/db|y—ymin = 0 we find:

—By min < —By

2.
1271’13 47‘([3 ( 50)

and:

pmin ~ opmin (2.51)
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Figure 2.10: The effective Gouy-Chapman length beg (a) and Ab = beg — b (b), as a function
of the Gouy-Chapman length b. The solid lines show the behavior predicted by Eq. (2.79), with

B; = =500 A3, dpe = 2.9A and By = 41.8 A2. The dotted lines show the asymptotic limits of
equations (2.45) and (2.48). The symbols show results extracted from numerical solutions of Eq.
(2.29), using B(z) of Fig. 2.3, with salt concentrations of 1077 M (circles) and 0.1 M (crosses).
The salt has a very small effect.

For the hydration interaction of Fig. 2.2, B; is approximately —500 A®. The value of b™" is
then between 1.36 A and 2.35 A, corresponding to a surface charge density between 0.15 C/m?
and 0.26 C/m?2. The values obtained from the approximated curve, shown in Fig. 2.10, are

pin &~ 1.5 A and b" ~ 3.4 A,

For small enough values of b, the effective surface charge |oog| should increase again with an
increase of |o| and become larger than |o|. This effect cannot be predicted by our model because
of the low density approximation used for the hard core interaction. In particular, the hard
core of the ions should cause the density to saturate at the close packing density, leading to a
reduced screening of the surface charge relative to PB theory [26,27,51]. In our model, as in the
PB theory, the counterion density near the surface is not bounded, and increases indefinitely as
o is increased. Although our model includes the steric repulsion between ions, this repulsion is

“softened”, and is always outweighed by the attractive part of the ion-ion interaction.

In addition to the prediction obtained using the linearized approximation, Figure 2.10 shows
values of beg extracted from numerical solutions of the full equation (2.29), using the original
interaction B(z). The equation was solved with two different salt concentrations: 10~ M
(circles) and 0.1 M (crosses). The value of beg was estimated from the positive ion density at
large distances from the plate, by finding the value of b that would result in the same calculated

values of the density in a solution of the PB equation. Note that for both salt concentrations,

15
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besr is very close to its predicted value, meaning that the salt has a very small effect on oeg.
This result is not obvious for the high salt concentration of 0.1 M. The Debye-Hiickel screening
length is approximately 9.6 A, not much larger than the range of the hydration interaction,

dhyq ~ 7 A, and comparable to the Gouy-Chapman length at the large b region of the plot.

2.5 Conclusions and Outlook

In this chapter we have studied the effects due to the discreteness of the solvent in aqueous
ionic solutions. Hydration interactions are found to have a significant effect on the structure
of the diffusive layer near highly charged surfaces. The counter-ion density is increased in the
vicinity of the charged surface, relative to the PB prediction, and decreased further away. The
distance from the charged plate in which the density is increased, and the magnitude of the
deviation from the PB density, depend strongly on the surface charge, and on the parameters
of the short-range hydration interaction between ion pairs.

The ion-ion hydration interaction can be described roughly using two parameters. The first
parameter is the range of the hydration interaction, dyyq, equal to approximately 7 A for Na*-
Na™ pairs. The second parameter, B; has dimensions of volume and characterizes the strength
of the hydration interaction. It is equal to approximately —500 A® for Nat-Na* pairs. Two
limits can be considered, where the Gouy-Chapman length, b ~ 1/0, is small or large compared
to the range of the hydration interaction dnyq. In both of these limits we assume that the
Debye-Hiickel screening length, Ap, is large compared to b and dyyq.

In the limit b > dyyq, the counter-ion density becomes depleted, relative to the PB predic-
tion, starting at a distance z ~ b/2 from the charged plate. The maximum absolute value of
w(z) = In[c(z)/cpp(2)] scales as —By/lgb®. In the limit b < dpya, the distance from the plate,
where the counter-ion density becomes lower than the PB prediction, is between z = dp. and
z = dnyq. The maximum absolute value of w(z) scales as —B;/lpdhyab.

Far away from the charged plate, the density profile can be well described using the PB
theory with an effective surface charge that can be calculated analytically. The correction to
the Gouy-Chapman length in the two limits b > dnyq and b < dyyq is always positive and
scales as —B;/lpb, but has different numerical prefactors. When the surface charge on the
plate is increased, the effective surface charge, oeg, is found to reach a certain maximal value.
Above this maximal value oeg decreases with further increase of the actual o on the plate.
The various approximations we use start to break down when b is smaller than approximately

— By /6mlpdnyq, corresponding to b < 1A,
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An important outcome of this work is that the correction of the PB ion density due to the
hydration interaction is significant near highly charged surfaces. The electrostatic interaction
dominates the ionic distribution and the hydration interaction can be seen as a perturbation.
For a high surface charge density of, say, one unit charge per 48 A? the counterion density
deviates from its Poisson Boltzmann value by at most 30 percent. The effective change in the
surface charge is more significant, from 1e/48 A% to about 1e /13 A,

The formalism we present can be readily generalized to other geometries. This could lead to
an estimation of the aqueous solvent effects on phenomena such as the Manning condensation
on cylindrical polyions [52], and charge renormalization of spherical micelles or colloids [10].
In this respect our formalism offers an advantage over the AHNC approximation which was
applied so far only in a planar geometry. Another interesting extension of this work would be
to consider the combination of fluctuation and hydration effects. This is particularly important

for ionic solutions with divalent counter-ions, where fluctuation effects become large [22,23,25].

2.A Inhomogeneous virial expansion

We consider an inhomogeneous system of particles with a short-range two-body interaction, and
aim to express the free energy of the system in the low density limit as a functional of the density
distribution. For simplicity we consider only one species of particles. The inhomogeneity of
the system arises from the inclusion of an external field ¢(r), or from the boundary conditions
imposed on the system. We begin by considering the grand canonical ensemble. The grand

canonical partition function is:

Bus N
Zg=) % <(i\—3u> Qn (2.52)
N T

where p is the chemical potential, Ar is the de Broglie thermal wavelength and @y is:

N
Oy = /Hd% o—BUN({r:}) (2.53)

i=1

{rl Z 90 rl Z Z |r1, - r] (254)
)
We proceed on similar lines as the usual virial expansion in a bulk fluid, expanding In Zg in

powers of the activity. Up to second order we have:

nZe = < >Q1 <€)\ﬁ:> (Q2 _Ql) = (%) /d3refﬁwr)
T
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(em) /dg / By 0B+t (efﬁu(lrfr’l)q) (2.55)

This can be seen as an expansion in powers of the field exp [3 (1 — ¢(r))] /A3.. The local density

¢(r) can be expressed in a similar expansion:

- 1 (Sh’l ZG - 6’8” 76(‘0([.)
= e T <E) ¢
e’BH 2 ’ ’
+ <—3) e fel) /d?’r’e*ﬁ“’(r) (efﬁ““r*r - 1) (2.56)
AT

This relation can be inverted to obtain an expansion of exp [3 (1 — ¢(r))] /A3 in powers of ¢(r).

Up to the second order:

B(u— w(r))
¢ - )+ clr /d3 1_ —Bu(|r—r |)) (2.57)

and by substituting this relation in Eq. (2.55) In Zg can be expressed as an expansion in ¢. Up

to the second order:

InZg = /d3rc /d3 /d3 (1 _ e Pu(fe—r |)) (2.58)

The grand canonical potential can be obtained from the relation 2 = —kgT In Zg, with In Zg
given by Eq. (2.58). In this expression, ¢(r) is the mean density profile for the imposed external
field ¢(r) and a given chemical potential . We would like to express  as a functional of a
general ion density c¢(r), whose minimization with respect to ¢(r) would give the equilibrium
mean density. Regarding —kgT In Z¢ as a functional of x(r) = ¢(r) — u, we have:

% = ¢(r) (2.59)

The Legendre transform of this relation can be obtained by defining:

—kpT

O =—kpTInZg — /d3r c(r)x(r) (2.60)
and expressing In Zg and x as functionals of ¢(r). We have already expressed In Zg as a
functional of ¢(r) in Eq. (2.58). An expression for x(r) as a functional of ¢(r) can be obtained

from Eq. (2.57). Up to first order in ¢ we have :

—In {,\3Tc(r) {1 + /d?’r’c(r') (1 - e—ﬁu(|r—r’|))] }

—In [Me(r)] - /d3r’c( )(1—e*ﬁ“(lr r|))+0(c2) (2.61)

Ble(r) — u
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Using this relation and Eq. (2.58) we obtain, up to second order in c:

gOle)) = [ drefr) n(¥pe(r) - 1]
+% /d3r/d3r'c(r)c(r’) (1 - e—ﬁ"(lr—f’D) (2.62)

The functional © of ¢(r) has the property that:

—— =—x(r) = [p(r) — (2.63)

or equivalently:

0 Sre(r) [p(r) - p] b = 22U _
s {0+ [ @rem e - f = S o (2:64)

Thus, using Eq. (2.62), we obtain:

Q{c(r)}) = kBT/dgrc(r) (ln$ - 1) +/d3rc(r)<p(r)
+%kBT/d3r/d3r' c(r)ce(r’) (1 —67’8“(|r7r/|)) (2.65)

where ¢ = exp(Bu) /A3

The derivation of Eq. (2.65) can be readily generalized to the case of several ion species of
different charges and different pair interactions u;;(r), resulting in Eq. (2.16).

A similar, more elaborate diagrammatic expansion of the thermodynamic potentials in the
presence of an external field is presented in Ref. [53]. A variational principal for the grand
canonical potential € is obtained in which €2 is expressed as a functional of the mean density
¢(r) and the pair correlation function ha(ri,r2). This expression is equivalent to Eq. (2.65) up

to the second order in the cluster expansion.

2.B Details of analytical results

In this appendix we present details of the analytical approximations of Sec. 2.4.
We consider first the analytical solution of Equation (2.42). This equation is a second order
linear differential equation for w(z). Note that the function cpg(z) is a known function of z,

given by Eq. (2.36). The solution of Eq. (2.42), with the boundary conditions of Eq. (2.44) is:

w(z) = z—lkb /OZ dzs (25 +b)° /Z:O dz1 I'(21) (2.66)
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where T'(2) is the convolution integral, defined by Eq. (2.43). By writing I'(2) as:

() = /0 T A T — ) (2.67)

w(z) can be rewritten in the following form:

(2.68)

The effective charge oeg (or equivalently, the effective Gouy-Chapman length beg) can be cal-

culated from the coefficient of z=! in w(z), as z approaches infinity:

w(z)w@, z — 00 (2.69)
We thus find:
b —b—l/ood Y an?| T (2.70)
et —b=5 | il C z :

A simple form for the convolution integral I'(z) can be obtained in the limits in which b is small

or large relative to dpyq, the characteristic range of the hydration potential.

2.B.1 Slowly varying density: b > dyyq

In the limit b > dyyq, the PB distribution varies slowly on the scale of the hydration interaction.

The convolution integral T'(z) of Eq. (2.43) can then be approximated in the following way:

_ 1 ~ , H(Y) d°B ,
L'(z) = %lmdz m@(z_z)
_ 1 <, [1dé(z) 2 6H(2) /
= 5 mdz [b— i —b—35(Z)+(Z+b)4}B(z—z)
B, 1dé(z) 2 6H(z)
= 2w13'{b_2 dz _b_36(z)+(z+b)4] (2.71)

where H(z) is the Heaviside function (H(z) = 0 for z < 0 and H(z) = 1 for z > 0). Inserting
this expression in Eq. (2.70) we obtain Eq. (2.45) for the effective Gouy-Chapman length. By
substituting equation (2.71) in Eq. (2.68), the form of w(z), given in Eq. (2.46), is obtained.
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2.B.2 Approximated form for B(z)

Some of the following results depend on the specific structure of the hydration interaction,
characterized by the function B(z). In order to obtain analytical expressions, we use a simple
approximated form, B®PP(z), instead of B(z). Assuming that the hydration interaction consists
of a hard core interaction and a short-range attractive part, the function B(z) has some general
characteristics that should be present in B*PP(z). For z < dy., B(z) always has the parabolic
form —(Bg + m2%), where By = —B(z = 0). We assume that the attractive part of the
interaction dominates over the short-range repulsion so that By is positive. For z larger than
some finite value dye + A, B(2) is practically zero due to the short range of the interaction. For
dne < z < dpe + A, B(z) varies from —(By + Wdﬁc) to zero in a functional form that depends
on the details of the attractive potential. The most simple way to model this behavior of B(z)
is to have a linear increase of B®PP(z) between z = dj. and z = dye + A, and to set B*PP to be

zero for z larger than dy. + A:

—(Bo +mz?) 2] < dhe
Bapp(z) = _ (BO + ﬂ—dﬁc) W dpe < |Z| < dpe + A (272)
0 dne + A < |2]

The parameters in this expression should be chosen to match, approximately, the form of B(z).
Setting dj. to be the hard core diameter of the real potential and setting By = —B(0) ensures
that B(z) and B®PP(z) are identical for z < dhe. The width A can then be set such that
B = By:

2
2Bodpe + gdﬁc + A (Bo + mdy,) = —By (2.73)

This is desirable in light of equations (2.45) and (2.48), since the effective surface charge depends
only on B; in these limits. Figure 2.11 shows B(z) and B®PP(z) for the hydration potential of
Fig. 2.2.

2.B.3 Surface layer limit: b < dpyq

In the limit b < dhyq, the convolution integral in Eq. (2.43) becomes:

NMdQB(z)_ 1 d°B(z)
T(z) ~ e dz2  2migb dz2? (2.74)

The prefactor of I'(z) in Eq. (2.70) is -32? + O(b) and therefore the effective Gouy-Chapman
length is:
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Figure 2.11: The effective interaction in a planar geometry, B(z), obtained from the potential of
Fig. 2, and the corresponding approximated function B®PP(z), defined by Eq. (2.72) (dashed line).
The parabolic dependence for |z| < di is identical in the two curves.

-1
1271’le
This result is independent on the specific form of B(z).

-B; 1

> QB// _ - 2.
/Odzz () = 3 (2.75)

beff_bg

To obtain w(z), the deviation of the density profile relative to PB theory, Eq. (2.74) can be
substituted in Eq. (2.68). Up to leading order in b the following expression is obtained:

1 1 /7 1 e 1
_ - d /B// N 12 2/ d /_B// / 2.76
w() 67rlez/0 FBE) Ao | S BED (2.76)

Using B®PP(z), the approximated form of B(z) presented in the previous subsection, this gives:

1 o, (4  Bo+nd? dic
— 4 =0 "he  9n) < dpe
67l (3 el A) T ) |2 < dn
1 [2 (477 Bo+mdi \ 1
- _d _|_7C _
hc hc
w(z) — 671’le 3 A 22 (2.77)
_Mﬂ de < |2| < dne + A
A(dhc—f—A) ’ ¢ - ¢
B 1
1 N
6rlghz’ dne + A < 2]

The minimal, negative value of w(z) is assumed at z = dy. + A and is equal to:

By By

c+A) = .
w(dhe + A) 6mlpb(dne + A) — 67l pbdyya

(2.78)
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This results in the condition (2.49) for the validity of the linearization in the surface layer limit.

Using only the quadratic term in the virial expansion is sensible if [ dz’c(2')B(z — 2')
is small compared to unity. In the surface layer limit, this integral is simply: (|o|/e)B(z) =
B(z)/(2nlpb). Estimating the maximum value of |B(z)| to be approximately —B;/(2dnyq) we
obtain the requirement: —B,/(4mlpbdnyd) < 1, which is analogous to (2.49).

2.B.4 Effective Gouy-Chapman length

Using B?PP(z) in equations (2.43) and (2.70) we find the following approximation for the effective
Gouy-Chapman length:

PR WY (P : bt dhe A

beg —b = orinh { B, wdy, b+ 2wdpb” + 2By In 2 b (2.79)
2 5 3 b+ dne
A (mdi A + 7diy. + Bodhe) In (b F— A> b

—9rIn <%) b3}

This expression is shown in Fig. 2.10 and discussed in section 2.4. In the limits b > dyyq and

b < dnyd it reduces to the asymptotic expressions (2.45) and (2.48), respectively.
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Chapter 3

Hydration interactions:
Inter-plate interactions

The following chapter deals with discrete solvent effects on the interaction of two parallel

L These effects are taken into account using the

charged surfaces in ionic aqueous solution.
theoretical formalism introduced in chapter 2. We study numerically the density profile of
ions between the two plates, and the resulting inter-plate pressure. At large plate separations
the two plates are decoupled and the ion distribution can be characterized by an effective
Poisson-Boltzmann charge that is smaller than the nominal charge, as was found in chapter 2.
The pressure is thus reduced relative to Poisson-Boltzmann predictions. At plate separations
below ~ 20 A the pressure is modified considerably, due to the solvent mediated short-range

attraction between ions in the system. For high surface charges this contribution can overcome

the mean-field repulsion giving rise to a net attraction between the plates.

3.1 Introduction

Aqueous ionic solutions are abundant in biological and chemical systems. Often they play a
prominent role in determining the properties of charged macromolecules that are immersed
in them [2]. The mean field theory of electrolytes, known as Poisson-Boltzmann (PB) theory
and its linearized version, Debye-Hiickel theory [2-7], are known for many decades and have
proved to be useful and important tools. PB theory was applied in the study of colloidal
dispersions [8,9], biological membranes [7], synthetic and biological polyelectrolytes [10, 11],
and complex systems such as DNA-lipid complexes [12]. Nevertheless, PB theory is known

to have important limitations. Being a mean field theory, ion-ion correlations are ignored.

IThe material presented in this chapter was published in Ref. [].

129



130 HYDRATION INTERACTIONS (2)

In addition, the finite size of ions is neglected. These effects have been studied extensively
using various approaches [13] such as liquid state [14-17] and density functional [18] theories,

simulations [19-21], field theory [22,23] and other modifications to the PB theory [24-27].

Most of the studies of corrections to PB have concentrated on the so-called primitive model,
where ions are assumed to interact with each other through the electrostatic interaction and a
hard core steric repulsion. Although this model can describe many effects that are neglected
in PB theory, it still neglects some physical features that are present in real systems. Most
notably, the aqueous solvent is treated as a continuous medium, whereas in reality ions interact

with discrete solvent molecules.

Solvent effects are strong especially in water, because the polar water molecules interact very
strongly with ions. The most significant result is that the electrostatic ion-ion interaction is
reduced by a factor € >~ 78 at room temperature, due to screening by the dielectric environment.
However the discreteness of the solvent results in a more complicated picture. When ions
approach each other at separations of a few water molecular diameters, the effective interaction
between them is modified considerably. Fig. 2.2 shows the correction to the 1/er potential
between two Na™' ions in water. This effective potential was calculated, using a simulation
scheme [28], for a bulk NaCl solution of concentration 0.55M, at room temperature. Note
that the short-range potential, remaining after the subtraction of the Coulomb interaction, is

oscillatory and predominantly attractive.

The possibility to calculate the effective potential between ions in water leads naturally to the
model depicted schematically in Fig. 3.1. The water is treated as a continuous medium, with
a dielectric constant . In addition to the electrostatic interaction a short-range interaction
is included between ion pairs. The short-range potential, denoted as w;;(r), is taken as an
input to the model (from simulation), and can in general depend on the ion species i and j.
For example, the potential shown in Fig. 2.2 is used between Na®-Na™ pairs. The effective
potential is calculated in a bulk solution and thus depends only on the ion-ion separation.
However, systems containing charged surfaces can lead to inhomogeneity or anisotropy in the

ion distribution.

The model described above was suggested in Ref. [29], and was studied in planar geometry
using the Anisotropic Hyper-Netted Chain (AHNC) approximation [15] in Refs. [30-33]. In
chapter 2 we presented a simplified approach to the same model. In this latter approach,
a term accounting for the short-range solvent-mediated ion-ion interaction is added to the

PB free energy. The formalism obtained in this way is simple although less accurate than
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} €) } } (b) }
z=0 z=d z=0 z=d

Figure 3.1: Schematic description of the pair potential model. An aqueous ionic solution confined
between two charged plates in (a) is replaced by ions in a continuum dielectric medium with elec-
trostatic and short-range interactions u;;(r) = u;;(|r|) in (b). The coordinates z = 0 and z = d
designate the contact positions of the ions with the plates. The distance of closest approach is equal
to dnc/2, where dy. is the hard-core diameter of the ions.

the AHNC approximation, and in particular neglects ion-ion correlations. On the other hand
numerical calculations can be done fairly easily, and are feasible in non-planar geometries. In
addition, various analytical results can be obtained, and the discrete solvent effects can be
readily understood in terms of basic physical principles. In the present chapter we use the same

formalism to study discrete solvent effects on interacting charged and planar plates.

In the present work, following Refs. [30-33] and chapter 2, we do not take into account an
effective ion-surface potential. A numerical calculation of such a potential, using a realistic
model for the water molecules, is currently not available. Moreover, we neglect the dependence
of the effective ion-ion potentials on the ion positions relative to the surface. Other limitations
of the current model are discussed in chapter 2. Despite these approximations, the model is a

good starting point for studying qualitative effects of the discrete solvent.

The outline of the paper is as follows. Section 3.2 reviews the model and discusses its
application to two charged and planar plates. In Sec. 3.3 we discuss the corrections to the
PB density profile. In section 3.4 we obtain expressions for the inter-plate pressure and derive
a generalized contact theorem. The resulting pressure curves are studied numerically and
analytically in section 3.5. Finally, section 3.6 offers some concluding remarks. The technical

details in the derivation of the pressure are presented in the Appendix.
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3.2 The Model
3.2.1 Free energy

The free energy of the system can be written as a functional of the local ion densities, consisting
of the usual PB term and a hydration correction term. Assuming that the boundary conditions
are of fixed charges, the following approximated form for the free energy can be obtained

(chapter 2):

2
|

8i (VI)2d3r + kBT/Z ¢ <ln% - 1) &r
T X i

47
A A& —§ e | a3
+/ (r)( + 2 c,e,) d°r

kT
kBT

5 /ci(r)cj () Ui;(r — ') drd3r’ (3.1)

7

where W is the electrostatic potential, ¢; are the ion densities, e; are their respective charges,
¢ is the dielectric constant, kg1 is the thermal energy and the potential U;; is defined below.
The bulk ion densities ¢, ; are determined by the fugacities (; = exp(Bu;)/A3., where y; are the
chemical potentials, Ar is the de Broglie thermal wave length and 8 = 1/kgT. Note that the
simple PB relation ¢, ; = (; is altered with the inclusion of hydration interactions, as will be
explained below (Sec. 3.2.2). A detailed discussion of the various approximations involved in
Eq. (3.1) is given in chapter 2. Here we shall briefly discuss each of the terms, and outline the
way in which Eq. (3.1) is obtained.

The first three terms in Eq. (3.1) form the usual PB expression for the free energy. The
first term is the electrostatic free energy and the second term is the entropy of the ions. The
electrostatic potential ¥ is a functional of the ion densities ¢;, and is determined by the Poisson
equation and the boundary conditions imposed by the surface charges. Instead of writing this
dependence explicitly in the free energy, it is convenient to add a third term to €2, containing
a Lagrange multiplier A(r).

The fourth term in Eq. (3.1) accounts for the hydration interaction, and is quadratic in the

ion densities. The weighted potential U;; is defined as:

Uj=1- e~ Puii(Ir—r']) (3.2)

where u;; is the nominal short-range hydration interaction between ions of species ¢ and j

(Fig. 2.2). To obtain Eq. (3.1) we first treat the short-range interaction w;; using a virial
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expansion of the grand canonical potential, keeping terms up to the quadratic order. The elec-
trostatic interaction is then treated exactly as in PB theory, using a mean field approximation
for the electrostatic potential U. As an alternative approach Eq. (3.1) can be obtained from a

field theory expansion of the grand partition function [34].

3.2.2 Density equations

The density profiles are obtained by minimizing the free energy 2 with respect to the ion
densities ¢;. The third term in Eq. (3.1), containing the Lagrange multiplier A(r) allows us to
regard the densities ¢;(r) and the electrostatic potential ¥(r) as independent fields, and require
that 2 has an extremum with respect to the three fields ¢;, ¥ and A. Requiring that 2 has an

extremum with respect to ¥ gives:

€
g (3.3)

and the extremum condition with respect to ¢; then gives:

ailr) c;j(r)VUij(r — ')t + Be;¥(r) =
In =7 +;/J( Uiy (r — 1) dF' + fe () = 0 (3.4)

where relation (3.3) has been substituted to express A in terms of W. This equation is supple-

mented by the Poisson equation:

4
\Y% . % eic (3.5)

Since Eq. (3.4) is an integral equation, the ¢; cannot be written as a simple function of W.
Therefore, a single equation for ¥, analogous to the PB equation, cannot be obtained, and
we are left with the two coupled equations (3.4) and (3.5). These equations should be solved
together to obtain the electrostatic potential and density profiles. For U — 0, Eq. (3.4) reduces
to the Boltzmann equation ¢; = ¢; exp(—fe;¥). In the bulk ¥ = 0, leading to the relation
¢p,; = ;. Combining these relations with Eq. (3.5) reproduces the PB equation:

4
VQ\I/ = —?ﬂ- Z cb7ieie_5e”"1’ (PB) (36)

Equations (3.4) and (3.5) were solved for a single charged and planar plate in chapter 2. The
treatment of two parallel plates is very similar, and is outlined below for completeness. The
system is shown schematically in Fig. 3.1 (b). The plate positions are designated by z = 0 and

z = d, using the convention that these are the coordinates of closest approach of the ions to the
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plates (while the potentials u;;(r) are measured from the centers of the ions). The two plates
are negatively charged, each one with a uniform surface charge o. No discreteness of surface
charge is taken into account in the present work. We assume an electrolyte of valency z,:z_,
i.e., a solution of positive and negative ions of charges e+ = +zie, where e is the electron
charge.

In order to simplify the equations further, the interactions between the different pairs of
ion species can be taken to be equal, i.e., Uj;(r) = Uy (r) = U(r) where U, is the weighted
potential between the (positive) counterions. The exact choice of U;_ and U__ is expected
to be of only minor significance, as the co-ions are repelled from the surface neighborhood
and only the positive counterions reach high densities there. From charge neutrality we have
ey = cp 4+ = (2= /24 )cp— and similarly ¢ = (4 = (2—/24+)(—, where the relation between ¢, and
¢ will be determined later.

Due to the one-dimensional symmetry imposed by the charged and planar planes, the inte-

gration in Eq. (3.4) can be performed over the  — y plane to obtain:

d
ci(z) = CreTPeY exp [—/0 c(z")B(z — 2') dz'] (3.7)

where ¢ = c; + c¢_ is the total ion density and B(z) is the effective interaction between two
layers of ions, expressed as an integral of U(r) in the plane of constant z. Using cylindrical

coordinates:

B(z)=27r/ooopde(\/22+p2) (3.8)

The Poisson equation (3.5) reads:

d2e 4me

S5 = G (P e
z €

d
X exp [—/ c(z"\B(z — 2') dz’] (3.9)
0
Equations (3.7) and (3.9) are supplemented by the following boundary conditions:

dw

4 . dw
dz

=——0

—0 =0 (3.10)
z=0

z=d/2

since the problem with two plates of equal charge at z = 0 and z = d is symmetric about the

mid-plane z = d/2.
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Finally, the relation between ¢ and the bulk density ¢, can be obtained from Eq. (3.7).
We imagine that the two plates are immersed in a bath of electrolyte. In the region outside
the plates an equation similar to Eq. (3.7) holds, where the integration inside the exponent is
performed in the external region. Far away from the plates, as ¥ becomes zero, c; and c_
assume their asymptotic constant, bulk values. The integrand inside the exponential can be

replaced by —(1 + z4/2z_)cp B(z — 2') leading to the result:

¢y = (exp {— (1 + z—+> Btcb] (3.11)

where:

By = /DQ dz B(z) = /d3rU(r) (3.12)

— 00

is also equal to 2By, the second virial coeflicient. The limit Bscy, — 0 is the limit in which the

short-range interaction becomes negligible in the bulk. In this limit the relation between the

bulk density and fugacity of Eq. (3.11) tends to the ideal gas relation ¢, = ¢ = exp(Bu)/\3-.
In the next section we will concentrate on a symmetric 1 : 1 electrolyte, where the equations

(3.7) and (3.9) take the form:

d
ci(z) = CeFP¥exp [—/0 c(z"B(z — 2') dz’]

v
dz?

8me .
T( sinh (Be¥)
d
X exp [—/0 c(Z\B(z — ') dz'] (3.13)

and:

cp = Cexp (—2Bicp) (3.14)

3.2.3 Definitions and parameters

For the short-range ion-ion potential u(r) we use the effective potential between Nat - Na™ ion
pairs, shown in Fig. 2.2. For ion-ion separations below 2.9A a hard core interaction is assumed.
Fig. 2.3 shows the effective layer-layer interaction B(z), as was derived from this potential
using Eq. (3.8). This effective interaction is mostly attractive, as B(z) is negative on most of
its range, and has a characteristic range of approximately 7 A. The structure of B (z) reflects

the oscillatory behavior of u(r).
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It is useful to introduce the length scales characterizing the PB density profiles [7]. The
Gouy-Chapman length, defined as b = e¢kpT/(2me|o|), characterizes the width of the diffusive
counterion layer close to a single charged plate with a surface charge density o, in the absence
of added salt. The Debye-Hiickel screening length, A\p = (87ch€2/z’:‘kBT)_1/2, equal to 19.6 A
for ¢ = 0.025M at room temperature characterizes the decay of the screened electrostatic
interaction in a solution with added salt. The strength of the electrostatic interaction can also
be expressed using the Bjerrum length, Iy = €?/(ekgT). This is the distance at which the
electrostatic interaction between two unit charges in a dielectric medium becomes equal to the
thermal energy. It is equal to about 7A in water at room temperature. In terms of the Bjerrum
length b = e/27lp|o| and A\p = (87cylp)~1/2.

The inclusion of the hydration interaction introduces additional length scales in the system.
For the interaction of Figs. 2.2 and 2.3, the range of the interaction dynyq is approximately 7A,
over twice the hard core diameter dn. = 2.9A. The strength of the hydration interaction is
characterized by the second virial coefficient B;/2, with B; ~ —(7.9A)3 as is calculated from

Eq. (3.12).

3.3 Density profiles

Equations (3.7) and (3.9) are a set of three nonlinear integrodifferential equations. We treat
them numerically using an iterative scheme, based on the assumption that the positive ion
density profile is dominated by the electrostatic interaction. We start with the PB profile and
calculate iteratively corrections to this profile, as result from Egs. (3.7) and (3.9). For a 1:1

electrolyte we iteratively solve the equation:

REAVICO)
0 - %{sinh (56\11("))
2

d
X exp [—/0 V(B2 - 2) dz'] (3.15)

where the superscript n stands for the nth iteration,

() = R

X exp [— /d V(B2 — 2') dz'] (3.16)

0

are taken as the density profiles generated by the PB equation

and the zeroth order densities cgg )

(3.6). The boundary conditions (3.10) are satisfied by the electrostatic potential in all iterations.
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Figure 3.2: Counterion density profile (solid line) obtained from numerical solution of Eq. 3.7
with the hydration interaction as of Fig. 2.3, plotted on a semi-log plot. The bulk ion density is

¢y, = 0.025M and the surface charge is |o| = 0.333C/m? ~ 1¢/48 A® The dielectric constant is
e = 78 and the temperature is 2908K. The distance between the plates is d = 50A. The density
profile is symmetric about the mid-plane at z = 25A. The dotted line shows the corresponding
density profile obtained from the PB equation. The symbols (‘x’) show the density profile obtained
in the AHNC approximation, using the same parameters [35].

The solution converges after several iterations. It is interesting to note that the first iteration
captures most of the effect. This observation can lead to various analytical results, as shown in

chapter 2 for a single plate.

In the following sections we will concentrate on the pressure between the plates. First we
discuss briefly the modification to the PB density profiles. Let us begin by considering a large
plate separation d. In this case the results are similar to the single-plate case, since d is larger

than all other length scales in the system, and we present them for completeness.

Fig. 3.2 shows the density profile of the positively charged counterions (solid line) between
two charged plates, with d = 50 A. Only one half of the system is shown, since the profile
is symmetric around the mid-plane. The surface charge, || = 0.333C/m? corresponds to
approximately 48A2 per unit charge. This is a typical high surface charge obtained for mica
plates. It corresponds to a Gouy-Chapman length b = 1.06A, at a temperature of 298K,
with e = 78. The electrolyte bulk concentration is 0.025M, corresponding to a Debye-Hiickel
screening length Ap = 19.58A . The density profile is compared to the result of PB theory
(dotted line).

The main effect is that the short-range attraction draws additional counterions to the vicinity
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Figure 3.3: The ratio of the positive ion density obtained from Eq. (3.7) and the value obtained from
PB theory, for surface charges |o| = 0.333C/m? ~ 1 ¢/48 A> (dashed line), 0.1C/m? ~ 1¢/144 A?
(solid line) and 0.0333C/m? ~ 1¢/480 A? (dotted line). All other parameters are as in Fig. 3.2.

of the charged plate. Note, however, that the contact density remains very close to the PB
density, as will be explained later. The increase of the counterion density near the plate is
followed by a depletion further away. This can be understood in the no-salt case since the total
number of counterions is fixed. In our case the salt concentration is low. The Debye-Hiickel
screening length is large compared to the Gouy-Chapman length and compared to the range of
the short-range interaction, so the salt has a minor effect.

The counterion density profile is also compared with results of the AHNC approximation
[35] that were obtained using the same short-range hydration potential (‘x’ symbols). The
qualitative effect is similar in our model and in the AHNC. Specifically, both density profiles
follow the PB density curve for the first few Angstroms from the plate and show a considerable
decrease in the positive ion density, relative to PB, starting at a distance of about 5A from
the plate. The maximal decrease in the density is approximately 30% in our model and almost
50% in the AHNC profile, both relative to the PB profile.

The effect of the short-range ion-ion interaction strongly depends on the surface charge.
This is demonstrated in Fig. 3.3. The ratio of the counterion density and its PB value, ¢/c"B,
is shown for three values of o. The effect of the hydration potential is very minor for small
surface charge (|o| = 0.0333 C/m? ~ 1 ¢/480 Az), where the ratio ¢/cP® is approximately 2% at
its maximum, and considerable for a surface charge of 0.333 C/m? = 1¢/48 Az, where it reaches

approximately 40%.
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Figure 3.4: The ratio between the positive ion density obtained from Eq. (3.7) and its PB value, for
plate separations d equal to (a) 50 A (solid line), 35 A (dashed line), 20 A (solid line), (b) 10 A and
(c) 5A. All other parameters are as in Fig. 3.2. Each curve is shown between the plate at z = 0
and the mid-plane z = d/2.

B is expected to remain similar to

As the plate separation decreases, the modification to ¢
the single plate case as long as d/2 is large compared to b and to dnyq. This can indeed be seen
in Fig. 3.4, where a high surface charge, as in Fig. 3.2, is considered. In this case b ~ 1 A <
dhya >~ 7A, so a deviation from the single plate curve is expected when d/2 < dnya ~ 7A.
The ratio ¢/cpp is shown for several plate separations between 5 and 50 A. The results are
very similar for d = 50,35 and 20 A (Fig. 3.4 (a)). In particular, note that the contact density
remains very close to the PB value in all three separations. This is a result of the generalized
contact theorem, derived in section 3.4. For smaller d, equal to 5 and 10 A (Figures 3.4 (b) and
(c), respectively) the behavior is different, and in particular the contact density deviates from

the PB value. The effect of decreasing d was found to be similar for smaller surface charge

(e.g., 0.1 C/m?2,) and for salt concentration up to 0.1 M.

The most important effect on the density profile is that the ion density is depleted far
away from the charged plates. When the two plates are highly separated from each other the
ion density can be described, far away from the plates, using an effective PB surface charge.
This effective charge was calculated in chapter 2, and is smaller than the nominal charge (for
example, for the surface charge used in Fig. 3.2 it is smaller by a factor of ~ 3.8). The reduced

density leads to a reduced pressure, relative to PB, as will be explained in the following sections.
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3.4 Pressure equation and contact theorem

The pressure P, in the region between the two plates can be obtained by differentiating the

free energy 2 with respect to the plate separation d:

o0
P,=—— 1
54 (3.17)

To compute 0€2 we can imagine that a ‘slice’ of width dd is inserted at some position zy between
the two plates. Adding up all the contributions to 62, and using Eq. (3.7) and the boundary

conditions (3.10) we obtain:

e [(dU\?
-Pin :kBTZCi(ZO)_ g <E)

_k TZ Zod dd "o (nIB
B z 2" ci(2)ci(2) P (' — %) (3.18)
lj 0 zZ0

Z0

This result is correct for any combination of ion species 7, assuming the same short-range
interaction u;; between different ion pairs. The full derivation is given in the Appendix. The
pressure is equal throughout the plate spacing and, therefore, independent on the choice of z.

The net pressure P between the plates is the difference between the pressure inside and
outside the plates. The latter is equal throughout the region outside the plates. In particular,

it is equal to the bulk pressure Py, so we have:

P = Py — Phuie (3.19)

To obtain Py, we note that an equation similar to Eq. (3.18) holds in the bulk, with constant
electrostatic potential and with ¢; constant and being equal to the bulk densities. For the case

of a 1:1 electrolyte, we find:

Pouik = 2kpTcy, (14 Bicey) (3.20)

Since B; is negative the bulk pressure is lower than its PB value. Note that in the case of no
added salt P,y = 0.

The expression (3.18) assumes a particularly simple form if we set zg to zero, namely on
one of the plates. Then the third term in (3.18) vanishes and the second term is fixed by the

boundary conditions, giving:
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P= kBTZcZ ——0 — Pouik (3.21)

Alternatively, if we choose zg at the mld—plane, z = d/2, by symmetry the second term in (3.18)

vanishes and the pressure is expressed as:

P = kBTZCi d/2

— Pbulk (3.22)

The equality of these two expressions for the pressure results in the generalized contact theorem

[2,36]:

/2
/ dz/ dz’ ¢;(2)ej (2 )dB (2" = 2) (3.23)
d/2 dz

The very small relative change of the contact density, compared to PB theory, at large plate
separations can be understood from this result. We consider first the case of high surface
charge, where the Gouy-Chapman length is small compared to the Debye-Hiickel screening
length, b < Ap. In this case the second and third terms on the right hand side of Eq. (3.23)
become negligible compared to the first term when d > b, dynyq, where dyyq is the range of the
hydration interaction. The contact ion density is then dominated by the positive ion density,
and is very close to the PB value. When there are only counterions in the solution and d — oo

(or equivalently, in the case of one isolated plate), we have exactly, as in PB theory :

2
ige} 2

c+(0) = 5 (one plate, no salt) (3.24)

If b is not small compared to Ap, the correction to the contact density is still small for large
enough plate separations, assuming that the hydration interaction is negligible in the bulk, i.e.
—Byiey, = —B;/(8mlgA}) < 1. When d > Ap and d > dpyq, the coupling between the two
plates is negligible and Eq. (3.23) becomes:

Z c; (0) ~ @U + Poulk (3.25)

%
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The only difference in this expression relative to the PB contact density is the change in the
bulk pressure. This change is negligible if the hydration interaction is small enough in the bulk.

For smaller d, the integral in (3.23) can contribute to a significant change in the contact
density relative to PB theory. This can be seen in Fig. 3.4, where b < Ap, at plate separations
below ~ 10 A.

3.5 Pressure curves
3.5.1 Pressure beyond Poisson-Boltzmann

We would like to compare the pressure from our model with the PB pressure, which can be

written as follows:

Prp = k'BTZ [epB,i(d/2) — ¢4 (3.26)

where cpp ;(d/2) is the PB density of the ith ion species at the mid-plane. Using equations (3.22)

and (3.20) the pressure in our model can be written as the sum of the following three terms:

P = P,+ Pia— 2kgT B;cy
= kpT Y _[ei(d/2) — cbi]
d/2 d dB
— kT / dz/ dz'¢i(2)ej(2) == (2 — 2
%: ; " (2)e;( )dz( )
—  2kpTByc} (3.27)

A symmetric 1:1 electrolyte is assumed for simplicity throughout this section. The first term

in Eq. (3.27),

P =kpT Y _[ei(d/2) = cb,] (3.28)

is similar in form to the PB pressure (3.26), but the mid-plane density in equations (3.28)
and (3.26) can be different. The second term in Eq. (3.27), which we denote as the hydration

pressure:

d/2 d dB
Phya = —kBTZ/ dz /d/2 dz’ ci(z)cj(z’)a(z' —2) (3.29)
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Figure 3.5: (a) Pressure between two plates with surface charge |o| = 0.333C/m? ~ 1¢/48 A,
as a function of the plate separation d, on a semi-log plot. All the parameters are as in Fig. 3.2.
The solid line shows the overall pressure P obtained from Eq. (3.22). The dashed line shows the
contribution P,, resulting from the mid-plane density and the dotted line shows the PB pressure.
(b) The same curves on a linear scale, in the region where the overall pressure becomes negative,
i.e., attractive.

is the integrated short-range force acting between ion pairs in the two halves of the system.
The third term is the change in the bulk pressure relative to PB theory, due to the inclusion of
a 2nd virial coefficient in the bulk equation of state.

Some simple observations can be made immediately from Eq. (3.27). These observations will
be useful in the next subsection, where the numerically calculated pressure curves are presented
(Figs. 3.5 and 3.6). For now let us assume that the third term in Eq. (3.27) is negligible as
compared to the first two. Of these two terms, the first, P,,, is linear in the density whereas the
second term, Piyq, is quadratic. As a result, the relative importance of P, and P,y4 depends
on the plate separation d. At large d the density in the mid-plane region is small, so that
Pyya < Pp,. The main correction to the PB pressure (3.26) then comes from the change of
the mid-plane density, ¢(d/2) — cpp(d/2). Far away from the two plates the system behaves
as predicted by PB theory with a modified, effective surface charge. The mid-plane density is
depleted relative to PB, since counterions are attracted to the vicinity of the charged plates.
Hence the pressure is smaller than in PB theory. As the plate separation decreases and the

mid-plane density increases, Fyq can become important.

3.5.2 Numerical results

The general arguments of the previous section can be verified by calculating numerically the

pressure using Eq. (3.27). Fig. 3.5 shows the pressure as a function of the plate separation d for
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Figure 3.6: The repulsive pressure between two plates with surface charge |o| = 0.119C/m? ~

le/135 AQ, as a function of the plate separation d. All other parameters are as in Fig. 3.2. The
solid line shows the overall pressure P, the dashed line shows the contribution P, of the mid-plane
density, and the dotted line shows the results of PB theory.

a large surface charge |o| = 0.333C/m? ~ 1¢/48 A? and bulk ion density ¢, = 0.025M (solid
line). The pressure is compared with Ppp (dotted line). The contribution of P,,, the first term
in Eq. (3.27), is also shown (dashed line).

The behavior of the pressure at a large range of plate separations is shown in Fig. 3.5 (a)
on a semi-logarithmic plot. At large d, the pressure is dominated by P,,, as expected. It is
considerably smaller than the PB pressure, due to the reduced effective charge on the plates.
At lower d the second term in Eq. (3.27), Phyq, becomes dominant, and the overall interaction
is attractive at plate separations between 6 and 12 A. Note that the apparent sharp decrease in
the pressure at a separation of approximately 13A is artificial, and results from the divergence
of the logarithmic scale as the pressure approaches zero. Fig. 3.5 (b) shows the same pressure
using a linear scale, in the region in which it becomes negative (attractive). The net pressure
crosses smoothly from positive to negative values due to a steady increase in the magnitude of
the (negative) Phya. At very short separations P, dominates again, and the pressure coincides
with the predictions of PB theory.

Fig. 3.6 shows the effect of the hydration potential for a smaller surface charge, |o| =
0.119C/m? ~ 1¢/135 A®. Tn this case and for all surface charge, |o| < 0.25C/m?2, the pressure
is repulsive at all plate separations. The correction over the PB result is much smaller than
in Fig. 3.5, but still significant. At plate separations of approximately 5 to 20A Pyyq is the

dominant contribution to the deviation from PB, and results in a considerably reduced pressure.
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Figure 3.7: Comparison between the pressure obtained (a) in our model and (b) in the AHNC
approximation [35], using the same short-range hydration potential (solid lines). All the parameters

are as in Fig. 3.5 (Jo| = 0.333C/m? ~ 16/48A2). The pressure is shown as a function of the
plate separation d. A semi-logarithmic scale is used in the main plots and a linear scale is used in
the insets. In (a) the dotted line shows the PB pressure. In (b) the dotted line shows the pressure
obtained in the AHNC approximation when the ion-ion interaction includes only the hard core and
the electrostatic interactions.

At larger d the pressure is reduced mainly because of the change in the mid-plane density.

3.5.3 Comparison with AHNC

Fig. 3.7 shows a side by side comparison of the pressure obtained in our model (a) and in
the AHNC approximation (b).2 The same surface charge |o| = 0.333C/m? ~ 1¢/48 A% and
short-range hydration potential are used in the two calculations. The main plots show the
pressure using a logarithmic scale. The insets show the pressure on a linear scale in the region
where it becomes attractive. The full pressure (solid line) is compared in Fig. 3.7 (a) with the
PB pressure (dotted line). In Fig 3.7 (b) the AHNC pressure (solid line) is compared with the
pressure obtained using an electrostatic and hard core interaction only (dotted line). Since
the AHNC approximation accounts for ion-ion correlations, there are differences between the
pressure curves in our model as compared to the AHNC approximation. However a comparison
of Figs. 3.7 (a) and (b) shows that very similar qualitative and even semi-quantitative effects of
the hydration interaction are found in the two calculations.

A comparison for smaller |o| = 0.119C/m? ~ 1¢/135 A? is shown in Fig. 3.8. The solid line

is the pressure in our model and the dashed line is the AHNC pressure. The dotted line shows

2In Refs. [29-31] there was an error in the inclusion of the hydration pressure, making it much smaller than
its real value. The corrected data, kindly provided to us by S. Marcelja, is used in the comparison of the present
work with the AHNC results. See also similar data presented in Ref. 31.
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Figure 3.8: Comparison between the pressure obtained in our model (solid line) and the AHNC

approximation (dashed line), for a surface charge |o| = 0.119C/m? ~ 1¢/135 A®. All the parame-
ters are as in Fig. 3.6. The pressure is shown as a function of the inter-plate separation d using a
semi-logarithmic plot. The dotted line shows the PB pressure.

the PB pressure. As in Fig. 3.7, the qualitative effect is similar in the two calculations.

Since the AHNC approximation takes into account ion-ion correlations, the comparison
allows us to assess the relative importance of correlations and discrete solvent effects. The
results shown in Figs. 3.5 and 3.7 indicate that for large o discrete solvent effects can be much
larger than correlation effects induced by the electrostatic interaction. For smaller surface
charge, as in Figs. 3.6 and 3.8, these effects are of similar order of magnitude. In the AHNC
approximation the pressure includes an electrostatic term due to correlations between ions in
the two halves of the system, in addition to the hydration and mid-plane density contributions.
In Fig. 3.8 this term is of similar order of magnitude as F.yq, and is the main source for the
difference between the solid line (our model) and dashed line (AHNC). For larger surface charge,

as in Fig. 3.7, Piyq becomes much larger than the electrostatic contribution.

3.5.4 Further analysis

Large plate separations

As discussed above, the hydration term becomes small at large d, compared to the change
in the mid-plane density. In order to study the contribution of the mid-plane density to the
pressure, let us assume that the plate separation d is much larger than all other length scales
in the system: b, dnya, Ap. The two plates are then decoupled and the mid-plane potential can

be written as W(d/2) ~ 2W¥;(d/2) where ¥1(d/2) is the electrostatic potential at a distance d/2
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from a single plate. We assume also that Ap > b, which is usually the case when the surface
charge density is large. At a large distance from the plate the single plate profile is a PB profile,
corresponding to a renormalized surface charge oeg (chapter 2). The contribution P, to the

pressure can then be written as follows [7]:

8kpT Weir\ _a/x
o 1- D 3.30
oA, ( e )e (8:30)

where beg = 1/27lg|oes] is the effective Gouy-Chapman length. A similar expression holds for

the PB pressure, with the nominal Gouy-Chapman length b used instead of beg. We thus find

that:
P, 1 — 2begr /A bet — b
~ #/AD g gl (3.31)
Ppp 1—-2b/Ap AD
In chapter 2 an analytical expression for beg — b is found. Its general behavior is:
By
boff — b ~ ——— 3.32
ff b (3.32)

with a numerical prefactor of 1/127 in the limit b < dpyq and a numerical prefactor 1/4w in
the limit b > dnya. The parameters of the hydration interaction dpyq ~ 7A and B; ~ —500 As
are as defined in Sec. 3.2.3.

A careful treatment of Eq. (3.27) shows that the second and third terms also add a contribu-
tion to the pressure that should be regarded as linear in the density, although this contribution
is small. For large enough d the integration range in the second term of Eq. (3.27) can be ex-
tended to be between —oo and 400 because dB/dz has a finite range. In addition all quantities
can be replaced by their mid-plane values. We then find that the second term (Payq) and third
term of Eq. (3.27) give:

Paya — 2kpT Bycjy

1

~ SkpTD; Z[Ci(dm) — ep)[e;(d)2) — )

+2kpTBiey Y _[ei(d/2) — e (3.33)
The first term is quadratic in [¢;(d/2) — ¢] and can be neglected relative to P, at large d. The

second term is linear, although small because Bic, < 1. It accounts for the small difference

between the dashed and solid lines at large d in Fig. 3.5 (a).
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Figure 3.9: The hydration pressure Pnyq as a function of the plate separation d (solid line). All
the parameters are as in Fig. 3.2. The dashed line shows the approximation to F,yq obtained by
replacing the ion density in the integral of Eq. (3.29) by the PB ion density.

Hydration pressure

The behavior of P4, the hydration pressure term, can be understood as follows. As a zero-th
order approximation, the ion density is dominated by electrostatics and can be replaced in
Eq. (3.29) by its PB value. Fig. 3.9 shows that this gives a very good approximation. Hence

we can write:

d/2 d
Phya ~ Z/ dz dz' cpp,i(2)F (2" — z)cpp,j(2) (3.34)
7 o d/2
where
dB
F(z) = —kBT% (3.35)

represents the force between two planar ion layers separated by a distance z. The following
behavior of F(z) can be inferred from Fig. 2.3. At inter-layer separations z < dp. = 2.9 A F(z)
is positive (repulsive). At larger z the value of B(z) increases from its large negative value at
z = dpc to zero over a few Angstroms, leading to a strongly attractive (negative) F(z). A closer
inspection of Fig. 2.3 shows that F(z) is oscillatory, due to the local maxima and minima of
B(z). As we shall see below these fine details are smoothed away when two diffusive layers of
finite thickness interact.

The behavior of Pyq in Fig. 3.9 can now be understood as follows. Most of the counterions
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are concentrated near the two plates, in layers whose thickness is of order b = 1.06 A. Note that
b is small compared to dpyq ~ 7A. When d > dynyq these two layers do not interact directly
with each other through the short-range interaction. Ions in the two sides of the mid-plane
interact with each other, leading to a negative (attractive) Pyya. As d is decreased towards
dhyd, larger and larger ion densities come into contact through F'(z) and the magnitude of the
negative Piyq increases accordingly. The gradual increase in the magnitude of Pyyq reflects the
algebraic decay of the density profile near each layer. When d decreases below ~ 2dpyq ~ 14 A,
the magnitude of F,yq increases more rapidly, as the ions in the two layers interact with ions
in the mid-plane region.

The behavior of Pyq changes when d decreases below dyyq. Most of the contribution to Piyq
now comes from the interaction between the dense counterion layers near the two plates. As
d decreases these layers are separated by correspondingly decreasing distances. The hydration
pressure follows roughly the structure of F/(z). It is strongly attractive for d 2 dj,. and repulsive
for d < dpc. The fine details of F(z) are smoothed due to the thickness of the diffusive ion
layers.

As the plate separation decreases below dy,. towards contact Fyq tends to zero, as it should
since F(0) = —kgT 42 .—o = 0. One implication of this result is that P, returns to be the
dominant contribution to the pressure, even for high surface charges. Another implication
is that the short-range interaction becomes unimportant. As in PB theory, the ions in the
region between the two plates become essentially a confined ideal gas, and their total number
is determined by charge neutrality. Thus P, coincides with the PB pressure matching the

nominal surface charge density o. This is seen clearly in Fig. 3.5.

Small plate separations

In experiments the actual surface charge is usually not exactly known, because the number of
ions dissociating from the surface is uncontrolled. The PB charge is then fitted to the large
separation behavior. This charge can be significantly smaller than the actual surface charge,
as discussed above. The interpretation of our results is then as follows. At plate separations
below approximately 20 A, an attractive force appears, due to P,yq. This force can reduce the
net repulsion, or even induce a net attraction, depending on the surface charge on the plates.
As the plate separation decreases below the range of the hydration interaction dnyq =~ 7A,
Piya decreases and eventually tends to zero. The pressure then coincides with the PB pressure
matching the nominal surface charge. As was pointed out in Ref. [29] this leads to an apparent

strong repulsive force when compared with the PB curve fitted to the large separation behavior.
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Figure 3.10: The total (repulsive) pressure between two plates with surface charge |o| =

0.25C/m? ~ 1e¢/64 A | as a function of the plate separation d, using a linear plot (solid line). All
other parameters are as in Fig. 3.2. The pressure is compared with the PB pressure curve fitted to

the large separation behavior, with |oeg| ~ 0.09 C/m? ~ 1¢/180 A (dashed line).

As an example, the pressure corresponding to o = 0.25 C/m2 ~1le/64 A? is shown in Fig. 3.10
as a function of d (solid line) using a linear scale. The dashed line shows the PB pressure curve
using an effective surface charge chosen to match the large d behavior of the solid line. When
the two lines are compared a strong (apparent) repulsive contribution is seen in the solid line

below d ~ 5 A, and an attractive contribution is seen for 5A <d < 15A.

Divalent ions

When divalent ions are present in the solution, correlation effects become much larger than
in the monovalent case [19,20] and can lead in some cases to attraction between the plates.
Discrete solvent effects are also modified, since the effective short-range interaction mediated by
the solvent is different in the two cases. A numerical calculation of these potentials is currently
not available, but some general observations can be made.

When the charge on the ions is doubled, the electrostatic interaction between two ions
increases by a factor of 4. The ion-ion separation where the electrostatic interaction is equal to
kgT increases from g ~ 7 A to almost 30 A. On this electrostatic scale, the water molecular
size (~ 3 A) is much smaller than in the monovalent case. Hence we can expect the solvent to
be more similar to a continuous dielectric medium. Indeed, the correction to the 1/er potential
between two (artificial) Na?* ions in water [37] is found to be purely repulsive, and is significant

only at separations below ~ 10 A, where the electrostatic interaction is considerably larger than
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kpT. Thus we expect discrete solvent effects, resulting from effective ion-ion potentials, to
reduce in the divalent case, whereas correlation effects, which are not included in our model,
increase.

Let us now comment on the effective ion-surface potential, which is not taken into account
in the present work. The distance from the charged plate, where the electrostatic ion-surface
interaction is equal to kT, decreases from b in the monovalent case to b/2 in the divalent
case. On this smaller scale the discreteness of the solvent becomes more pronounced. Hence
we expect the importance of the effective ion-surface potential to increase in the divalent case,
as opposed to that of the effective ion-ion potential. This effect lies outside the scope of the

present work and merits a separate study.

3.6 Concluding remarks

Summarizing our results on the pressure, we find that hydration effects can be understood as
arising from two contributions. The first contribution is the change in the mid-plane ion density.
This contribution dominates at large plate separations and can be understood in terms of an
effective PB surface charge in our model. The effective PB charge is smaller than the nominal
charge due to the accumulation of counterions in the vicinity of the charged plates. Thus the
pressure is reduced relative to PB theory, using the same surface charge.

As an alternative viewpoint, the PB surface charge can be chosen to match the large plate
separation of the pressure in our model. When this is done, an apparent repulsive force appears
in our model at very small plate separations (< 5A), as compared with the fitted PB pressure.

The second contribution to the pressure is the direct solvent mediated attraction between
ion pairs in the two halves of the system. This latter term can become dominant at plate
separations between ~5 A and ~20A. It can induce a net attractive interaction between the
two plates when the surface charge is high.

Attraction between like-charged surfaces is never predicted by PB theory [38,39]. On the
other hand, mechanisms involving correlations can lead to attraction. Several approaches have
shown that ion-ion correlations can have this effect, in the framework of the primitive model
[18-20]. In practice, this attraction can be strong enough to overcome the mean field repulsion
when divalent ions are present in the solution. When there are only monovalent ions in the
solution, ion-ion correlations have a much smaller effect. Another mechanism that can lead
to attraction is the van der Waals force, arising from correlations between the polarizations

on the two surfaces. As we find in this work, solvent mediated forces, related to ion-solvent
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correlations, are another mechanism that can induce inter-surface attraction. In some cases
(monovalent ions, small separation, large surface charge) they are the leading mechanism for
attraction.

A strong deviation from PB predictions is indeed measured [40,41] between charged surfaces
in aqueous solution at separation below ~ 20 A. The force includes an oscillatory contribution,
with a period corresponding to the water molecular size. This force is due to the structuring of
water in layers between the surfaces. In addition to this oscillatory contribution, an additional
strong contribution is seen, which is often referred to as the hydration force [2,40]. The aqueous
pair potential model of Ref. [29] was a first step towards the understanding of this force. A
more realistic picture will probably emerge if a proper effective ion-surface interaction will be
included, in addition to the effective ion-ion interaction. Furthermore, the modification to the
ion-ion effective potential in a confined geometry may also be important. In order to assess the
importance of these effects, further simulation results are needed as an input to the model.

The aqueous pair potential and the free energy (3.1) involve various approximations, which
are discussed extensively in chapter 2 and in Ref. [42]. Nevertheless, the large modification to
the PB pressure, as obtained also using the AHNC approximation [32,33,35] , indicates that
the solvent effects on the ion distribution are a crucial ingredient in the origin of hydration
forces [29,43]. The semi-quantitative agreement of our results with the AHNC approximation
indicates that our formalism captures the important effects and suggests its further application

in non-planar geometries, where the AHNC approximation is too difficult to apply.

3.A Derivation of the pressure

The free energy of the system is given by the sum: Q = Qpp + AQ with Qpp and AQ defined

as follows:

d 2 d
£ dv C;
[9) = — —_— T i ([ In——1
PB 5 /. (dz) dz + kB /Ozi:c(nc >dz
1 d d
AQ = kT ) / dz/ d2’ ci(2)e;(2') By (2' — 2) (3.36)
7 o 0

We now imagine that the separation between the two plates is increased from d to d + dz by
adding a ‘slice’ of width dz between the planes zy and zy + dz. We map the regions 0 < z < zg
and zg < z < d in the original system to the regions 0 < z < zg and 29+ 6z < 2 < d+ 6z in

the modified system, respectively. We then have:
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d d
€ d¥ dv C;
g = — | de (S )o (5 ) +keT [ d2 Y dem
PR (d) (dz)+3/0 FNYT

g dw 2 C;

The first term can be integrated by parts. With the conventions described above, the

boundary terms can be written as follows:

zZ0 d
v 21 L gs WP
dz |, dz -
d\I’new d\II d\I’new d\I/
= U(z) { 1z (20) — E(ZO) I (20 +02) + E(ZO)
A2
= —\I/(zo)@(zo)éz (3.38)

where use of the boundary conditions at z = 0 and z = d has been made. Using this relation

and the Poisson equation (3.5), we obtain:

e (dT\? e
(SQPB = Iz [Z ei\IJCi + g (§> + kBTZCi <1nz _ 1>‘|
T i %0
d .
+/ dz ) de; {ei\II +kpTIn f] (3.39)
0 i

To compute JAQ, AQ can be separated to the following three terms:

AQ = %kBTZ/ dz/ d2’ ¢;(2)ej(2")Bij (2" — 2)
7 Jo 0
1 d d
+§kBTZ/ dz/ d2’ ¢;(2)ej(2")Bij (2" — 2)
i,j zZ0 zZ0
zZ0 d
—l—k;BTZ/ dz/ dz’' ¢i(2)cj(2")Bij (2" — 2) (3.40)
i.j 0 Z0

The variation of ¢; in these three terms gives:

d d
SAQ, = kBTZ/ dz/ dz’¢;(2)dc;(2")Bij (2 — 2) (3.41)
= Jo 0

The variation of the third term in Eq. (3.40) gives two additional contributions, one from the

variation of B(z' — z) under the insertion of the ‘slice’ at z:
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20 d dB.:

dAQy =62 - kBTZ/ dz/ dz’ ¢;(2)cj(2)) 1 (2~ 2) (3.42)

i,j 0 z0 z
and the other from the integration over the ‘slice’ itself:
d
5A93 =0z kBTZ/ dz Ci(Zo)Cj(Z)Bij(Z - Zo) (343)

— Jo
J

Summing up all the contributions to 62 we have:

5O = 6O+ 0AQ + SAQ + 6AQ,
e (AU’ ci(2o)
= 52’2 ci(z0) % — | (20) +€;¥(20) + kT |In -1

81 \ dz ¢

K3

d
+kBTZ/O dzcj(z)Bij(z — 20)

¢ Ci\z ¢ / / /
—|—/O dz 27:507(3') X {eﬂl’(z)—i—kBTln 2)—|—kBT2j:/O dz' ¢;j(2")Bij;(z —z)}

z0 d .
+0z kBTZ/ dz/ dz’ ¢;(2)ej(2)) ddBZ” (z' = 2) (3.44)
Zj 0 zZ0

Using the equilibrium equation (3.7) this reduces to:

5Q e [(dT)?
_E = kBTzi:Ci(ZO) — 8_71' <E>

kT e [ 4 (e, () B 3.45
B ; z 2" ci(2)ej(2) P (2" = 2) (3.45)
ij 20

20

This result can be readily generalized to the case of several ion species, as in Eq. (3.18).
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Symbol Legend (Chapters 2—3)

Cb,i

dhyd

Inverse thermal energy, 1/(kpT).

Dielectric constant.

In(c/€0).

Lagrange multiplier relating ¥ and c;.
Debye length, \p = (87lpcy) /2.
Chemical potential of ion species i.

Free energy [Energy].

Electrostatic potential.

Fixed charge distribution of immobile charges [charge/unit volume].
Surface charge density of charged plate [charge/unit area).
Effective surface charge.

Fugacity of ion species 1.

Fugacity of 1:1 salt.

Eq. (2.24).

Eq. (2.28).

Gouy-Chapman length, b = ekpT/(27e|o]).
Effective Gouy-Chapman length.

Local concentration of ion species i.

Bulk concentration of ion species 1.

Bulk concentration of 1:1 salt.

Separation between charged plates.

Range of hydration interaction.

Charge of ion species 3.

Electron (unit) charge.

Hamiltonian.

Bjerrum length, Ip = €%/(ckpT).

Molar (Mol/Liter).

Pressure.

Short-range interaction between ion species ,j
Weighted ion-ion interaction, Eq. (2.17).
In(c/cpB).

Valency ion species 1.

normal coordinate to charged plane.
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Chapter 4

Test charge model for the electric
double layer

The following chapter deals with ion-ion correlation effects in the planar electric double layer.t
We present a model for the ion distribution near a charged surface, based on the response
of the ions to the presence of a single test particle. Near an infinite planar surface this model
produces the exact density profile in the limits of weak and strong coupling, which correspond to
zero and infinite values of the dimensionless coupling parameter. At intermediate values of the
coupling parameter our approach leads to approximate density profiles that agree qualitatively
with Monte-Carlo simulation. For large values of the coupling parameter our model predicts a
crossover from exponential to algebraic decay at large distance from the charged plate. Based
on the test charge approach we argue that the exact density profile is described, in this regime,
by a modified mean field equation, which takes into account the interaction of an ion with the

ions close to the charged plate.

4.1 Introduction

Interactions between charged objects in solution are determined by the distribution of ions
around them. Understanding these distributions is thus of fundamental importance for theo-
retical treatment of water soluble macromolecules such as polyelectrolytes, charged membranes,
and colloids [2,3]. In recent years, much interest has been devoted to correlation effects in ionic
solutions and to attempts to go beyond mean field theory in their treatment. In particular it
has been realized that such effects can lead to attractive interactions between similarly charged

objects, as was demonstrated in theoretical models [4-11], simulation [6,12-15] and experi-

IThe material presented in this chapter was published in Ref. [1].
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Figure 4.1: Schematic description of the double layer model considered in this work. An infinite
charged plate having a uniform surface charged density o is immersed in a dielectric medium having
dielectric constant € on both sides of the plate. The charge of the plate is neutralized by point-like
counterions, carrying each a charge e. These ions are confined to the positive z half space, where
z = 0 is the plane occupied by the plate. In thermal (kpT') units the interaction between two ions
is given by I5/r, where r is the distance between the ions and Il = ¢%/(ckpT) is the Bjerrum
length.

ment [16-20].

Despite the theoretical interest in ion correlation effects, they are not fully understood
even in the most simple model for a charged object surrounded by its counterions, shown
schematically in Fig. 4.1. The charged object in this model is an infinite planar surface localized
at the plane z = 0, having a uniform charge density o. The charged plate is immersed in a
solution of dielectric contact £ and is neutralized by a single species of mobile counterions (there
is no salt in the solution). These counterions are confined to the half space z > 0 and each one
of them carries a charge e, which is a multiple of the unit charge for multivalent ions. The ions
are considered as point-like, i.e., the only interactions in the system, apart from the excluded
volume at z < 0, are electrostatic.

The system described above is characterized by a single dimensionless coupling parameter
212

2medo

= TR (4.1)

(1]

where kgT is the thermal energy. At small values of this coupling parameter the electrostatic
interaction between ions is weak. As a result, in the limit = — 0 mean field theory is exact,

as can be formally proved using a field-theory formulation of the problem [21]. Correlations

2A related dimensionless parameter is I', conventionally defined for the two dimensional one component
plasma (see Ref. [10]). This parameter is related to = as follows: = = 2I'2.
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between ions close to the charged plate play a progressively more important role with increase
of the coupling parameter. From Eq. (4.1) one sees that this happens with an increase of the
surface charge, with decrease of the temperature or dielectric constant, and with increase of
the charge or, equivalently, the valency of counterions. The model of Fig. 4.1 thus provides an
elementary theoretical framework for studying ion correlation effects near charged objects, with

no free parameters other than =, which tunes and controls the importance of ion correlations.

In recent years two theoretical approaches were proposed for treatment of the strong cou-
pling limit = — oo. The first approach [10] is based on properties of the strongly coupled,
two dimensional one component plasma, and emphasizes the possibility of Wigner crystal like
ordering parallel to the charged plane. The second approach [11] is formally an exact, virial
type expansion applied to a field-theory formulation of the partition function. Both of these
approaches predict an exponential decay of the ion density distribution in the strong coupling

limit, leading to a more compact counterion layer than in mean field theory.

Although the form of the density profile is established in the two limits = — 0 and = — oo,
its behavior at intermediate values of the coupling parameter is still not clear. Liquid-state
theory approaches such as the AHNC approximation [22] can probably be used in this regime,
but in practice they were applied in the literature only to relatively small values of the coupling
parameter, usually also including ingredients other than those in the model of Fig. 4.1 — such
as finite ion size, added salt, or an interaction between two charged planar surfaces. The
infinite planar double layer with no added salt (Fig. 4.1) was recently studied using Monte-
Carlo computer simulation [14], providing detailed results on the counterion distribution in a
wide range of coupling parameter values. These results validate the expected behavior in the
weak and strong coupling limits. In addition they provide new data at intermediate values of

the coupling parameter, to which theoretical approaches can be compared.

We propose, in the present work, a new theoretical approach for treating the distribution of
counterions near the charged plate. This approach is based on an approximate evaluation of the
response of the ionic layer, to the presence of a single test particle. While an exact evaluation of
this response would, in principle, allow the distribution of ions to be obtained exactly, we show
that even its approximate calculation provides meaningful and useful results. In the limits of
small and large = the exact density profile is recovered. At intermediate values of the coupling
parameter our approach agrees semi-quantitatively with all the currently available simulation

data.

The outline of this work is as follows. In Sec. 4.2 we present the model and discuss why
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it produces the exact density profile in the weak and strong coupling limits. In Sec. 4.3 we
present numerical results for the density profile close to the charged plate, and compare them
with simulation results of Ref. [14]. Numerical results of our model, further away from the
charged plate, where there is currently no data from simulation, are presented in Sec. 4.4, and
scaling results are obtained for the behavior of our model in this regime. Finally, in Sec. 4.5
we discuss the relevance of our model’s predictions, at small and large z, to the exact theory.

Many of the technical details and derivations appear in the appendices at the end of this work.

4.2 Model
4.2.1 Scaling

Consider the system shown in Fig. 4.1, with the parameters o, e, € defined in the introduction.
We will first express the free energy using the dimensionless coupling parameter =. In the
canonical ensemble the partition function can be written as follows (z; is the z coordinate of
the i-th ion):
1 N 3 N Zi IB
exp(—FN):m/Hd r; exp —Z;—Zm (4.2)
i=1 i=1 §>i

where g = e2/ckpT is the distance at which the Coulomb energy of two ions is equal to
the thermal energy kpT, and u = e/(2wlgo) characterizes the bare interaction of an ion with
the charged plane. These quantities, the only two independent length scales in the problem,
are known as the Bjerrum length and Gouy-Chapman length, respectively. We rescale the

coordinates by the Gouy-Chapman length:

yielding exp(—Fy) = ()3 exp(—Fy), where

N N
~ 1 _ B
exp(—FN) = ﬁ /HdBI'i exp | — Z,Zi — W (44)
=1 ‘ ; 1t J

and the ratio

_ls
- (4.5)

is the coupling parameter that was previously defined in Eq. (4.1). The requirement of charge

—
—

neutrality is: N/A = o/e, where A is the planar area. Hence the number of ions per rescaled

unit area is equal to:

| =
—_

= o (4.6)

1]
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where A = A/p?. The local density of ions in the rescaled coordinates is equal to 5(r) = up(r).
Due to symmetry this density depends only on Z and it is convenient to define a normalized,

dimensionless, density per unit length:
(%) = 2rlpu’p = 2n=p (4.7)

having the property:
/ dza(z) =1 (4.8)
0
as seen from Eqgs. (4.6) and (4.7). From here on we will omit the tilde symbol (~) from all

quantities, in order to simplify the notations. In order to express physical quantities in the

original, non-scaled units, the following substitutions can be used:

r — r/u (4.9)

n — 2xmlpp’p (4.10)

We will also omit the subscript N from the free energy Fy, implying that N is determined by

charge neutrality.

4.2.2 Known results in the limits of small and large =

We briefly review some known properties of the ion distribution in the limits of small and large
= (for a more complete discussion, see Ref. [11]). In the limit of = — 0 mean field theory
becomes exact. The density profile is obtained from the Poisson-Boltzmann (PB) equation and

decays algebraically, having the form [23]

an(Z)Z ( L (4.11)

z+41)2
Within the adsorbed layer ions form a three dimensional, weakly correlated gas: the electro-
static interaction between neighboring ions is small compared to the thermal energy. This
last statement can be verified by considering the density of ions at contact with the plane,
ppB(0) = 1/(27E) [see Egs. (4.7) and (4.11)]. The typical distance between neighboring ions is
thus of order Z'/2. In the non-scaled units this distance is much larger than [z, which validates
the statement that ions are weakly correlated: El/gu = =Z72/3]5 > lg. Note also that this
typical distance is small compared to the width of the adsorbed layer (Gouy-Chapman length):

EV3 < .
In the opposite, strong coupling (SC) limit of = > 1, the density profile decays exponentially,

ngc(z) = exp(—=2) (4.12)
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The width of the adsorbed layer is still of order p in the non-scaled units, but is now small
compared to {p. Equation (4.6) indicates that the average lateral distance between ions is then
of order Z'/2. This distance is large compared to the width of the ionic layer, /24 > p. On
the other hand it is small in units of the Bjerrum length: ='/2y = 2-1/2]p <« Ip. The ions
form, roughly speaking, a two-dimensional sheet and are highly correlated within this adsorbed

layer. The typical lateral separation between ions, Z!/2, is an important length scale in the

strong coupling limit, and will play an important role also in our approximated model.

At sufficiently large values of = it has been conjectured (but not proved) that ions form a
two-dimensional, triangular close-packed Wigner crystal parallel to the charged plate. Based
on the melting temperature of a two dimensional, one component plasma, one can estimate
that this transition occurs at £ 2 31,000 [10,14]. Furthermore, the ion-ion correlation function
is expected to display short range order similar to that of the Wigner crystal even far below
this transition threshold. The exponential decay of Eq. (4.12) was predicted, based on these
notions, in Ref. [10]. The same result can be obtained also in a formal virial expansion [11],
which is valid for large = but does not involve long range order parallel to the charged plate at

any value of Z.

Finally we note two general properties of the density profile that are valid at any value of
=. First, the normalized contact density n(0) is always equal to unity — a consequence of the
contact theorem [24] (see also Appendix 4.D). Second, the characteristic width of the adsorbed
layer is always of order unity in the rescaled units. These two properties restrict the form of
the density distribution quite severely and indeed the two profiles (4.11) and (4.12) are similar
to each other close to the charged plane. Far away from the plate, however, they are very
different from each other: at z > 1 the probability to find an ion is exponentially small in the
SC limit, while in the weak coupling limit it decays only algebraically and is thus much larger.
Furthermore, in the weak coupling case, moments of the density, including the average distance

of an ion from the plate, diverge.

Although the form of the density profile is known in the limits of small and large =, two
important issues remain open. The first issue is the form of the density profile at intermediate
values of E. At coupling parameter values such as 10 or 100 perturbative expansions around the
limits of small or large = [11,21] are of little use, because they tend to give meaningful results
only at small values of their expansion parameter. Such intermediate values are common in
experimental systems with multivalent ions, as demonstrated in Table 4.1. Second, even at

very small or very large = the respective asymptotic form of n(z) may be valid within a limited
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o(e/A?)  pwA) E(-e) E(4-e)

Cell membrane 0.002 10 0.6 40
DNA 0.01 2 3 200
Mica 0.02 1 6 400

Table 4.1: Characteristic values of o, 1 and = for several representative macromolecules. Values
of E are shown for two cases: monovalent counterions (1-¢) and 4-valent ones (4-¢). The Gouy-
Chapman length p corresponds to monovalent ions. The cell membrane charge density is estimated
assuming that 10% of the lipids in the membrane are charged. The surface charge of DNA is
estimated from the linear charge density along the DNA contour, equal to 1/1.7¢/A, and assuming
a radius of 10A. For Mica full dissociation of charged groups is assumed. In all three cases the
Bjerrum length is taken as Iz = 7A, which corresponds to water at room temperature.

range of z values. In particular, for large = it is natural to suppose that sufficiently far away
from the charged plate the density profile crosses over from SC to PB behavior. Indeed, far
away from the plate the ion density is small, resembling the situation near a weakly charged
surface. The main objective of this work is to investigate these issues, both of which necessitate

going beyond the formal limits of vanishing and infinite =.

4.2.3 Test-charge mean field model

Our model is based on the following observation: the normalized density n(z) is proportional

to the partition function of a system where a single ion is fixed at the coordinate z:

1
n(z) = Eexp[—F(z)] (4.13)
where
N-1
L 3
exp[—F(z0)] = - 1)'/ d’r; x
’ =1
N—1 N-1 -
exp (—zo — 2z — = ; p
=1 i=1 g Z0
N = (4.14)
; lr; —r;
and
Z = dz exp[—F(z)] (4.15)
0

where the coordinate of the fixed (N-th) ion in Eq. (4.14) is zoz. Equations (4.13)-(4.15) are

exact and can be readily formulated also in the grand canonical ensemble.
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In the original coordinates F(zp) is the free energy of ions in the external potential:

2y s (4.16)
po = zoz|

exerted by the charged plane and fixed ion. Examination of Eq. (4.14) shows that in the rescaled

coordinates these are ions of charge v/Z in the external potential:

— [z + L] (4.17)

|r — zo2|

[1]

Our starting point for evaluating n(z) is the exact relation expressed by Eq.(4.13) but we
will use a mean field approximation in order to evaluate F'(zp). In this approximation the free

energy is expressed as an extremum of the following functional of ¢:

Fpp(zg) = é/d?’r{—%(V@)Q —A(z)e™ ¥

=

+ (p—Tn) {—%5@) +25(r - ZOQ)} }
Fseir (4.18)

where ¢ is the reduced electrostatic potential, 6(z) is the Heaviside function, and Fyes is an
infinite self energy which does not depend on zy. The derivation of Eq.(4.18) is given in
Appendix 4.A.

The mean field equation for ¢ is found from the requirement 6 Fpp/dp(r) = 0:

1 1
——V2p = M(2)e ™ — —6(2) + Z(r — 20%) (4.19)
47 21

This equation describes the mean field distribution of ions in the presence of a charged plane
of uniform charge density —1/(27) (second term in Eq. (4.19)) and a point charge = located at
r = 2oz (third term in Eq. (4.19)). In cylindrical coordinates the solution ¢ can be written as
a function only of the radial coordinate r and of z, due to the symmetry of rotation around the
z axis.

It is easy to show that at the extremum of Fpp the overall charge of the system, including
the charged surface, test charge and mobile counterions, is zero. The fugacity A has no effect
on the extremal value of Fpg; changing its value only shifts ¢(r) by a constant.

Equations (4.13) and (4.15), together with the mean-field approximation for F'(z) given by
Eqs. (4.18) and (4.19) constitute the approximation used in this work:

n(z) = %exp[—FpB(z)] (4.20)

where
Z:/O dz exp[—Fpp(2)] (4.21)

We will refer to this approximation as the test-charge mean field (TCMF) model.
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Figure 4.2: Density profiles, n(z), numerically calculated using the TCMF model of Egs. (4.19)-
(4.21), with Z = 0.1 (squares) and Z =10,000 (circles). The solid lines show the exact asymptotic
profiles in the low coupling, npg(z) = 1/(2+1)2, and in the strong coupling limit, nsc = exp(—2z).

4.2.4 Limits of small and large =

As a first example we present, in Fig. 4.2, density profiles obtained numerically from Egs. (4.20)-
(4.21) at E = 0.1 (circles) and at = = 10000 (squares). The continuous lines are the theoretically
predicted profiles at = — 0, npp(z) = 1/(z + 1)?, and at = — oo, nsc(z) = exp(—=z). The
figure demonstrates that the weak coupling and strong coupling limits are reproduced correctly
in our approximation. Before presenting further numerical results, we discuss the behavior of
our model in the two limits of small and large =.

Our discussion is based on the following exact identity:

d d 0
oy el =~ Flao) = = g (olmizal)| (4.22)

where (p(r; z9)) is the thermally averaged electrostatic potential at r, when a test charge is fized
at 2oz (the first argument of (¢(r; zo)) designates the position r where the potential is evaluated,
while the second argument designates the position of the test charge, z0z). In other words, the
gradient of In[n(zg)] is equal to the electrostatic force acting on a test charge positioned at
r = 29z. This equation does not involve any approximations and is proved in Appendix 4.B.

Within our approximation, where F'(zg) is replaced by Fpg(20), a similar equation holds
(also proved in the Appendix):

dizoln [n(20)] = —diZOFpB(zo) =— %ap(r;zo) _ (4.23)
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where ©(r; zo) is now the solution of Eq. (4.19). In other words, the gradient of In[n(zo)] is
equal to the electrostatic force experienced by a test charge positioned at r = z¢z, evaluated
using the mean field equation (4.19). This quantity,
0
F(z0) = 7-(r; 20) (4.24)
z r =20z
will be studied in detail below because of its important role within our model. With this

notation the relation between f(z) and n(z) reads:

d

)] =—-f(2) (4.25)

Using Eq. (4.25) we can understand why both the weak and strong coupling limits are

reproduced correctly in our model:

Weak coupling

In the limit Z — 0,

d

0
gw(r;zo) — g ¥es(2): (4.26)

where ppp(z) is the solution of Eq. (4.19) without a test charge, i.e., setting = = 0. We note
that the potential ¢ (Eq. 4.19) has three sources: the charge of mobile counterions, A0(z)e™%,
the uniformly charged plane, and the test charge. Although the potential due to the test charge
is infinite at r = 2(Z, its derivative with respect to z is zero and has no contribution in Eq. (4.26).
Using Eq. (4.25) we find:

d d

aln [n(z)] = —aappg(z) (4.27)

This equation, together with the normalization requirement for n(z) leads to the result:

n(z) = Zioexp[—gomz)] — (4.28)

Strong coupling

In the strong coupling limit, = — oo, a correlation hole forms in the distribution of mobile
counterions around the test charge at r = zpz. The structure and size of this hole, as obtained
from Eq. (4.19), will be discussed in detail later. For now it is sufficient to note that the
correlation hole gets bigger with increasing =. As E — oo the force at zpz due to the mobile
counterions vanishes, leaving only the contribution of the charged plane: (0/9z)¢(r; 20, E) — 1.
Hence in this limit

d

aln [n(z)] = -1 (4.29)
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f(z)
f(z)

Figure 4.3:  (a) Electrostatic force acting on a test charge, f(z), numerically calculated using
the mean field equation (4.19). Alternating solid and dashed lines show f(z) for & = 1, 10,
10%,10%, and 10%. The dotted lines show the PB and SC forms of f(z), fpp(z) = 1/(z + 1) and
fsc(z) = exp(—=2). (b) Comparison of f(z), calculated from Eq. (4.19) (solid and dashed lines,
same as in part (a)), with results from Monte-Carlo simulation [25], adapted from Ref. [14] (E = 1,
circles; = = 10, squares; = = 10%, diamonds; = = 10%, triangles). Values of f(z) are obtained from
simulation results for n(z) using the exact relation dlnn(z)/dz = — f(z). Numerical estimation of
the derivative of In [n(z)] results in relatively large error bars, which are shown as vertical lines.

leading to the strong coupling result:
n(z) = exp(—2z) (4.30)

where the prefactor of the exponent follows from the normalization condition, Eq. (4.8).

In the rest of this work we will explore predictions of the TCMF model at intermediate
coupling, where neither of the two limits presented above is valid. Before proceeding we note
that a similar discussion as above, of the weak and strong coupling limits, applies also to the

exact theory, because of Eq. (4.22).

4.3 Numerical Results and Comparison with Simulation

Results for f(z)

We consider first the behavior of f(z), defined in Eq. (4.24), close to the charged plate. Figure
4.3 (a) shows this behavior for = = 1, 10, 10%, 10* and 10* (alternating solid and dashed lines).
The curves were obtained from a numerical solution of the partial differential equation (PDE),
Eq. (4.19) (see Appendix 4.C for details of the numerical scheme). For comparison the weak
coupling (PB) and strong coupling (SC) limits are shown using dotted lines:

2

fre(2) = ] i fse(z) =1 (4.31)
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As = increases f(z) gradually shifts from PB to SC behavior. At Z = 10%, f(z) is very close to
1 within the range of z shown in the plot, although there is still a noticeable small deviation
from unity.

In Fig. 4.3(b) these results are compared with simulation data (symbols), adapted from
Ref. [14]. The value of f(z) was obtained from the simulation results for n(z) using the relation
dln[n(z)]/dz = —f(2).® Qualitatively our results agree very well with simulation. Note espe-
cially the gradual decrease of f(z) with increasing z for = = 100 (diamonds): this value of = is
far away from both the weak coupling and the strong coupling limits. The regime where f(z)
decreases linearly with z will be further discussed in Sec. 4.4.1.

It was previously conjectured [11] that for all values of = the SC limit is valid close enough
to the charged plane. We note, however, that at contact with the plane f(z) is different from
unity at small and intermediate values of Z. Hence it is not very meaningful to define a region
close to the plane where the SC limit is valid, unless = is very large. Values of f(z), extracted
from simulation data in Fig. 4.3 (b), suggest the same conclusion, i.e., f(z) does not approach
unity at contact with the plane. A more accurate measurement of f(z) in the simulation is

desirable because the error bars, as obtained in Fig. 4.3 (b), are quite large.

Results for n(z)

The density profile n(z) can be found numerically by integrating Eq. (4.25) and use of the
normalization condition (4.8).* Figure 4.2 already demonstrated that n(z) coincides with the
exact profiles, npp(z) and ngc(z), in the limits of small and large Z. Figure 4.4 (a) shows
the difference between n(z) and npg(z) for = = 1, 10, 102, and 10%, as calculated numerically
in the TCMF model (continuous lines). These results are compared with simulation data
(symbols) [14,25].

We first observe that the contact theorem is not obeyed in our approximation: n(0) —
npp(0) = n(0) — 1 is different from zero. This is an undesirable property, because the contact
theorem is an exact relation. The contact theorem is obeyed in the TCMF model only in the
limits of small and large =, where the density profile as a whole agrees with the exact form, and
the normalization condition (4.8) enforces n(0) to be correct. The violation at intermediate
values of = is finite, small compared to unity, and peaks at = between 10 and 100. At these

values of = the overall correction to PB is quite inaccurate at the immediate vicinity of the

3The numerical differentiation of In[n(z)] leads to large error bars because n(z), as obtained from the simu-
lation, is noisy. In principle f(z) could be evaluated more accurately during the simulation run by direct use of
Eq. (4.24), i.e. by averaging the electrostatic force acting on ions as function of their distance from the plane.

41t is also possible to find n(z) using Eqgs. (4.20)-(4.21), but integrating Eq. (4.25) is numerically more
accurate.
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(b)

0150} }

Figure 4.4: (a) Correction to the PB density profile, n(z) — npp(z), calculated numerically using
the TCMF model, as function of z (lines). For comparison, symbols show the correction obtained
from Monte-Carlo simulation [14,25]. Four values of = are shown (see legend), 1, 10, 102, and 10%.
(b) The density profile itself, n(z), on a wider range of z than in part (a) and using logarithmic
scales in both axes (lines - TCMF; symbols - MC simulation).

charged plate. On the other hand, at z larger than 1 our approximated results agree quite well

with simulation for all the values of =, as seen in Fig. 4.4 (a).

The violation of the contact theorem in the TCMF model can be traced to a non-zero net
force exerted by the ionic solution on itself (see Appendix 4.D). This inconsistency results from
the use of a mean field approximation for the distribution of ions around the test charge, while

the probability distribution of the test charge itself is given by Eq. (4.20).

It is possible to evaluate exactly the first order correction in = to the PB density profile in
the TCMF model, the details of which are given in Appendix 4.E. This correction turns out
to be different from the exact first order correction, which was calculated in Ref. [21] using a
loop expansion up to one loop order (also shown in the Appendix). It is important to note,
however, that the latter correction provides a useful result only for relatively small values of =.
At = of order 10 and larger TCMF results are much closer to simulation than those of the loop
expansion.

Further comparison with simulation is shown in Fig. 4.4 (b). Here we show the density
n(z) itself, rather than the difference with respect to npg(z). The data is shown on a larger
range of z than in part (a) and a logarithmic scale is used in order to allow small values of
n(z) to be observed far away from the plate. In the range shown the TCMF model agrees

semi-quantitatively with simulation.

As a summary of this section we can say that the test charge mean field (TCMF) model
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captures the essential behavior of the ion distribution at close and moderate distances from the
charged plate. Furthermore, all the available data from simulation agrees qualitatively with

our approximation’s predictions.

4.4 'TCMF results far away from the charged plate

Our analysis of the ion distribution far away from the charged plate is done, at first, strictly
within the context of the TCMF model, while a discussion of its relevance to the exact theory
is deferred to Sec. 4.5. The main question of interest is whether a transition to PB behavior
occurs at sufficiently large z, even for large values of =.

As a first step we will identify the important length scales characterizing the density distri-
bution. Let us concentrate first on the size of the correlation hole around a test charge. Naively
we may expect this size to be of order Z, due to the form of the bare potential, Z/|r — zpZ|.
A simple argument shows, however, that when the test charge is close to the charged plane
the size of the correlation hole is much smaller than =. Assume, roughly, that the mobile ion
density is zero within a cylindrical shell of radius R around the test charge. The amount of
charge depleted from this cylinder is then equal to R?/2, since the surface charge per unit area
is equal to 1/27 (see Eq. (4.19)). This depleted charge must balance exactly the charge of the
test particle, equal to Z, yielding a cylinder radius that scales as v/Z rather than as Z.

In order to put this argument to test, Fig. 4.5 (a) shows the density of mobile ions calculated
from Eq. (4.19) with a test charge at zp = 1, having = = 1,000. The shape of the correlation
hole is roughly cylindrical and its radius is indeed of order v/Z ~ 30. The influence of the test
charge on its surroundings is very non-linear, with a sharp spatial transition from the region
close to the test charge, where the density is nearly zero, to the region further away, where
the effect of the test charge is very small. At larger separations from the plate the qualitative
picture remains the same, as long as 2y is small compared to vZ and provided that = > 1.

A very different distribution of mobile ions is found when zy is of order =, as shown in
Fig. 4.5 (b). The coupling parameter is the same as in part (a), = = 1,000, but the test charge
is now at zg = 1,000. Instead of showing directly the density of mobile ions as in part (a), the
figure shows the ratio between this density and npg(z) = 1/(z + 1)2. This ratio is now very
close to unity near the charged plane, where most of the ions are present. It is small compared
to unity only within a spherical correlation hole around the test charge, whose size is of order

—_
—
=

The above examples lead us to divide our discussion of the z dependence into two regimes:
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Figure 4.5: (a) Scaled density of ions around a test charge, positioned at zp = 1, as obtained
from Eq. (4.19). The cross designates the position of the test charge. In cylindrical coordinates
the density is a function only of z (horizontal axis) and r (vertical axis). Darker shading in the plot
means larger density (see also the legend on the right). The coupling constant is = = 1,000. For
7 larger than /Z the profile, as function of z, quickly converges to the PB profile, npp(z) (b) A
similar plot as in part (a), but the test charge is now at zp = = = 1,000. Here the ratio between
the density and the PB profile is shown, rather than the density itself. This ratio is everywhere a
number between zero (black) and one (white). The effect of the test charge on the ion distribution
is large only within a correlation hole around the test charge, having approximately a spherical shape
and a radius of order =.

441 z<+V=

In order to justify use of the cylindrical correlation hole approximation within this range, let

us assume such a correlation hole and calculate the force acting on the test charge:

OF /0 4 s (s P (4.32)

E+ (2 — 2)?

where npp(z’) is given by Eq. (4.11), the radius of the cylindrical region from which ions are
depleted is taken as v/Z, and the expression multiplying npp(z’) is the force exerted by a
charged sheet having a circular hole of radius v/Z and positioned in the plane z’. Figures 4.6
(a) and (b) show a comparison of this approximation (dashed lines) with that obtained from a
full numerical solution of Eq. (4.19) (solid lines). The coupling parameter is equal to 10,000 in
(a) and to 100 in (b). In both cases the approximation works well up to zo ~ v/Z. In Fig. 4.6 (c)
the force acting on a test charge at contact with the plane, f(0), is shown for five values of
= between 1 and 10,000 (symbols), and compared with the approximation of Eq. (4.32) (solid
line). Note that Eq. (4.32) is not a good approximation when Z is of order unity or smaller,

since the correlation hole is then small compared to the width of the ion layer.
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Figure 4.6: (a), (b) Comparison of the approximation to f(z) given by Eq. (4.32) (dashed line),
with a full numerical solution of the PDE (solid line). The coupling parameter Z is equal to 10,000
in (a) and to 100 in (b). Note that the approximation shown in the dashed line is good up to a
distance from the plate equal to about v/Z in both cases. A distance of v/Z from the charged plate
is designated by the vertical dotted lines. Part (c) shows a comparison of f(0) in the approximation
given by Eq. (4.32) (symbols) and in the exact PDE solution (solid line) for a wide range of E
values.



176 TEST CHARGE MODEL

4.4.2 z>+Z=

When the test charge is far away from the plane, its effect close to the charged plate is small,

suggesting that a linear response calculation may be applicable:
f(z) = fee(2) + Ef1(2) (4.33)

The first term in this equation is the PB value of f(z), while f1(z) can be calculated using

previous results of Ref. [21]:
_ ldg(x») 1
hz) = 2 dz  4(z+1)3 X {&Z
— (1+i)et—2 [1— 24 (1-2i)2" + 27

xEdl+ﬁd} (4.34)

where g(z) was defined in Ref. [21] and is given by Eq. (4.79), and E;(z) is the exponential-
integral function [26]. We prove the first equality of Eq. (4.34) in Appendix 4.E. Figure 4.7
shows f1(z) (solid line) together with its asymptotic form for large z (dashed line),

3

Note that the asymptotic form of Zf;(z) has the same 2z dependence as the electrostatic force
exerted by a metallic surface, equal to =/(42?) in our notation, but the numerical prefactor is
different.

Although the influence of the test charge is small near the surface, its influence on ions
in its close vicinity is highly non-linear and definitely not small. Hence the applicability of
Eq. (4.33) is far from being obvious when Z is large. We check this numerically by calculating
f(z) — fre(2) and comparing with Zf;(z). The results are shown in Fig. 4.8 (a), for 5 values of
=: 1, 10, 102, 103, and 10%.

For each value of Z the ratio (f — fpp)/(Zf1) (shown in the plot) approaches unity as z is
increased, showing that Eq. (4.33) does become valid at sufficiently large z. The approach is,
however, rather slow: a value close to unity is reached only when z > =. At z = Z the ratio
is approximately equal to 0.6 in all five cases. We conclude that the linear approximation of
Eq. (4.33) is applicable only for z > =. Note that at these distances from the charged plate
the linear correction itself is very small compared to the PB term,

=fi(z) 3Zz+1 32
~ — ~—— 1 4.
fee(z) — 422 2 8z < (4.36)
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Figure 4.7:  First order (linear) term in an expansion of f(z): f(z) = fea(2) + Ef1(2) + ...,
Eq. (4.34), as obtained from the loop expansion of Ref. [21]. The dashed line shows the asymptotic
form of f1(z) at large z, fi(z) ~ 3/(42%).
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Figure 4.8: Comparison between the correction to f(z) relative to fpp(z), with the linearized
expression Zf1(z). In (a) the ratio [f(z) — fee(2)]/[Ef1(2)] is shown as function of z for five
different values of Z: 1, 10, 102, 103, and 10* (see legend in part (b); symbols show the same
quantity as the solid line and are displayed in order to distinguish between the five lines). The ratio
approaches unity at z much larger than =. In (b) the same data as in (a) is shown as function of
z/2, leading to an almost perfect collapse of the five data sets on a single curve.
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Figure 4.9: Same data as in Fig. 9(b), shown using a logarithmic scale in the horizontal (z/Z)
axis. The approximated collapse of the different data sets, corresponding to different values of =,
is seen to be valid only in the regime z > VE. The vertical arrows mark z = 1.5v/= for = = 1, 10,
102, and 102, above which the scaling (4.3) is approximately valid.

where we also assumed that z > 1 and used Eq. (4.35).
Further insight on the results shown in Fig. 4.8 (a) is obtained by noting that all of them
approximately collapse on a single curve after scaling the z coordinate by =. This curve, denoted

by h(z/ZE), is shown in Fig. 4.8 (b):

f(2) = fon(=) = Efi(2) x b (£) (4.37)

In order to demonstrate at what range of z values this scaling result is valid the same data is
shown in Fig. 4.9 using a logarithmic scale in the horizontal (z/Z) axis. It is then seen clearly
that (4.37) holds for z/= larger than a minimal value, which is proportional to =12, The
vertical arrows designate z/= = 1.5/ VZ for each value of Z, approximately the point where
the scaling becomes valid. Returning to consider z itself, we conclude that (4.37) holds for
z > 1.5v/Z. This result justifies the separation of the z dependence into two regimes, z < vZ

and z > VZ.
We finally turn to consider the ion density n(z). Using Egs. (4.35) and (4.37) we can write
~Tn) = 1)~ fen(a) + =5 (2) 0 () (1.35)

=) 4 =) =
= = =

which leads, upon integration, to the approximate scaling result,

n(z) ~ CO(E)ﬁn (%) (4.39)
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Figure 4.10: Scaled ion density, n(z) calculated using the TCMF model, shown for five different
values of = (solid lines, top to bottom): 1, 10, 102, 10, and 10*. A logarithmic scale is used
on both axis, allowing the behavior far away from the charged plate to be seen. The dashed lines
show npp(z) (upper dashed line) and ngc(z) (lower dashed line). At z > E the density profile is
proportional to npg(z), with a prefactor whose logarithm scales as v/Z. To demonstrate this the
horizontal arrows mark the value of exp(—O.S\/E) x npp(10%) for = = 10, 102, 103, and 10%. The
prefactor 0.8 is an approximate fitting parameter.

where

(4.40)

!

)] = =3 [ aur 202
The prefactor ¢o(Z) depends, through the normalization condition, on the behavior of n(z)
close to the charged plane where the scaling form of Eq. (4.39) is not valid. Equation (4.39) is
indeed validated by the numerical data and applies for z > vZ and Z > 1.

The density itself, n(z), is plotted in Fig. 4.10 using a semi-logarithmic scale, for = = 1,
10, 102, 103, and 10%. At z > = n(z) is proportional to npp(2), as expected from Eq. (4.39).
The prefactor cq is extremely small for large =. We recall that ¢y is mainly determined by the
behavior close to the charged plane, where f(z) is of order unity up to z < VZ. Following this
observation we can expect In[co(Z)] to scale roughly as v/Z. This estimate is validated by the
numerical results and is demonstrated in the figure using the horizontal arrows. For = = 10,

102, 10, and 10* these arrows show an estimate for n(z) at z = 10*, given by
npp(z) x exp(—0.8VE)

in very good agreement with the actual value of n.
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4.5 Further Discussion

At this point we may ask to what extent our results represent the behavior of n(z) in the exact
theory. Before discussing this question we turn our attention for a moment to the system that
our problem was mapped into in Eq. (4.19) — that of a single ion of valence Z in contact with
a charged plane and its monovalent counterions. The results of Sections 4.3 and 4.4 can be
regarded as exact for such a system, provided that the monovalent ions are weakly correlated
(having, by themselves, a small coupling parameter as determined from their charge and that
of the planar surface). These results are thus of direct relevance to the interaction of a large
multivalent macroion with a charged surface that is immersed in a weakly correlated solution
of counterions.

Returning to the original question, we separate our discussion according to the scaling results

of the numerical analysis:

451 z<+V=

When E is very large a test charge at z < v/Z is essentially decoupled from the rest of the
ionic solution, feeling only the force exerted by the charged plane. This is the reason why an
exponential decay, n(z) ~ exp(—z), is obtained in our model, as well as in simulation and in the
perturbative strong coupling expansion of Ref. [11]. However, at intermediate values of = such
as 10, 100, or 1000 our results show that this exponential decay is only a rough approximation.
The decoupling of a test charge from the rest of the ions is only partial, even at z = 0, leading
to a value of f(z) that is (¢) larger than unity at z = 0 and (i) considerably smaller than unity
at z = v/Z. Both of these predictions are validated by simulation, as shown in Fig. 4.3 (b).
The quantitative agreement in f(z) between our model and simulation is surprisingly good,
considering that the ionic environment surrounding the test charge is different in our approxi-
mation, compared to the exact theory. This good agreement can be attributed to the correct
length scales that characterize the approximate ionic environment: v/Z in the lateral direction,
and 1 in the transverse direction. Indeed, in the lateral direction our results can be compared
with pair distributions that were obtained in Monte-Carlo simulation [14]. The pair distribu-
tions found in the simulation are characterized by a strong depletion within a correlation hole
having diameter of order v/Z, in great similarity to Fig. 4.5 (a). What is not captured by our
approach is that multiple maxima and minima exist at = > 100.° Nevertheless, even at the

very large coupling parameter value = = 10* these oscillations decay quite rapidly with lateral

5In principle, a more accurate evaluation of the pair distribution function, possibly capturing its oscillatory
nature, may be obtained from an approach similar to the TCMF with two test charges instead of one.
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distance, and we can still say that the TCMF model captures the most significant feature of

the pair distribution (namely, the structure of the correlation hole).

4.5.2 z>+Z=

Throughout most of this section we concentrate on the case z > =, while a short discussion of
the range vZ < z < Z is presented at the end of this section.

Our model predicts a transition to algebraic decay of n(z) at z 2 Z. Similar predictions
were made in Ref. [10] and in Ref. [14], where it was estimated that mean field results are valid
for z > ZIn= based on a perturbative expansion around mean field. There are currently no
available results from simulation in this regime.

A mean field behavior is obtained in our model in the sense that

1

f(2) = fee(2) = o

(4.41)

decays as 1/z for large z. Nevertheless the finer details in our results do not match the form
predicted by PB theory. The starting point for the following discussion is an hypothesis that
sufficiently far from the plate the exact density follows a PB form,

_
(z+0)?

where b (or pb in the original, non-scaled coordinates) is an effective Gouy-Chapman length,

Nasym (2) = (4.42)

characterizing the ionic solution far away from the plate.

The asymptotic density profile found in our approximation, n(z) = ¢(Z)/(z+1)?2, is different
from Eq. (4.42). To understand this difference let us explain first the asymptotic behavior of
f(2): it decays in the TCMF model as 1/(z + 1) because beyond the correlation hole the test
charge is surrounded by an ion density of the form npg = 1/(z + 1)2. This form is different
from the profile n(z) that is eventually obtained by integrating f(z) — an inconsistency which
is the source of the difference between f(z) in our approximation and the hypothesized form
f(z) ~1/(z +b) (see also the discussion in Appendix 4.D).

The behavior of our approximate f(z) leads to a decay of n(z) of the form 1/(z + 1)2. The
normalization condition for n(z) is then enforced through a small prefactor ¢(Z). In comparison,
in the hypothesized form (4.42) the prefactor must be 1 and the normalization is achieved by a
large value of b. Note that b must be an extremely large number for large values of =: due to
the exponential decay of n(z) at z < v/Z the logarithm of b must be at least of order v/Z.

Further insight on the behavior at z > = can be obtained using the exact equation (4.22):

d

inln(z)] = —(2) (4.43)
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where f(z) is now the mean (thermally averaged) electrostatic force acting on a test charge at
distance z from the plate, in the exact theory.

For the mean field form nasym (%) to be correct, the contribution to f(z) coming from the
influence of the test charge on its environment must be small compared to the mean field force,
which is given by 1/(z+0). Following our results from the previous section, the former quantity
is given by aZ/z2, where « is of order unity. Using the mean field equation (4.19) we obtained
a = 3/4; in the exact theory, and for large =, where ions form a much more localized layer close
to the plane than in mean field, it is plausible that o = 1/4, as in the force acting on a test
charge next to a conducting surface [10,14]. In any case, for Eq. (4.42) to represent correctly
the decay of n(z) we must have

aZ 1

<
z2 z+0b

(4.44)

leading to the result z > (Zb)'/2? which is exponentially large due to b. Up to this crossover
distance the decay of n(z) is dominated by the correlation-induced interaction with the ions
close to the plate.

We conclude that for a very large range of z values the decay of n(z) must be different
from Eq. (4.42). At the same time, a mean field argument is probably applicable, because the
density of ions is very small in this regime: we may presume that the contribution to f(z) can
be divided into two parts — one part, coming from ions far away from the plate, which is hardly
influenced by the test charge; and a second part, coming from ions close to the charged plate,
where the test charge influence on f(2) is given by a=/z2. This reasoning leads to the following

differential equation for n(z):

(4.45)

whose detailed derivation is given in Appendix 4.F. By defining n(z) = exp(—¢ + aZ/z)
Eq. (4.45) is recast in the form:

d2 =
d_z(f = —2exp (—(b + %) = —2n(2) (4.46)

showing that mean field theory is applicable, but an external potential —aZ/z, coming from
the ions close to the plate, must be included in the PB equation. In practice, for large = this
equation will lead to a decay of the form n(z) ~ exp(aZ/z) as suggested also in Refs. [10,14],
while a crossover to an algebraic decay will occur only at a distance of at least [Eexp(\/i)} 2

where Eq. (4.44) has been used and prefactors of order unity, inside and outside the exponential,

are omitted. A numerical solution of Eq. (4.46) may be useful in order to describe the ionic
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layer at intermediate values of = (of order 10 - 100), where both mean field and correlation-
induced forces are of importance at moderate distances from the plate. In order to test this
idea quantitatively more data from simulation is required.

Finally we discuss the case where z > v/Z but z is not large compared to Z. Let us also
assume that = is very large, so that most of the ions are much closer to the plate than a test
charge fixed at zz. Within the TCMF model the effect of the test charge on ions close to the
plate is nonlinear, leading to the scaling result of Eq. (4.37). Similarly, in the exact theory it is
not clear whether the correlation-induced force acting on the test charge is of the form aZ/z?,
since the effect of the test charge on ions close to the plate is not a small perturbation. Hence
we believe that the relevance of Eq. (4.46) for z < =, and the behavior of f(z) in this regime,

merit further investigation.®

4.6 Conclusion

In this work we showed how ion correlation effects can be studied by evaluating the response of
the ionic solution to the presence of a single test particle. Although we calculated this response
using a mean field approximation, we obtained exact results in the limits of small and large =,
and qualitative agreement with simulation at intermediate values.

The approach taken in this work demonstrates that for highly correlated ionic liquids it is
essential to treat the particle charge in a non-perturbative manner. Once a single ion is singled
out, even a mean field approximation applied to the other ions provides useful results. This
scheme, called the test-charge mean field (TCMF) model, provides a relatively simple approx-
imation, capturing the essential effects of strong correlations — to which more sophisticated
treatments can be compared.

Technically what is evaluated in this work is the ion-surface correlation function. Consider-
ation of correlation functions of various orders leads naturally to liquid state theory approxima-
tions [27], some of which are very successful in describing ionic liquids [22]. In particular these
approximations usually treat the ion-ion correlation function in a more consistent manner than
the approximation used in this work, thus possibly alleviating some of the undesirable features
of the TCMF model presented here, such as the violation of the contact theorem. The main
advantage of the TCMF model is its simplicity, allowing the behavior of n(z) to be understood

in all the range of coupling parameter values in terms of f(z), the force acting on a test charge.

6In order to improve over TCMF results it may by useful to treat mobile ions close to the plane as a two
dimensional layer, while going beyond the mean field approximation of the TCMF model in their treatment. The
response to the test charge at r = 202 may then help understand the decay of n(z) in the full three dimensional
problem, through Eq. (4.25). Such a calculation is beyond the scope of the present work.
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Furthermore, the exact equation (4.22), which does not involve any approximation, is a use-
ful tool in assessing correlation effects — as was done, for example, in this work in the end of

Sec. 4.5.

It will be useful to summarize the main results obtained in this work. First, the exact
equation (4.22) provides a simple explanation of the exponential decay of the density profile in
the strong coupling limit. In light of this equation, exponential decay is expected as long as the
test charge is decoupled from the rest of the ionic solution. Note that there is no necessity for
long range order to exist in order for the exponential decay to occur, as was emphasized also in
Ref. [10]. Indeed, within our TCMF model the ion distribution around a test charge does not
display any long range order (see Fig. 4.5 (a)) and yet simulation results, in particular in the

strong coupling limit, are recovered very successfully.

Second, the characteristic size of the correlation hole around an ion close to the plane,
VZ, plays an important role in determining the density profile. For very large Z the profile
decays exponentially up to z < v/Z, beyond which a crossover to a less rapid decay occurs.
For intermediate values of the coupling parameter z = v/Z is still an approximate boundary
between regimes of different behavior of n(z), but the density profile at z < VZ does not decay
in the simple exponential form exp(—z). In this sense one cannot speak of a region close to the

plate where strong coupling results are valid.

For z 2 Z our approximation predicts a transition to an algebraic decay of n(z), of the form
c(2)/(z+1)%, where the prefactor c(z) is exponentially small for large =. A different asymptotic
behavior of the form 1/(z + b)? is probably valid at very large z, but is not predicted by the
TCMF model. Arguments presented in Sec. 4.5, based on the exact equation (4.22), lead to
the conclusion that for large = the latter form (with a constant value of b) can only be valid at
extremely large values of z, while suggesting that at all distances from the plate larger than = a
modified mean field equation, Eq. (4.46), is valid. This equation, matched with the behavior of
the ion distribution close to the charged plate, ultimately determines the value of the effective

Gouy-Chapman length b.

Finally, as a by-product of the analysis of Sec. 4.4, we obtain scaling results for the inter-
action of a high-valent counterion with a charged plane immersed in a weakly correlated ionic
liquid. All the results of Sec. 4.4 and in particular the scaling form (4.37), valid for z > VZE,

can be regarded as exact in such a system.

Our approach can be easily generalized to more complicated geometries than the planar one,

although the practical solution of the PB equation with a test charge may be more difficult in
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these cases. Other natural generalizations are to consider non-uniformly charged surfaces and
charged objects in contact with a salt solution. Beyond the TCMF approximation of Egs. (4.19),
(4.20), and (4.21), the exact equation (4.22) always applies and can be a very useful tool for
assessing correlation effects near charged macromolecules of various geometries.

We conclude by noting that important questions remain open regarding the infinite planar
double layer, which is the most simple model of a charged macroion in solution. One such issue,
on which the present work sheds light, is the crossover from a strongly coupled liquid close to the
charged plate to a weakly correlated liquid further away. In particular, the precise functional
dependence of the effective Gouy-Chapman length b on Z is still not known. More simulation
results, in particular at large distances from the charged plate, and a direct evaluation of f(z)
from simulation, may be useful in order to gain further understanding and to test some of the
ideas presented in this work. Another important issue, which has not been addressed at all
in the present work, is the possible emergence of a crystalline long range order parallel to the
plane at sufficiently large values of the coupling parameter. Although plausible arguments have
been presented for the occurrence of such a phase transition at = > 3 x 10* [10], its existence

has not been proved.

4.A Mean field free energy

In this appendix we show how the mean field free energy (4.18) is obtained as an approximation
to F(z0), Eq. (4.14). We start from a general expression for the grand canonical potential of
an ionic solution interacting with an external and fixed charge distribution o(r). In the mean
field approximation [21, 28],

P S BT

~ 87ipq? q

. A@(r)e_¢(r)} (4.47)

where ¢ is the valency of the ions, X is the fugacity, O(r) is equal to 1 in the region accessible
to the ions and to zero elsewhere (equal in our case to 6(z), the Heaviside function), and
is given in units of kpT. Requiring an extremum with respect to ¢, the reduced electrostatic
potential, yields the PB equation which determines the electrostatic potential and the actual
value of 2. We use equation (4.47), which is given in the grand-canonical ensemble, because it
is widely used in the literature [21,28]. In Ref. [21] Eq. (4.47) is derived systematically as the
zero-th order term in a loop expansion of the exact partition function.

Inspection of Eq. (4.14) shows that it describes the free energy of an ionic solution interacting
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with an external charge distribution having the following parameters,

valency q =

—ié(z) + Zd(r — 202) (4.48)

Ext. potential  o(r) = 5
71'

(1] ‘ o

—_

Bjerrum length Ip =

In the second line (external potential) the first term comes from the uniformly charged plate
and the second term comes from the fixed test charge. Plugging these values in Eq. (4.47)
yields,

0 = é/d%{—giﬁ(wﬁ (=)o ¢
+ [—%6@) + E4(r — zoz)} } (4.49)

In order to obtain Eq. (4.18) two modifications are required. First, we need to return to the
canonical ensemble by adding uN to €2, where N is the total number of ions. Noting that
p = InX and that from charge neutrality ¢N = — [ d®ro(r), this modification yields the extra
term that is proportional to In A in Eq. (4.18). Second, we note that £ includes the Coulomb
self-energy of the charged plane and of the test charge. This infinite term does not depend on zg
and should be subtracted from € since it is not included in the definition of F'(zg), Eq. (4.14).

We finally note that the results of this Appendix can also be obtained directly from the

canonical partition function, as expressed by Eq. (4.14).

4.B Derivation of Identity (4.23)

We would like to evaluate the variation d Fpg(2)/020, where Fpp is given by Eq. (4.18). Note
that ¢ itself depends on zp. However the first derivative of Fpp with respect to ¢(r) is zero.

Hence the only contribution to d Fpg/dzp comes from the explicit dependence on zp:

5FPB[ZQ] o 1 / 3 = 8 N
570 = z d°r (¢ 1n)\)uazo O(r — 202)
_ (4.50)
0z r = Zoi

It is also instructive to derive this identity within the exact theory. Equation (4.14) can be

written as follows:

1 N-1
exp[—F(z0)] = T / H d®r; exp (—H.,{r;}) (4.51)
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Figure 4.11:  Schematic illustration of the setup used to solve numerically the PDE (4.19). The
equation is solved in a finite cylindrical cell, extending from —zyi, to zmax in the z axis and from
0 to R in the r axis. The charged plane is at z = 0 and ions are only present for z > 0. Neumann
boundary conditions (V-1 = 0) are imposed at the cell boundaries. The test charge is at r = 2¢2

where the N-th charge is fixed at r = z¢z:

N-1 N-1 - -
Hofry——a-3 -y —=__y _=_ (452)
o p i R j>i i —

Differentiating with respect to zy yields:

N—-1 —
0F(20) _ <8£;0> _ <_1 i Z M> (4.53)

dz0 =1 |I‘i — Z()2|3

where the averaging is performed over all configurations of the N — 1 ions with the weight

exp(—H,,{r;}). This quantity is the mean electrostatic field acting on a test charge at zoZ.

4.C Numerical scheme

Numerically solving a non-linear PDE such as (4.19) requires careful examination of the solution
behavior. The purpose of this section is to explain the numerical scheme used in this work, and

in particular the parameters required to obtain a reliable solution.

Finite cell

We solve Eq. (4.19) as a two dimensional problem in the coordinates r and z, making use of the

symmetry of rotation around the z axis. The problem is defined within a finite cell of cylindrical
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shape, shown schematically in Fig. 4.11. The negatively charged plate is at z = 0 and ions are
only allowed in the region z > 0, marked as the gray-shaded region in the plot.

We impose a boundary condition of zero electrostatic field,
Ve -n=0, (4.54)

at the cell boundaries: z = —zmin, 2 = Zmax, and 7 = R. The cell size, as determined by these
boundaries, must be sufficiently large, as will be further discussed below.

In the numerical solution it is necessary to solve ¢ for the electrostatic potential at positive
as well as negative z.” Note that a boundary condition such as (4.54) at z = 0 would correspond
to zero dielectric constant at z < 0, while we are interested in the case of continuous dielectric

constant across the plate.

Differential equation

The source term in Eq. (4.19) diverges at z = 0 and at r = zpz. We avoid this difficulty by
shifting the potential:

p=v+lal+ ——= (4.55)
|r — 22|

and solving for 1, which is the potential due only to the mobile ions. The equation for 1,

V2 = —47\0(2)exp (—w —z L) (4.56)

e — 202

is solved with a Neumann boundary condition for 1, derived from Egs. (4.54) and (4.55). Note
that, unlike ¢, 9 is well behaved at zpz. The nonlinear equation (4.56) can be solved by iterative

solution of a linear equation (see, for example, [29,30]),

V2, = —4wA0(z)exp (_wn_l L L)

r — zoZ|

x [l = (Y0 —n-1)] (4.57)
where 1),, represents the n-th iteration.

Grid and solution method

In the coordinates 7,z the cylindrical cell is a rectangular domain,

[07 R] X [_Zmina Zmax]~

"This situation is different from that of the PB equation with no test charge, in which the electrostatic
potential depends only on z. The boundary condition at z = 0, for the case of zero dielectric constant at z < 0,
is then sufficient in order to solve for the potential at z > 0.
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We use bi-cubic Hermite collocation [31] in this domain in order to translate the PDE into a set
of linear algebraic equations on a grid. These equations are then solved using Gauss elimination
with scaled partial pivoting. Storing the band matrix representing the linear equations requires
approximately 48 x N2 x N, memory cells, where N, and N, are the number of grid points in
the r and z directions, respectively [31]. Because this number can be very large, it is essential
to use a variably spaced grid in both of the coordinates. We use the following scheme:

r coordinate: In the absence of a test charge, an arbitrarily coarse grid can be used in the
r direction, due to the translational symmetry parallel to the charged plane. In our case (where
a test charge is present) the grid spacing is determined by the distance from the test charge, as

follows,

d_n = L7 (4.58)
dr T+ T'grid

where n, and 744 are two fixed parameters, while n stands for the grid point index and
dn/dr is the number of grid points per unit increment of the radial coordinate. This spacing
is approximately uniform up to the threshold rgiq, whereas for © > rgq it is proportional to
1/r. The grid points are then of the form
n

Ty = Fgrid X [exp <n—r> — 1} (4.59)
In practice rgriq is chosen approximately proportional to VZ, in order to allow the structure of
the correlation hole to be represented faithfully.

z coordinate: In this coordinate the grid spacing is influenced by the distance from the
charged plate as well as the distance from the test charge. We describe separately the spacing
determined from each of these two criteria; the actual grid is obtained by using the smaller of
the two spacings at each point.

(i) Distance from the plate: we use a grid spacing proportional to the derivative of ppp(z):

an 2
dz z+1

(4.60)

Ignoring, for the moment, the distance from the test charge, Eq. (4.60) leads to grid points of
the form

zn =exp(n-D) —1 (4.61)

where the parameter D is the grid spacing close to the charged plate. A similar scheme is used
in the negative z half-space.
(4) Distance from the test charge: we use a form similar to (4.58),

d 2
e (4.62)
dz |z — 20| + Zgria
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= Zmin Zmax R D Zgrid n. Tgrid Ny
104 104 10° 10° 0.2 5000 5 100 5
103 104 10° 10° 0.2 500 4 33 4
102 10° 10* 10* 0.2 50 4 10 4
10 103 10* 10* 0.2 5 4 3 4
1 4 x 102 4% 103 4 x 103 0.2 0.5 4 1 4
0.1 80 800 800 0.2 0.05 4 0.2 4

Table 4.2: Parameters used in numerical solution of the PDE.

In practice, the threshold zgiq is chosen proportional to Z, in contrast to 7giq Which is chosen

proportional to v/Z.

Parameters

The parameters that were used to obtain the numerical results presented in this work are
summarized in Table 4.2. We compared our results with those obtained with (a) Increasing
Zmin, Zmax, and R by a factor of 10; and (b) decreasing the grid spacing by a factor of 2, both
in the r and in the z coordinates. The influence of these changes was found to be negligible on

all the data presented in this work.

4.D Contact theorem

In this appendix we derive the contact theorem [24] in a way that highlights the reason why it

is not obeyed in our approximation. We start from an exact expression for the free energy,
o0
F = —ln/ dz" exp[—F(2")] (4.63)
a

where the charged plate is at z = a. This plate position can be chosen arbitrarily, hence

O0F/0a = 0:
_OF

0= 5a

=n(0) — /00 dz'n(z’)%—f(z’) (4.64)

a=0

where we used the relations

n(z) = exp[—F'(2)]

B fooo dz’ exp[—F(2)] (4.65)

and

(4.66)
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We now use Eq. (4.22) to obtain,
e 0
no) = [ ne) 5ty =0 (4.6
0 z r =202
The second term in this equation is the average electrostatic force acting on the ions per unit
area. This force can be separated into two contributions. The first one, exerted by the charged
plane, is equal to — [ dz’'n(z’) = —1 because the plane applies an electrostatic force which does
not depend on z’ and is equal to unity in our rescaled coordinates. The remaining contribution
to the force, exerted by the ions on themselves, must be zero due to Newton’s third law, leading
to the result n(0) = 1.
The discussion up to now was exact. It also applies to PB theory, where the self consistency
of the mean field approximation ensures that Newton’s third law is obeyed. On the other hand,

within our approximation the force exerted by the ions on themselves,

| e -1
0

is not zero. This inconsistency can be traced to a more fundamental inconsistency which is
briefly described below.
The probability to find the test charge at r = 2z and a mobile ion at r’ is proportional, in
our approximation, to
n(2)n(=)g(r,r') = n(=)exp [~ (s 2] (4.68)
In the exact theory the probability to find two ions at r and r’ must be symmetric with respect
to exchange of r and r’. On the other hand the correlation function g(r,r’), as defined above,
is not symmetric. In other words, the ion-ion correlation function in the TCMF model is not

symmetric.

4.E Small = expansion

The recovery of mean field results at small = was demonstrated and explained in Sec. 4.2. Here
we derive this result formally as an expansion in powers of Z. The advantage of this formal
expansion is that it allows us to find also the first order correction to the PB profile within our
model.

We expand ZFpg, Eq. (4.18), up to second order in =:
EFpp(20) = Fo + EF1(20) + E2Fy(20) + - - - (4.69)

The zero-th order term, Fjy, does not depend on zg and is the PB free energy of a charged plane

in contact with its counterions, without a test charge. In order to evaluate the following terms,
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we also expand ¢ in powers of =:
(15 20) = @o(r) + Ep1(r; 20) + E2pa(r; 20) + - - (4.70)
To zero-th order we have from Egs. (4.18) and (4.19):
Fy = /d3r {—%(v%)? — /\G(z)e_“’O(z)} (4.71)

where
2 = ’ 0 = —47)\0 0 4.72
Vieo =75 (2)e™% (4.72)

is the potential due to counterions in the PB approximation. The first order term in the
free energy, Fi, is found by expanding equation (4.18) in Z. This expansion includes two
contributions, the first from ¢, and the second from the explicit dependence on = in Eq. (4.18).
The first contribution vanishes because g is an extremum of the zero-th order free energy,

leaving only the second contribution:

Fi(zo) = / Bro(r)3(r — 202) = po(z0) (4.73)

Returning to our approximation for n(z), given by Eq. (4.20), we find that:

n(z) = %exp [—Fpp(2)] = %exp [—% — @0(2’)}
= Zioexp[—gao(z)] , (4.74)

where Zj is found from the normalization condition (4.21). To leading order in =, n(z) is equal

to the PB density profile, as expected:

1
(z+1)?

n(2) = nen(2) = o expl—po(2)] = (4.75)

Z
where Zj is a normalization constant. The next order term in the expansion of f can be found

on similar lines as Fi(z), and is equal to

1 .
FQ(Z()) = 55301 (Z()Z; Z()) (476)

where d¢ is the difference between the first order correction to ¢ and the bare potential of the

test charge:
1

Spr1(r) = ¢1(r) — It =702 (4.77)

The first order term in the expansion of ¢, ¢1(r;2¢) is the solution of the differential equation:

[V? —dmde™?°] o1 = —AmS(r — 202) (4.78)
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The function dpq(r) arises also in the systematic loop expansion of the free energy around the
mean field solution [21]. Tts value at r = 2% is given by [21]:
L X
2(20 + 1)2
{ie(lﬂl)ZOEl [(1 —i)z0] (14 iz)?

0v1(202;20) = g(20) =

—ie+D%0 By [(1+i)z0] (1 — i20)? — 420} (4.79)

where Ej[z] is the exponential-integral function [26]. Using Eqs. (4.20) and (4.76) we find that

up to first order in = the density profile is given by:

n(z) = npp(z) + En1(z) (4.80)
where
ny(z) = {Nl — %g(z)] npp(2) (4.81)

In this expression g(z) is given by Eq. (4.79) and N; is obtained from the normalization condition
(4.21):
1
N, = 3 /dzan(z)g(z) ~ —0.3104 (4.82)

Note that this is different from the exact expression for the first order correction in =,® which
is obtained in the loop expansion and is not reproduced here, but is shown in Fig. 4.12.

Figure 4.12 shows ni(z) as defined by Eq. (4.81) (solid line). The symbols show the cor-
rection to mpp calculated numerically from TCMF for = = 0.1 and scaled by 1/Z = 10. At
this small value of = the linearization provides a very good approximation for the correction to
npp(2).

The dashed line shows the exact first order correction in = to the ion density, obtained from
the loop expansion. Comparison of the solid and dashed lines shows that the TCMF model
does not capture correctly the exact first order correction. In particular, n(0) is different from
zero in our approximation; in the exact correction n1(0) = 0 as it must be due to the contact
theorem. It is important to realize that although the exact first order correction is useful for

values of = of order unity and smaller, the TCMF has a much wider range of validity for = 2 1.

Proof of Equation (4.34)

Our purpose here is to prove the first equality of Eq. (4.34),

_ 1dg(»)
T2 dz

f1(2) (4.83)

8See Eq. (64) and Fig. 4 in Ref. [21].
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Figure 4.12: First order (linear) correction in = to n(z), as obtained from the test charge mean field
approximation, Eq. (4.81) (solid line), compared to the exact first order correction calculated using
a loop expansion [21] (dashed line). The symbols show [n(z) — npp(2)]/Z calculated numerically
in the test charge mean field approximation with = = 0.1.

where the electrostatic field acting on a test charge is —(fpp(z) + Zf1(2) +...), i.e., fi(2) is
the first order term in Z. In order to do this, let us consider the correction to the mean field
potential due to an infinitesimal point charge of magnitude Z that is placed at r = 2z. We
designate this correction, evaluated at the point r’, as G(r,r’). This Green’s function is found

by solving Eq. (4.78) which reads, with a slight change of notation:
A 471'/\e7‘p0(r/)] G(r,r') = —47é(r — 1) (4.84)

The electrostatic field acting on the test charge is then — fpp(z) — Ef1(z), where

10 ey 1)
a 28zG(r’r) T2 dz

(4.85)

and g(z) is defined in Eq. (4.79). In the second step we used the symmetry of G(r,r’) to exchange
of r and r’; which follows from the fact that the operator acting on G(r,r’) in Eq. (4.84), as
well as the right hand side of that equation, are symmetric with respect to exchange of r and

r.

4.F Mean field equation at large z

We start from the exact identity (4.43) and would like to evaluate f(z) for a test particle placed

at sufficiently large z, assuming also that = is large. The mean field electrostatic force acting
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on the particle is given by

Fur(s) =1 — /0 " n() + / 4 n(e) (4.86)

where the first term on the right hand side is the contribution of the charged plane, the second
term is the contribution of ions between the plane and the test particle, and the third term is
the contribution of the other ions. Eq. (4.86) would describe the exact force acting on the test
particle had it not had any effect on the distribution of the other ions in the system. We need
to add to this force the contribution due to the influence of the test charge on the other ions.
Due to the exponential decay close to the plate the ion layer further than z = /Z is very
dilute. Hence it makes sense to include in the correlation-induced force only a contribution

from the ions close to the plate. Estimating this contribution as aZ/2% we conclude that

W) — ) = () - 2 (4.87)

Differentiation of this equation with respect to z yields Eq. (4.45):

d?Inn(z) 202

> (4.88)



Symbol Legend (Chapter 4)

€ Dielectric constant.

1 Gouy-Chapman length, u = e/(2rlgo).

%) Reduced electrostatic potential.

o Surface charge density [charge/unit areal.

= Coupling parameter, = = Ig/p.

b Effective Gouy-Chapman length, Eq. (4.42).

e Counterion charge (an integer multiple of the unit charge).

f(z0) Electrostatic field acting on a test charge at z02, Eq. ().

F[zo] Restricted free energy with a test charge at zpZ.

lp Bjerrum length, Ip = €2/(ckpT). Note that in this chapter e is the counterion
charge, and therefore /5 depends on the counterion valency.

n(z)  Local counterion density.

z Normal coordinate to the charged plane.
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Chapter 5

Onset of DNA Aggregation in
Presence of Monovalent and
Multivalent Counterions

In the following chapter, we address theoretically aggregation of DNA segments by multivalent
polyamines such as spermine and spermidine.! In experiments, the aggregation occurs above a
certain threshold concentration of multivalent ions. We demonstrate that the dependence of this
threshold on the concentration of DNA has a simple form. When the DNA concentration cpna
is smaller than the monovalent salt concentration, the threshold multivalent ion concentration
depends linearly on cpna, having the form acpna + 8. The coefficients a and 3 are related
to the density profile of multivalent counterions around isolated DNA chains, at the onset of
their aggregation. This analysis agrees extremely well with recent detailed measurements on
DNA aggregation in the presence of spermine. From the fit to the experimental data, the
number of condensed multivalent counterions per DNA chain can be deduced. A few other
conclusions can then be reached: ) the number of condensed spermine ions at the onset of
aggregation decreases with the addition of monovalent salt; i) the Poisson-Boltzmann theory
over-estimates the number of condensed multivalent ions at high monovalent salt concentrations;
iii) our analysis of the data indicates that the DNA charge is not over-compensated by spermine

at the onset of aggregation.

5.1 Introduction

Condensation and aggregation of DNA, induced by multivalent counterions, have been exten-

sively studied in the past two decades (for a review, see Ref. [3] and references therein). The

IThe material presented in this chapter was published in Refs. (1,2].
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Figure 5.1: Percent of solubilized DNA, as function of polyamine concentration: square symbols -
spermine, circles - spermidine. The solid and dashed lines are guides for the eye. DNA and NaCl
concentrations are 3mM and 25mM, respectively. Below the aggregation threshold, cager, and
above the re-dissolution threshold, cpeqissol, all the DNA is dissolved. The data is adapted from
Ref. [5].

term condensation usually refers to the collapse of a single, long DNA chain. Condensation plays
an important role in storage and packing of DNA; for example, in viral capsids [4]. Aggregation
of DNA is a closely related phenomenon, where multiple chains attract each other and form a
variety of condensed mesophases of complex structure [5,6]. In both phenomena multivalent
counterions play a crucial role, screening the electrostatic repulsion between charged strands of
DNA and mediating an effective attraction.

A variety of tri- and tetra-valent ions can induce aggregation and condensation, among them
the polyamines spermidine (3%) and spermine (41) [7-9], as well as cobalt-hexamine [10, 11].
In typical experiments on aggregation [5,12,13] multivalent ions are gradually added to a
solution with fixed concentration of DNA segments and monovalent salt. Two such examples
for spermine and spermidine are reproduced in Fig. 5.1 [5]. As the multivalent ion concentration
is raised above a certain threshold, DNA segments begin to aggregate, and precipitate from
the solution. Above the aggregation threshold, the DNA concentration decreases gradually
or abruptly, depending on various parameters such as the monovalent salt concentration and
total DNA concentration. Further addition of multivalent ions at higher concentrations reverses
the aggregation. Above a second, re-dissolution threshold, all the DNA is re-dissolved in the
solution (Fig. 5.1). The re-dissolution threshold (above which all the DNA re-dissolves) is
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Figure 5.2: Spermine concentration ¢, ager at the onset aggregation, as a function of DNA monomer
concentration cpna. Data is shown for four monovalent salt concentrations: 2mM (o), 13mM (4A),
23mM (V), and 88 mM (O). The solid line corresponds to a fixed ratio: ¢; ager/cpna = 0.20. The
data is adapted from [12].

almost independent on the DNA concentration. Its value can be attributed to screening of
electrostatic interactions by multivalent ions [12].

The aggregation threshold, where the onset of aggregation occurs, is the main experimental
phenomenon addressed in this chapter. The multivalent ion concentration at the onset depends
strongly on the monovalent salt and DNA concentrations. This dependence has been recently
measured in detail for short (150 base pair) DNA segments in presence of spermine [12], and is
reproduced in Fig. 5.2. The figure shows measurements of spermine concentrations at the onset
of aggregation, for DNA concentrations ranging over four orders of magnitude and for four dif-
ferent monovalent salt concentrations: 2, 13, 23 and 88 mM. At very low DNA concentration,
the spermine concentration depends strongly on the monovalent salt concentration. At higher
DNA concentration it has only a weak dependence on the monovalent ion concentration but
the spermine concentration is proportional to the DNA concentration, indicating that a certain
number of spermine counterions are required, per DNA base, in order to induce aggregation.
The solid line in Fig. 5.2, adapted from [12], corresponds to a ratio: ¢, ager/cpna = 0.20, where
Cz,ager 18 the spermine concentration at the aggregation onset and cpna is the DNA concen-
tration. This linear relation fits a large number of the experimental points in the intermediate
DNA concentration range. It has been suggested in Refs. [12,14] that the deviations from this
line, at low and high DNA concentrations, represent two distinct physical regimes that need to

be analyzed separately from the intermediate regime, where the linear fit works well.
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In this work we focus on the onset of aggregation, and specifically on its dependence on
the DNA concentration. We show that this dependence is simple for all the range of DNA
concentration. Furthermore, for cpya smaller than the monovalent salt concentration we show
that this dependence is linear: c;ager = acpna + 8. The coefficient 3 is the multivalent
counterion concentration far away from the DNA chains, while o accounts for the excess of
multivalent ions around each chain. These quantities can be extracted, e.g., from the four
experimental curves of Fig. 5.2. Several further conclusions are then drawn on the onset of

DNA aggregation and on the counterion distribution around each double-stranded DNA.

5.2 Theoretical considerations

Consider an aqueous solution containing monovalent (1:1) salt, multivalent (z:1) salt and DNA
segments below their threshold for aggregation. Throughout this chapter, the DNA solution is
assumed to be dilute enough such that the DNA segments do not overlap. We also assume that
these DNA segments can be regarded as rigid rods. The concentrations of added monovalent
salt, multivalent salt and DNA monomers are denoted by cs, ¢, and c¢pna, respectively. These
are the solute concentrations per unit volume as controlled and adjusted in experiments. We
will assume that the monovalent and multivalent salts have the same type of co-ion, so that

altogether there are three ion species in the solution:

1. A multivalent counterion contributed from the z:1 multivalent salt, of concentration c,.

2. A monovalent counterion contributed by monovalent salt of concentration ¢y, and by

counterions dissociated from the DNA, of concentration c¢pna: in total, ¢s + ¢pnAa.

3. Co-ions coming from both z:1 and 1:1 salts, of concentration cs + zc,.

Each DNA segment attracts a layer of oppositely charged counterions referred to as the
condensed counterions. As long as the typical distance between segments is large compared to
the electrostatic screening length x~1, the electrostatic potential decays exponentially to zero
far away from the DNA segments. In turn, the concentrations of the three ion species decay to
well defined bulk values denoted by ¢i° for the monovalent ions and ¢3° for the z-valent ones.
These concentrations should be distinguished from the concentrations ¢s and ¢, introduced
above, which are the average concentrations of added salts regulated experimentally.

The Debye screening length, x~!, characterizing the exponential decay of the electrostatic

potential, is determined by the bulk concentrations of all three ionic species:

K® = Arlp [ + 2% + (¢f° + z¢°)] . (5.1)
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__________ C,

Figure 5.3: Schematic representation of the multivalent density profile, n,(r) between two neigh-
boring DNA segments, each modeled as a cylinder of radius d. Here r is the distance from the axis
of the left DNA strand. The radius » = R corresponds to the inter-strand mid-distance and is the
unit cell radius. The density decays to its bulk value ¢2° on distances larger than x—!, where k!
is the Debye length defined in Eq. (5.1). The excess density of multivalent ions p, is indicated by
the shaded areas.

where the third term is the co-ion concentration. It is equal to ¢§°+2zc2° due to charge neutrality
far from the DNA where the potential decays to zero. The above equation makes use of the
Bjerrum length, I = €?/(ckpT), equal to about 7 A in aqueous solution at room temperature,
kpT is the thermal energy , e is the electron charge and € = 80 is the dielectric constant of
water. The Debye length as well as ¢2° are shown schematically in Fig. 5.3. Other quantities
that will be defined below are also indicated in this figure.

In dilute solutions different DNA segments do not overlap. Following previous works, we
introduce a cell model also shown schematically in Fig. 5.3. Note that the model serves to
illustrate the subsequent derivations but is not essential for the validity of our main results. In
the cell model, each segment, of a cylindrical cross-section, is at the center of a cylindrical cell

of radius R and area A = 7R? such that
CDNA = 1/(CLA) (52)

Namely, each DNA monomer occupies a specific volume aA, where a ~ 1.7A is the average
charge separation on the chain taken hereafter as the monomer length.

We will assume below that the DNA solution is dilute enough so that R is large compared
to the Debye length x~!'. This assumption is essential for our derivation and can be verified
for all the experimental data considered in this chapter. Density profiles of the three ion
species are then practically identical to those near an isolated DNA segment with the same

bulk concentrations ¢§°, ¢2°. In other words, the profiles are determined uniquely by ¢$° and
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Figure 5.4: Density profile n.(r) of 4-valent ions as function of r, the distance from the DNA axis,
on a semi-log plot, calculated using the Poisson-Boltzmann equation in a cell model, where the DNA
segment is modeled as a uniformly charged cylinder. The cell model is shown schematically in the
inset. Two cell sizes are shown, with outer radii Ry = 560 A (cpya = 1mM) and Ry = 1.8 x 10* A
(coxa = 1073mM), indicated by arrows. In both cases the radius of closest approach of ions
to the charged chain is at 7 = d, where d = 10A as indicated by a dotted vertical line. The
boundary condition at the inner cylinder matches the linear charge density of DNA (1e/1.7A). The
bulk densities of monovalent and multivalent ions, c¢° and ¢2°, are chosen to be the same in the two
cells, leading to practically identical density profiles. The solid line represents the larger cell (R2),
and diamonds are used for the smaller cell (Ry). Density profiles of monovalent counterions and
co-ions are not shown but are also practically identical in the two cells. Average salt concentrations
are ¢, = 22mM and ¢, = 0.21mM in the smaller cell, and ¢, = 23mM, ¢, = 0.039mM in
the larger cell. Bulk concentrations are c¢i® = 23mM and ¢° = 0.039mM. Note that these bulk
concentrations are practically identical to the salt concentrations in the larger cell. Note also that
c® > cs in the smaller cell reflecting the contribution of the counterions released by the DNA.

¢2°, with practically no dependence (or, more precisely, an exponentially small dependence) on
the DNA monomer concentration. A demonstration of this claim is presented in Fig. 5.4, using
the Poisson-Boltzmann theory in a cell model. For two very different values of R corresponding
to different cpna, the counterion profiles match perfectly when the values of ¢§° and ¢2° are
the same. Note that the average concentrations of added salts, ¢s and c,, have different values
in the two cells because of the contribution of condensed ions.

The total number of z-valent counterions, per cell unit length, is given by:
Ac, = Ac® + pa(cf”, cTF) (5.3)

where p, is the excess number of z-valent ions per unit length near the DNA. Throughout the
chapter we use the symbol ¢ to denote concentrations per unit volume and p for concentrations

per DNA unit length. The excess p, can be evaluated in the limit of infinite cell radius,
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corresponding to an isolated chain:

P, =27 /ODO rdr [n.(r) — ¢], (5.4)

where n.(r) is the z-valent local counterion concentration at distance r from the axis of sym-
metry, and n,(co) = ¢°. Following the discussion in the previous paragraph, the excess p, is
determined uniquely by ¢3° and ¢3°. Its exact functional dependence on these variables is gener-
ally not known, although it can be evaluated approximately, e.g., using the Poisson-Boltzmann
equation or in computer simulations.

For monovalent counterions we have, in a similar fashion:
Acs + Acpna = Acl® + p1(c°, ¢5°), (5.5)

where p;, the excess of monovalent counterions per unit length, is defined as in Eq. (5.4), and
Acpna = 1/a is the DNA charge density per unit length. The extra term in the left-hand-side
of Eq. (5.5) originates from monovalent counterions contributed by the DNA monomers. Using

Eq. (5.2) we can rewrite Egs. (5.3) and (5.5) as:
¢ = ¢+ aps (62, ) cona (5.6)

and

(o]

cs = 5° + [ap1 (¢5°,¢) — 1] cpna- (5.7)

These two equations relate the experimentally adjustable ¢, ¢, and cpna to the bulk densities
¢}, ¢® that in turn, are important because they determine the ion density profiles.

In the limit of infinite DNA dilution, ¢cpna = 0, and therefore ¢, = ¢° and ¢; = ¢§°. At
any finite DNA concentration ¢, and c¢s are not equal to ¢° and ¢i°, respectively, because
each segment captures some of the multivalent ions and releases a number of monovalent ones.
Equations 5.6 and 5.7 express the correction to cg, ¢, at given ¢9°, ¢2° for both mono- and multi-
valent counterion species. The dimensionless quantities ap1,ap, are the excess of the mono-
and multi-valent counterion species, respectively, per DNA monomer.

We would like to emphasize the generality of Egs. (5.6) and (5.7). They do not depend
on the assumption of parallel DNA residing in the middle of oriented cylindrical unit cells,
or on any mean-field approximation for the distribution of counterions. The only assumption
required to derive Eqgs. (5.6) and (5.7) is that the average distance between DNA segments is
large compared with the Debye length. Although Egs. (5.6) and (5.7) are correct for any cs, c.
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and cpna below the onset of DNA aggregation, we will be interested below specifically in the

aggregation onset.

Onset of aggregation

Our aim now is to find how the value of c, at the onset of aggregation, c, ager, depends

(o]

o, but not on the

on cpna. We will assume that this aggregation onset depends on ¢f° and ¢
average distance between DNA chains. We motivate this assumption by the fact that ¢§° and
¢ determine the density profile of multivalent counterions around the DNA chains, which, in
turn, mediate the attraction necessary for aggregation. Before discussing this assumption in
more detail, let us first consider its consequences. We can imagine an experiment where ¢3° is

gradually increased while ¢§° is kept fixed. Aggregation will start, in this experiment, above a

certain threshold value of ¢°. Our assumption is that this threshold does not depend on cpna.

(o]
z

In real experiments, however, c, is adjusted rather than ¢°, and ¢, is kept fixed rather than

¢1°. In order to find the threshold value in terms of the experimentally available ¢, we need to

(o9}

map ¢§°, c° onto cg, c.. This mapping is described by Egs. (5.6)—(5.7), and involves cpna. It

is only through this mapping that cpna will affect the threshold of aggregation.

The limit of cpna < cs:

The limit cpna < c¢s offers a particularly simple dependence of ¢, ager On cpna and is
considered first. Most models and experiments indicate that monovalent counterions cannot
overcharge DNA segments. Hence the monovalent excess, ap1, in Eq. (5.7), is a number between
zero and one, because the excess monovalent charge is smaller than that of DNA. From Eq. (5.7)
lcs — ¢§°] < ¢s as long as cpna < ¢s. It is then possible to replace ¢§° by cq, leading to a
simplification of Eq. (5.6):

¢, =+ ap; (¢s,¢3°) CDNA- (5.8)

Note that cpna is indeed smaller than c¢g in most of the experimental points in Fig. 5.2. However
a similar simplification cannot be applied for ¢, because it is typically much smaller than cs,
and often smaller than cpna.-

According to our principal assumption, aggregation starts at a threshold value ¢° = ¢},

which does not depend on ¢pna [while Cz,ager, the average multivalent salt concentration does
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depend on cpna through Eq. (5.8)]. Similarly, the density profile at the threshold does not
depend on cpna, because it is determined by ¢§° = ¢, and ¢}. The excess of z-valent counterions,

as determined from this profile, is equal to:

*

Pz =pz(cs,c), (5.9)

with no dependence on c¢pna. Using the threshold values ¢ and p? in Eq. (5.8), we find that

the average concentration of z-valent ions at the onset of aggregation is:

Cz,ager (CDNA) = € + ap cpNA. (5.10)

This is the threshold concentration that was measured experimentally in [12]. Note that in
(Eq. 5.10) ¢} as well as p} depend on the monovalent salt concentration, cs, but the explicit
dependence is omitted for clarity.

The simple relationship expressed by Eq. (5.10) is one of our main results. As a visualization
of this result we refer again to Fig. 5.3. The quantities p., ¢Z° and the density profile n,(r) are
indicated in this figure. At the onset of aggregation ¢2° is equal to ¢} and does not depend on
cpna (or equivalently, on the spacing between DNA segments, R). As cpna is increased the
distance between DNA strands decreases. The onset values of ¢Z° and p, do not change, but
the contribution of p, to the average concentration increases, leading to an increase in ¢ aggr-

The coefficients ap} and ¢} of the linear dependence in Eq. (5.10) are the coefficients o and

0 defined in the introduction section. They can be easily found from the experimental data:

*

Cz

is the value of ¢, ager in the limit of infinite DNA dilution, cpna — 0, since in this limit

c. = ¢ = c}. The excess at the onset, p}, can be found from the slope of c; . as function of
cpna- Before presenting a detailed comparison with experiments, we generalize the treatment

for small cpna to arbitrary values.

The case of cpna > Cs -

When cpna is of the same order as ¢, or larger, corrections to ¢f° must be taken into account,
as expressed by Eq. (5.7), and the linear relation of Eq. (5.10) no longer holds. The ion density
profiles as well as ¢s and ¢, are now determined by the two variables ¢§° and ¢2°. The relation
between ¢§° and ¢2° and the experimentally controlled cs, ¢,, cpna is given by Egs. (5.6)—(5.7).

> the criterion for aggregation remains the same as in the previous case:

In terms of ¢°, ¢

= (7). (5.11)
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Figure 5.5: Spermine concentration at the onset of aggregation ¢, ager as a function of cpna, fitted
to the form derived in Eq. (5.10) (different line types are used for different salt concentrations).
Value of ¢s (in mM) is indicated next to each curve. Experimental data is adapted from [12]
and shown in the following symbols: ¢, = 2mM (o), 13mM (4A), 23mM (V), and 88 mM (O0).
Experimental error bars (E. Raspaud, private communication) are indicated by vertical lines. The
fitted lines and experimental points are shown using a linear scale in (a) up to cpna = 1.5mM, and
a log-log scale in (b) up to ecpna = 100 mM, allowing all data points to be shown on the same plot.
Only the data up to cpna = 10mM was used for the linear fit. The crossover values of cpna, as
defined by Eq. (5.14), are indicated by arrows in (b).

The three equations 5.6, 5.7 and 5.11, with the three unknowns c$°, ¢2° and c, lead to a unique
solution for c, ager. Note that ci° is larger than c, because of counterions coming from the
DNA as can be seen in Eq. (5.7), where ap; — 1 is negative. In Eq. (5.10), ¢, is replaced by ¢5§°,
which is larger than ¢4 for large cpna. Hence, increasing cpna has an effect similar to addition

of monovalent salt. As noted above, this effect is significant only for cpna > cs.

5.3 Comparison with experiment

Raspaud et al [12] measured the spermine (z = 4) concentration c, at the onset of aggregation
as a function of cpna for four values of ¢; and with ¢pna ranging over four orders of magnitude
— from 1072 to 102 mM. We fitted the data (E. Raspaud and J.-L. Sikorav, private communi-
cation) for each ¢4 to a straight line according to Eq. (5.10). The least square fit presented in
Fig. 5.5 takes into account the experimental error bars and data points up to cpna = 10 mM.
In Fig. 5.5 (a) the fit is shown using a linear scale which covers the range of ¢cpna only up to
cpna = 1.5 mM for clarity purposes. Due to the large range of cpna it is impossible to show all
the data on the linear scale of Fig. 5.5 (a). Instead, the same data and linear lines are shown

in Fig. 5.5 (b) on a log-log scale over the full experimental range of cpna.
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The linear fit is very good for all four values of monovalent salt concentration cs. Note that
for ¢; = 88 mM the fit is very good up to the largest value of cpya = 48 mM reported in the
experiment, although our fit takes into account only data points up to cpna = 10mM. It was
previously suggested [12] that a separate regime exists for cpna 2 10 mM, characterized by a
power law relation between ¢, and cpya with an exponent smaller than unity. Our analysis
suggests a different conclusion. The fit clearly demonstrates that the relation is linear all the
way up to cpna = 48 mM, as predicted by Eq. (5.10). Note also that even at cpya = 48 mM

we have cpna < ¢s 80 the assumptions leading to Eq. (5.10) are still valid.

The only points in Fig. 5.5 (b) that deviate significantly from the fit are the three points
where ¢s = 13mM (triangles) and cpna > 20mM (two of these points coincide with points
having ¢; = 88 mM, shown using square symbols.) This deviation is easily explained by the
fact that cpna > cs so that corrections to ¢§° must be taken into account. For example,
at cpna = 90mM the nominal monovalent counterion concentration is 103 mM, taking into
account counterions contributed by the DNA. In order to find ¢{® we need to subtract the
condensed counterions, as determined by p;. We can estimate p; at this point by solving the
Poisson-Boltzmann equation in a unit cell with the appropriate radius. The chemical potentials
of the three ion species are tuned such that their concentrations match the known values of
¢, and cs;. This leads to an estimate: ¢§° ~ 68 mM. Hence, c, at the onset of aggregation
should lie a little below the continuation of the ¢s = 88 mM line which is, indeed, where it is
found. The trend for ¢s = 13 mM can probably be seen already at the point cpya = 15 mM,
although the deviation at this point is still within the range of experimental error. The few
other experimental points with cpna & ¢ deviate slightly from the straight line as well (still
within experimental error bars). In all these cases the deviation is in the direction corresponding

to a higher value of ¢y, as expected.

A linear relation of the form c, ager = acpna + 03, was previously suggested on empirical basis
for aggregation induced by spermidine (3%), on a smaller range of DNA concentrations [5,15].
Although this result looks similar to our prediction on the onset of aggregation, it is not directly
related to our analysis because c; ager Was taken in those works to be the transition midpoint.
This is the point where half of the maximal precipitation of DNA is reached. Our analysis does
not apply at the transition midpoint since it requires all the DNA segments to be well separated
from each other. Indeed, the coefficient «, related to the transition midpoint, was found in [15]
and [5] to be of order 102, much larger than unity. Such a value of o cannot be interpreted as

the excess of spermidine ions per monomer near isolated chains.
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¢s(mM] ¢z [mM] ap;

2 0 % 0.0003 0.194 £ 0.020
13 0.011 % 0.002 0.191 +0.013
23 0.031 £ 0.005 0.173 £ 0.025
88 0.52 £ 0.05 0.135 £ 0.026

Table 5.1: Fit parameters used in Fig. 5.5.

The parameters of the linear fit in Fig. 5.5 are summarized in Table 5.1 for the four experi-

mentally used values of c.

5.3.1 Crossover in the log-log plot

For presentation purposes we plot in Fig 5.5 (b), . ager vS. cpna On a log-log scale, as appeared
in Ref. [12]. The linear relation that was found between these two quantities is not clearly
manifested on the log-log plot, because a linear dependence of the form y = ax + 3 is not easily
recognized in such a plot. Furthermore, such a linear relation appears on a log-log plot to be
artificially characterized by two distinct behaviors, at low and high values of the independent
variable. These two behaviors were mentioned in [12] and can be seen in Fig. 5.5 (b). However,
they do not represent in our opinion two real physical regimes and can be understood by taking

the logarithm of Eq. (5.10). For small cpna (large R):
logec, ~logcs (5.12)

i.e, ¢, does not depend on cpna as is seen in Fig. 5.5 (b) in the small cpya limit. In the opposite

limit of large cpna (small R):
log e, ~ logcepna + logap? (5.13)

Here, the linear dependence of ¢, on cpna yields a line of slope 1 in the same figure.
The crossover between these apparent behaviors occurs when the number of bulk and excess

ions are the same:
*

2 (5.14)

*
z

Cc

CDNA =

When cpna is much smaller than this crossover value, the number of excess multivalent ions
near DNA segments is negligible compared to their total number. In the other extreme of cpna
much larger than the crossover value, the number of free multivalent ions is negligible compared

to the excess ions, and nearly all multivalent ions are bound to the DNA.
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For the experimental data in Fig. 5.5 the crossover value is equal to 0.06, 0.18 and 3.9 mM
for ¢, = 13, 23 and 88 mM, respectively, and smaller than 1.5 x 1073 mM for ¢, = 2mM. The

first three crossover points are indicated by arrows in Fig. 5.5 (b).

5.4 DNA aggregation and counterion condensation

We separate the discussion following our results in three parts. The first addresses the conditions
required for DNA aggregation. The coefficients of the linear relation in Eq. (5.10), ¢ and pZ,
have a definite physical meaning. Their values, as extracted from the experimental data provide
insight on these conditions. The second part deals with condensation of counterions on DNA (to
be distinguished from condensation of DNA chains). The general relation p, = p,(c3°, ¢°) that
was introduced in Eqgs. (5.3)—(5.4) is a property of counterion condensation on isolated chains.
By extracting the values of p,, ¢§° and ¢$° at the onset of DNA aggregation, we can learn about
exact density profiles of spermine around DNA, and compare our findings with approximations
such as Poisson-Boltzmann theory. Finally, we comment on our main assumption, which was

used in the theoretical considerations section.

5.4.1 Conditions at the onset of aggregation

Most of the proposed theoretical models for inter-chain attraction and aggregation (see, for
example, [12,16-22]) regard the charged chain as surrounded by a layer of condensed ions which
is usually modeled as a one-dimensional gas. This layer mediates an inter-chain attraction, and
the models predict the number of condensed ions required to initiate aggregation of the chains.
In the current work we do not address this theoretical problem, but rather concentrate on
what can be inferred from the experimental results using the analysis presented in the previous
section. This analysis provides insight on the conditions prevailing at the onset of aggregation.
In particular, the excess pi characterizes the number of condensed multivalent counterions
that are present near each chain at the onset. Although in general the notion of condensed
counterions is somewhat ill-defined, as it depends on which ions are regarded as bound to the
DNA, we show in Appendix 5.A that in our case it does have a reasonably well defined meaning.
Furthermore, the number of condensed multivalent ions per monomer is practically the same
as apj.

The excess of multivalent counterions per monomer, ap}, is shown in Fig. 5.6 as function of
cs. All values are taken from Table 5.1, as extracted from the experimental data. The dashed

line is a linear fit. Two different axis scales are used on the left and right of the plot. The left
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Figure 5.6: Excess of multivalent counterions per monomer at the onset of aggregation, ap}, as
function of ¢,. All values are taken from Table 5.1, as extracted from the experimental data of [12].
Error bars are indicated by vertical bars and the dashed line is a linear fit to be used as a guide to
the eye. On the right axis zap} is shown, where z = 4 for spermine. This value is equal to the
fraction of DNA charge compensated by the condensed multivalent ions. Note that according to
the Manning condensation theory the same quantity is equal to 0.94, for tetravalent ions and no

add

ed salt.

axis shows the value of ap}. The right one shows the part of DNA charge that is compensated

by condensed multivalent ions, zap}, where z = 4 for spermine. From the plot we deduce the

following two conclusions:

1. The number of condensed multivalent ions (per DNA monomer) ap? at the onset decreases

as the monovalent salt concentration increases, with variation between 0.19 and 0.14. A

possible reason for this trend may be that the bare electrostatic repulsion between chains

is decreased due to increased screening. Hence a smaller number of multivalent ions is

required in order to overcome this repulsion. The change in p} may also be related to the

competition between monovalent and multivalent ions in the aggregated DNA state.

The data indicates that there is no over-charging of the DNA by spermine at the onset

(see also [20]) since zap} < 1. At higher concentration of spermine, beyond the threshold,

we do not rule out the possibility of DNA over-charging, as was suggested by [20].

Although p} decreases with increase of ¢, it is of the same order of magnitude for all the ¢,

values in Table 5.1. In contrast, ¢ varies in Table 5.1 over more than three orders of magnitude.

As was previously suggested [12,16], this large variation in ¢ is a result of competition between

monovalent and multivalent counterions. We discuss the relation between p} and ¢} to some



5.4. DNA AGGREGATION AND COUNTERION CONDENSATION 213

c7°[mM] c2°[mM] ap: (exp) ap- (PB)

2 0+ 0.0003 0.194 4 0.020 0.186 & 0.005
13 0.011 + 0.002 0.191 +0.013 0.178 4 0.002
23 0.031 4 0.005 0.173 4+ 0.025 0.172 + 0.002
88 0.52 4 0.05 0.135 4 0.026 0.164 + 0.002

Table 5.2: Excess of 4-valent ions near DNA compared with PB theory.

extent in the following subsection. A more detailed analysis of this relation, emphasizing the
role of competition between the two counterion species, is presented in Appendix 5.B (see also,

Refs. [23-25]).

5.4.2 Counterion condensation

We now turn to analyze the condensation of monovalent and multivalent ions around DNA.

Each line in Table 5.1 provides a measurement of the excess p. at certain values of c}® and

o0

¢. The general relation p.(c5°, 2

) is a property of counterion density profiles around isolated
DNA segments. Hence, the data in Table 5.1 can be used to test any particular theory used to
calculate such ion distributions.

The most simple model to consider is the Poisson-Boltzmann (PB) theory [26-29]. In
Table 5.2 we compare the excess predicted by PB theory with the experimental result, by
solving the PB equation such that ¢ and ¢° match the experimental values of ¢; and ¢} from
Table 5.1. The excess is then calculated from the PB density profile, and compared with the
experimental value of ap, (equal to ap? of Table 5.1). The DNA is modeled as a uniformly
charged cylinder of radius d = 10 A.

Inspection of the results in Table 5.2 shows that there is a reasonable agreement with
experiment (within the error bars) for the three smaller values of ¢ = 2, 13, 23 mM. However,
for ¢, = 88 mM there is a 30% deviation. The two data points with cpya > 10 mM that were
not taken into account in the linear fit of Fig. 5.5 suggest that p, is closer to the lower bound
of the experimental error range, whereas the PB value is larger than the upper bound.

Overall, the agreement with PB theory (Table 5.2) is surprisingly good considering that
PB theory does not work so well for bulky multivalent ions. Deviations from PB theory have
several sources. One of these sources is specific molecular details such as the geometrical
shape of ions, DNA structure and short-range interactions. Another source for deviations are

ion-ion correlations between spermine molecules, computed in theories which go beyond the
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Figure 5.7: Spermine concentration (in mM) as a function of DNA monomer concentration (mM)
at the onset of aggregation, calculated using the PB equation. Two different criteria are used in
parts (a) and (b) to determine the onset: in (a) ¢2°, as calculated using the PB equation, is equal to
the experimental value of ¢ from Table 5.1. In (b) p, of PB theory is equal to p% from Table 5.1.
The radius of DNA is taken as d = 10 A. Log-log plot is used in order to show the five decades of
DNA concentrations. For each ¢, the plot covers experimental data up to cpnya = ¢s. For larger
cpNA, corrections due to changes in ¢i° should be taken into account, as was discussed in the
preceding section. All notations are the same as in Fig. 5.5.

mean-field approximation. However, these correlations tend to increase the number of bound
multivalent counterions [30], while for ¢, = 88 mM, the number of bound multivalent counterions
is decreased. We conclude that correlation effects by themselves are not the main source of the
deviations seen in Table 5.2. In addition the data analysis does not indicate over-charging of

the DNA. Such an effect may be expected if correlation effects are strong [20].

In Fig. 5.7 we compare the DNA aggregation data with PB predictions at finite DNA
concentrations. For each DNA concentration the PB equation is solved in a cylindrical cell of
the appropriate radius. The multivalent counterion concentration c, is gradually increased until
the onset is reached, and its onset value, c ager is plotted as function of cpna. Two different
criteria are used to determine the onset ¢; ager. In Fig. 5.7(a) it is chosen as the point where
¢ is equal to the experimental value ¢} of Table 5.1; whereas in Fig. 5.7 (b) the onset is chosen
the point where p, = p}. In order to span all the data range we use for convenience a log-log
plot, as in Fig. 5.5 (b).

On a linear scale all the lines in Fig. 5.7 (a) and (b) are straight lines. This fact serves
as additional confirmation of our general analysis in the theoretical considerations section. In
accordance with our analysis, both ¢} and p, are constant along each line, and the slope of

each line is equal to ap,. Note that the relation between ¢} and p, is determined in Fig. 5.7
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within the PB approximation, while in Fig. 5.5 both of these coefficients are related to the
actual counterion density profiles in the experimental system. The use of the PB equation is
the source of deviations from experimental data in Fig. 5.7.

On first inspection the match with experiment in Fig. 5.7 (a) is very good, whereas the
match in Fig. 5.7 (b) is not as good. On closer inspection it is seen that the fit in Fig. 5.7 (b)
is not good for small values of cpna, while it is actually better than in Fig. 5.7 (a) for large
cpNa- With the PB equation it is not possible to obtain a perfect fit for both small and large
¢pNA because the values of ¢, and p, are not independent. Fixing ¢2° = ¢} [as in Fig. 5.7 (a)]
sets a value of p, that is different from p%; and the opposite happens in Fig. 5.7 (b). The fit in
Fig. 5.7 (a) is quite good even for large cpna because the values of p% are of similar order of
magnitude for all four lines.

Deviations as in Fig. 5.7 are inevitable if any approximations are used to model the dis-
tribution of counterions around DNA. Note however that within such approximate models our
general theoretical considerations should apply, as long as the total number of ions in the system
is counted properly. Such a model that goes beyond PB was proposed in [31]. Indeed, within
this model a linear relationship similar to Eq. (5.10) was found.

The experimental results analyzed in this section may be influenced, to a certain degree,
by the fact that there was more than one type of monovalent counterion in the system. For
the three higher salt concentrations, except for ¢, = 2mM, the solution contained 10 mM of
TrisH™ ions in addition to Na*t [12]. For the largest salt concentration, 88 mM, where significant
deviations from PB theory are found, this effect is probably negligible. Another detail regarding
the TE buffer is that the Tris ions may be only partly ionized. If only 80% of Tris is ionized,
as suggested in [32], the concentrations ¢, = 13mM, 23mM and 88mM should be reduced
by 2mM. Although this will have only a small effect on our results, it will improve both the
comparison with PB and the fit with the dashed line in Fig. 5.6, for the point ¢, = 13 mM.
For the two other concentrations of 23 mM and 88 mM the effect will be negligible.

5.4.3 Further comments on underlying model assumption

Our underlying assumption, that the onset of aggregation depends uniquely on ¢§° and ¢° (but
not on ¢pna), is an approximation that can be justified on several different levels but deserves
further and more thorough investigation. The most simple motivation for this assumption
is that multivalent ions, in the vicinity of the chains, mediate the attraction necessary for
aggregation. In turn, the number of condensed multivalent ions near each chain is determined

by ¢f° and c°.
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Let us first suppose that aggregation starts when a net attraction appears between two
chains. This assumption may be justified if chains are sufficiently long and their translational
entropy can be neglected. In order to find the onset of two-chain attraction the free energy of
a two-chain complex should be calculated as a function of the distance between the two chains.
This free energy represents the effective interaction between the two chains, mediated by the
ionic solution. The counterion distribution near each chain will not be the same for close-by and
for isolated chains. However in both cases the concentrations must decay to their bulk values
throughout the solution, ¢$° and ¢Z°. This requirement serves as a boundary condition, imposed
at a large distance from the two chains. It will determine uniquely the counterion distribution
between the chains, as well as the free energy associated with the two-chain complex. Hence
c}® and ¢° determine the effective interaction between chains, and in particular whether an
attraction occurs at a certain range of inter-chain separations; in terms of these variables the
onset of two-chain attraction does not depend on ¢pna.

Strictly speaking, the onset of aggregation and the onset of two-chain attraction are not the
same. The aggregate phase involves interactions between multiple chains, whereas chains in
the dilute phase interact very weakly with each other. Aggregation starts when the free energy
per chain is equal in the dilute and aggregate phases. Note that the chemical potential of each
ion species must be the same in the two phases, and that in the dilute phase these chemical
potentials are directly related to ¢§° and ¢2°. Hence ¢§° and ¢2° determine the free energy per
chain in the two phases. The approximation of independence on cpna neglects the translational
entropy of DNA segments, which can be justified for long enough and rigid segments. It also
neglects contributions from interactions between chains in the dilute phase, which are assumed

to be small compared to the free energy of the single DNA-counterion complexes.

5.5 Summary

We have shown that the onset of aggregation at finite (non-zero) DNA concentration, c; aggr, is
determined by the onset in the limit of infinite DNA dilution. For DNA monomer concentration
smaller than that of monovalent salt, cpna < ¢s, the multivalent counterion concentration at
the onset, c; agger, depends linearly on cpna. The coefficients of this linear dependence are the
bulk concentration of multivalent counterions and their excess relative to the bulk near each
DNA segment. Both of these coefficients are of theoretical interest and can be extracted from
the available experimental data.

Our main assumption is that the onset of aggregation can be related to the ion density
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profiles around each chain. Hence, it is uniquely determined by ¢$° and ¢2°

, the bulk concen-
trations of the two counterion species, respectively. Our results and fit to experiment strongly
support this assumption. Nevertheless, we believe that more detailed theoretical and experi-
mental investigations are needed in order to fully understand its range of validity. For example,
it will be of interest to test experimentally the equilibration of a DNA solution through a dial-

ysis membrane, with a cell containing only counterions [33-35]. This procedure allows a direct

control of the ionic bulk concentrations.

In order to predict precisely the onset of aggregation, the structure of the aggregated phase
must be considered. Nevertheless, it is instructive to focus only on single chains at the onset,
as is often done. At the aggregation onset the electrostatic repulsion between isolated chains
in solution must be overcome by a sufficiently strong attraction mediated by multivalent coun-
terions. This number of counterions is expected to depend only weakly on physical parameters
such as the monovalent salt concentration. Our analysis does not address directly the question
of the onset origin, but merely supports the fact that the number of condensed multivalent ions
at the onset, ap?, is of the same order of magnitude, regardless of the ¢, value. A more refined
result of our analysis is that ap} is not constant but decreases with increase of ¢;. On the other
hand ¢, the value of ¢J° at the onset, depends strongly on c¢s;. This is mainly a result of the

competition between monovalent and multivalent ions, as discussed in Appendix 5.B.

Our analysis also sheds light on counterion condensation on DNA, which is independent on
the criterion for DNA aggregation. The experimental data indicates that for high ¢s the number
of spermine ions in the vicinity of DNA is smaller than the prediction of Poisson-Boltzmann
theory. A similar trend was observed in computer simulations [30] of spermidine (3%) and NaCl
in contact with DNA. Spermidine binding was affected by addition of monovalent salt more
strongly than the Poisson-Boltzmann prediction. For high salt concentrations spermidine bind-
ing was considerably smaller. In the computer simulations both molecular specific interactions,
the geometrical shape of the constituents and inter-ion correlations were taken into account.
All these effects, and in particular the geometry of the spermidine molecule, which is similar to

that of spermine, were found to play an important role.

The above analysis demonstrates that specific interactions play an important role in deter-
mining the threshold of aggregation. In the dilute phase these interactions strongly influence the
competition between monovalent and multivalent ions and the free energy of DNA-counterion
complexes. Similarly, specific interactions play a prominent role in the dense phase [36]. Force

measurements under osmotic stress [37-39] provide a wealth of information on these interac-
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tions.

In conclusion, the physical parameters extracted here from experiment on the onset of DNA
aggregation provide insight on the conditions required for aggregation, and on condensation of
ions around DNA. These parameters may turn out to be of great value in assessment of various
theoretical models. Additional detailed experiments may further deepen our understanding of

these complex phenomena.

5.A Relation between excess and condensed ions

In this appendix we discuss the relation between the excess and the number of condensed ions.
The latter quantity is not as well defined as the former, but relates more naturally to the
aggregation mechanism. The notion of condensed ions suggests that some ions are bound to
the charged chain while others are free. In reality there is a density profile that extends all
the way from 7 = d to r = R with no definite separation between condensed and free ions.
In the following we define condensed ions rather loosely as the number of ions up to a certain
characteristic distance from the chain [23,25]. We show that for multivalent ions this number
does not depend strongly on the choice of this characteristic distance. Hence, the number
of condensed ions is reasonably well defined. Moreover, the excess number of multivalent
counterions, which can be directly calculated from the experimental data, is nearly identical to
this quantity. This point will be further explained below.

Fig. 5.8 shows the excess of 4-valent counterions dp,(r) up to a distance r from the DNA
axis, as a function of r:

dp.(r) =27 /T r'dr’ [n,(r') — ¢ (5.15)
0

with the limit dp,(00) = p, of Eq. (5.4). The density profile was calculated using the Poisson-
Boltzmann equation, with the radius of DNA taken as d = 10 A and with bulk densities of ions
as in the last line of Table 5.1: ¢5 = ¢f® = 88 mM, ¢2° = 0.52 mM.

Three observations can be made. First, most but not all of the excess z-valent ions are
localized very close to the DNA, at a distance of order p/z, where p is the Gouy-Chapman

length (see [26]):
1 d

- 27lpo lpppNa

(5.16)

where o is the average charge per unit area on the cylinder surface, ¢ = ppna/27d, and
ppNA = 1/a is the DNA charge per unit length. At room temperature the Bjerrum length
Ip ~ 7A and for DNA with 4-valent counterions y/z ~ 0.6 A. Second, the counterions within
a layer of few times the Debye length (k=1 = 10.0A in Fig. 5.8) neutralize the DNA charge.
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Figure 5.8: Excess of 4-valent ions per DNA monomer, up to a distance r from the axis of a
charged cylinder of radius d = 10A (modeling the DNA) as obtained using the Poisson-Boltzmann
equation (solid line). The excess dp.(r) is defined in Eq. (5.15). The number of charges per unit
length on the cylinder is 1/a where a = 1.7 A to fit DNA values. The bulk densities of monovalent
and multivalent ions are ¢§° = 88mM, ¢ = 0.52mM, yielding k' = 10.0 A. The quantity §p.
(solid line) can be compared with the total number of 4-valent ions (dashed line) up to a distance
r from the cylinder. The distance d + x~! from the DNA axis is indicated by a vertical arrow, and
characterizes the decay of the density profile far away from the DNA.

Nearly all the excess distribution is in this layer. Third, in order to estimate the total amount

of counterions in the condensed layer of thickness asx™!, where « is a number of order unity,

2

we need to add ép, to the bulk contribution, ma?k~2¢°. Using x from Eq. (5.1), the latter is

equal to:

a? c°
— Z 1
<4l3> 2¢5° + z(z + 1)e® (5.17)

In experiment, ¢2° is much smaller than ¢° at the onset, and the bulk contribution of Eq. (5.17)
can be neglected relative to p,, for a of order unity. This can be seen specifically in Fig. 5.8 by
comparing the solid and dashed lines.

The outcome of the above discussion is that p,, defined in Eq. (5.4) as the excess of coun-
terions throughout the cell, can be regarded, to a good approximation, as the total number
of counterions within a condensation layer whose thickness is approximately the Debye length.
For typical concentration ranges as considered here we do not expect that this outcome will
change, even for models going beyond Poisson-Boltzmann theory.

As a further demonstration, the number of multivalent counterions up to several different
distances from the DNA is shown in Table 5.3, as calculated in a unit cell using the Poisson-

Boltzmann equation. For each ¢s in Table 5.1 we find the Poisson-Boltzmann density profile
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cs[mM] d+10A d+20A d+ k! d+ 2k71 ap.

2 0.191 0.193 0.194 0.194 0.194
13 0.187 0.190 0.190 0.191 0.191
23 0.171 0.172 0.172 0.173 0.173
88 0.134 0.135 0.134 0.135 0.135

Table 5.3: Number of z-valent counterions, per DNA monomer, up to several different distances
from the DNA axis, compared with ap,.

such that ¢§° = ¢, and p, = p3, and then calculate the number of multivalent ions (per DNA
monomer) up to the following distances from the DNA radius: 10 A, 20A, k! and 2k~ 1. The
values of k™!, as obtained from Eq. (5.1) are equal to 68, 26, 20 and 10A for ¢, = 2,13, 23
and 88 mM, respectively. These numbers are compared with ap}. All the different measures in

Table 5.3 yield results that are very close to each other.

5.B Competition between monovalent and multivalent ions

As discussed in the previous sections, the three quantities cs, ¢ and p? are not independent.
The bulk densities ¢s and ¢ enforce a certain density profile near isolated DNA chains, and in
particular determine the excess value p}. In this appendix we study the relation between ¢, c},
and p} in more detail. Since p is of the same order of magnitude for different values of ¢, we
study how the value of ¢} depends on c¢s and p}, which are considered as the two independent
variables.

We first apply a simplified two-phase model, in the absence of short-range interactions, in
order to gain some insight on the dependence of ¢} on p and cs. Then, we consider the effects
of short range interactions on this relation, within the framework of mean—field theory. Other
theoretical and experimental studies of competition between monovalent and multivalent ions

can be found in Refs. [23,25,30,40-43].

5.B.1 Two-phase model

Two-phase models have been widely used to describe the distribution of counterions around
cylindrical macromolecules [27,44]. In these models ions are considered as either condensed
or free. The condensed ions gain electrostatic energy due to their proximity to the negatively
charged chain but lose entropy, since they are bound at a small cylindrical shell around it. For

systems with more than one type of counterion Manning introduced the so-called two-variable
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theory [45], which is an extension of his previous model [44,46]. This model has been used to
analyze condensation of DNA molecules by spermine and spermidine [24,47]. In this section we
present a similar model, which differs from Manning’s two-variable theory in some details. As
a by-product of our analysis we compare our two-phase model with PB theory and Manning’s

two-variable theory.

Model details and main equations

We assume that the PE is confined within a finite cylindrical cell of radius R and area A = mR?,
defined as in Eq. (5.2).

The free energy, per unit length within a cell, is then written as follows:

— 3Pz 31
F = pzln()\ AC)—i—plln()\ Ac)

f f
f 3 Pz f 3 P1
+ pzln<)\ 7A—AC) +piln <)\ 7A—Ac>
1
+ 5(=poNa + 2p + p1)o (5.18)

where ppna = 1/a is the number of unit charges per unit length of DNA. The first two terms
are the entropy of condensed multivalent and monovalent counterions, where p, and p; are the
number of condensed ions per unit length of the DNA. We assume that condensed ions are

bound on a cylindrical shell around the DNA and take its area, for simplicity, to be:
A, =7d? (5.19)

where d is the DNA radius (Fig. 5.9). The length A is included in order to have a dimensionless
argument inside the logarithms, and can be chosen arbitrarily.

The next two terms are the entropy of free counterions. The numbers per unit length of free
multivalent ions, p/, and of free monovalent ions, p{ , are related to the number of condensed

ions since the total number of ions within the cell is fixed:

pl=(A-A)el = Ac.—p.,
pl =(A-A)e] = Acs+ pona — p1. (5.20)
where we introduced the concentrations of free counterions ¢/ and ¢f.

Finally, the electrostatic energy is evaluated as if all the bound ions are exactly at the

cylinder rim, r = d, and the linearized Debye-Hiickel approximation is used for the electrostatic
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1 freeions

condensed ions

Figure 5.9: Schematic representation of the two-phase model, applied in a cell of radius R. Bound
ions are assumed to occupy a cylindrical shell of area A. around the DNA. The free ions occupy the
rest of the space up to radius R. The electrostatic energy is evaluated as if all condensed ions are
exactly at the inner (DNA) radius, r = d.

potential at » > d. This leads to the last term in Eq. (5.18), where ¢ is the reduced electrostatic
potential at r» = d, given by:

K()(I{d)

Y _ 2p, — )22
¢ B(pDNA — 2p pl)KdKl(Hd)

(5.21)

where we assume that the outer cell radius is much larger than d and x~', K, and K, are
zeroth and first order modified Bessel functions of the first kind, and x~' is the Debye length,
defined similarly to Eq. (5.1):

K? = 4nlp 20{ +z2(z+ 1)c£} (5.22)

We neglect in Eq. (5.18) the contribution from the entropy of monovalent co-ions.
The number of condensed monovalent and z-valent counterions is found by minimizing the

free energy with respect to p; and p, [taking into account Eq. (5.20)], yielding:

Pz _ . P1 _
In (cfAc> =—z2¢ ; In (c{AC> @. (5.23)

In this minimization we neglect contributions due to the dependence of x on p; and p,. This

is justified by the fact that:

Ok drip Ok 27lpz(2+1)

oo - R(A—A)  p - w(A-AY (5.24)

As long as A — A, > Igk~! these contributions are indeed negligible.
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Cs ap? ¢ (two-phase) ¢ (PB) ¢& (Manning)
2 0.194 4.1x1074 4.3 x 1074 7.5 %1077
13 0.191 1.0 x 1072 3.7%x1072 3.4x1074
23 0.173 7.4 x 1072 3.3 x 1072 4.1 x 1074
88 0.135 3.9x 107! 1.1 x 1071 4.8 x 1073

Table 5.4: Comparison of ¢° corresponding to the threshold value of ap,, as predicted by our
two-phase model (two-phase), Poisson-Boltzmann theory (PB) and two-variable theory (Manning).

Consequences for DNA aggregation

We are interested in the qualitative dependence of ¢ on c¢;. Note that ¢Z° of the previous
sections has the same role as ¢/ in the two-phase model, while p, and p; in the two-phase
model play a similar role as the excess (designated in the previous sections using the same
symbols, p, and p1). The approximations made in the two-phase model manifest themselves in
the relation between ¢, c{ and p, which is different from the analog relationship in PB theory.

For the monovalent salt, assuming that cs > cpna, c{ can be replaced by c¢;. Equation
(5.24) then yields the following relation:

% o CSAC)Z
Ae ( P1 ( )

where p] is the linear density of bound monovalent ions at the onset of aggregation, and p} is
the linear density of bound multivalent ions (a more elaborate discussion, leading to a similar
conclusion, is found in Ref. [40]). Qualitatively pj is the only ingredient that needs to be
estimated in this equation, since c; is controlled experimentally and zp? is of order one.

The main outcome of Eq. (5.25) is that ¢} scales roughly as (c¢5)*. This explains the large
variation of ¢} at different monovalent salt concentrations since z = 4. There are several sources
for corrections to this scaling. The first one is the dependence of p] on ¢s and p%. A second
source of corrections is the effect of short-range interactions, which is discussed below within
PB theory (Sec. 5.B.2). In addition, Eq. (5.25) involves all the approximations of the two-phase

model.

Comparison with other models

We conclude this section by comparing the predictions of the two-phase model with those of
PB theory and Manning’s two-variable theory (see also Refs. [23,25]). This is instructive due to

the wide use of the two-phase model in the literature. Table 5.4 lists the value of ¢} calculated
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with the two-phase model, using the values of ¢s and p} of Table 5.1. The two-phase model
can be seen to agree qualitatively with PB theory. Quantitatively, their predictions differ by a
factor of up to four in the table.

Our two-phase model differs from Manning’s model in some details. First, the area used in
the expression for the entropy of bound counterions is different. Second, the expression for the

electrostatic energy of bound ions is given in Manning’s theory by:
¢ =2lg (ppNa — 2p> — p1) In (1 — e_m) . (5.26)

Note that for small xd the two forms in Egs. (5.26) and (5.21) are similar if a is replaced by d,

since:
K() (I{d)
kdK1(kd)

In the last column of Table 5.4 we present the results of Manning’s two-variable theory, in the

~ —In(1—e ") (5.27)

version that was used in Refs. [24,25,47] (with different areas of condensation for monovalent
and multivalent counterions). Compared to our two-phase model, deviations from PB theory
are larger, typically of approximately two orders of magnitude. Since both two-phase models
are quite similar to each other, their different predictions demonstrate the large sensitivity of ¢?
to model-dependent parameters. In our opinion such models are useful for obtaining qualitative

predictions, but should be used with great care when quantitative predictions are required.

5.B.2 Short-range interactions

Spermine is a long, relatively narrow molecule. Because of this geometry spermine can approach
DNA at close proximity. It can even penetrate the grooves at certain sites and orientations [48,
49]. Configurations that are close enough to the DNA are accompanied by a loss of orientational
entropy. There are many additional factors that modify the interaction of spermine with DNA,
compared to simplified electrostatic models. Among them are short-range interactions, specific
ordering of charges on the spermine and DNA, and arrangement of the surrounding water
molecules.

Using PB theory it is not possible to take all these effects into account. In this section we
will demonstrate, within the framework of PB theory, that short-range interaction parameters
can strongly affect the competition between monovalent and multivalent ions [41,42,50], and
thereby affect the onset of aggregation in a similar way to that seen in Table 5.2.

As a simple example (with somewhat arbitrary parameters chosen to demonstrate our point)
two short-range effects are added to the PB model. We consider 4-valent ions that are larger

than the monovalent ones. Hence the distance of closest approach to the DNA is different for
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csmM] 2 [mM] ap; ap (PB) ap (SR)
2 0+ 0.0003 0.194 £ 0.020 0.186 £ 0.005 0.191 £ 0.006
13 0.011 £ 0.002 0.191 £0.013 0.178 £ 0.002 0.172 £ 0.003
23 0.031 £ 0.005 0.173£0.025 0.172 £ 0.002 0.163 £ 0.003
88 0.52+0.05 0.135+0.026 0.164 £ 0.002 0.149 £ 0.003

Table 5.5: Excess of 4-valent ions near DNA, ap3, extracted from DNA aggregation experiments (as
in Table 5.1), compared with calculated values using Poisson-Boltzmann theory (PB), and Poisson-
Boltzmann theory with short range interactions (SR).

the two species. In this example these distances (smallest allowed distances between an ion
center and the DNA axis) are taken as 9 A for the monovalent counterions and 12 A for the
multivalent ones. In addition, we include a short-range attraction between the multivalent ions
and DNA: multivalent ions gain 3 kg7 if their distance from the DNA is smaller than 15 A.
Qualitatively these are two competing effects. The first one (closer approach of monovalent
ions) slows down replacement of monovalent ions by multivalent ions, while the second (short-
range attraction) has the opposite effect. The balance between the two effects is different for
different ¢ and c°.

Table 5.5 shows values of ap, calculated using the above modified model. These values (SR)
are shown next to the results of the usual Poisson-Boltzmann theory (PB) and compared with
the experimental values of ap}. For ¢y = 2mM, p, is almost the same in the two calculations.
For ¢, = 88 mM and ¢2° = 0.52mM p, is considerably decreased with the inclusion of short-
range interactions, and is closer to the experimental value. Any one of the two short-range
effects, by itself, results in a large discrepancy with experimental data at low salt concentration.

We believe that the importance of competing mechanisms for a long, multivalent ion such
as spermine [30] go beyond the simple modifications to PB described above. More refined
modifications include the loss of orientational entropy at close proximity to the DNA. This
effect creates a short-range repulsion, whereas the correlation effect beyond mean-field is similar
to a short-range attraction. We stress, however, that the improvement found in Table 5.5 over
simple PB theory does not imply that our short-range interaction parameters are realistic for
spermine and DNA. It only demonstrates that such effects can account for the discrepancy with
PB predictions.

As a second example we consider multivalent ions that are bulkier than monovalent ones, so
that their distance of closest approach to DNA is larger from the monovalent one by 4 A. No

short-range attraction is included. Figure 5.10 shows the onset of aggregation using the same
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Figure 5.10: Multivalent ion concentration [mM], as function of DNA monomer concentration
[mM] at the onset of aggregation, calculated using the PB equation, with different radii of closest
approach for monovalent ions (9A) and multivalent ions (13 A). The criteria for the onset is that
p. = pi of Table 5.1, as in Fig. 5.7(b). A log-log plot is used in order to show the five decades of
DNA concentrations.

criterion as in Fig. 5.7 (b), i.e., p, = pi of Table. 5.1. Compared to Fig. 5.5 (b), a much larger
value of ¢, is needed to reach the same value of p,. Such an effect may be found for large and
bulky counterions.

To summarize this appendix, the large variation of ¢} in Table 5.1, for different values of c;,
is the result of competition between monovalent and multivalent counterions. Due to this com-
petition, ¢} is highly sensitive to short-range, ion-specific effects, as well as to model-dependent
approximations. Simplified models that include only electrostatic interactions are thus inher-
ently limited in their capability to predict the conditions required for DNA aggregation in a

quantitative manner.



Symbol Legend (Chapter 5)

(o]

(o'}
C1H ¢

f
€1 C£
CDNA

Cs

Debye length.

Gouy-Chapman length, Eq. (5.16).

Excess of monovalent/multivalent ions per unit length, Eq. (5.4).
Number of condensed ions per unit length in the two-phase model (Appendix 5.B).
Number of free counterions per unit length of the cell (Appendix 5.B).
Number of unit charges per unit length of the DNA axis.
Monomer length, taken as 1/ppna.

Cell area.

Area available to condensed ions (Appendix 5.B).

Bulk concentrations.

Concentrations of free counterions (Appendix 5.B).

DNA (monomer) concentration.

Concentration of added monovalent salt.

Concentration of added multivalent salt.

Threshold value of ¢° at the onset of aggregation.

Value of p, at the onset of aggregation.

Average multivalent salt concentration at the onset of aggregation.
DNA radius (10 A).

Bjerrum length.

Local concentration of multivalent counterions.

Cell radius.

Valency of multivalent counterions.

227



Bibliography

[1] Y. Burak, G. Ariel, and D. Andelman, Biophys. J. 85 (2003) 2100.
[2] Y. Burak, G. Ariel, and D. Andelman, Curr. Opin. Colloid Int. Sci. 9 (2004) 53.

[3] V.A. Bloomfield, D.M. Crothers, and 1. Tinoco, Nucleic Acids: Structures, Properties, and
Functions, University Science Books: Sausalito, CA, 2000.

[4] W.M. Gelbart, R.F. Bruinsma, P.A. Pincus, and V.A. Parsegian, Physics Today 53 (2000)
38.

[5] J. Pelta, F. Livolant, and J.-L. Sikorav, J. Bio. Chem. 271 (1996) 5656.

[6] J. Pelta, D. Durand, J. Doucet, and F. Livolant, Biophys. J. 71 (1996) 48.

[7] C.W. Tabor, and H. Tabor, Ann. Rev. Biochem. 53 (1984) 749.

[8] L.C. Gosule and J.A. Schellman, J. Mol. Biol. 121 (1978) 311.

[9] D.K. Chattoraj, L.C. Gosule, and J.A. Schellman, J. Mol. Biol. 121 (1978) 327.
[10] J. Widom and R.L. Baldwin, J. Mol. Biol. 144 (1980) 431.

[11] J. Widom and R.L. Baldwin, Biopolymers. 22 (1983) 1595.

[12] E. Raspaud, M. Olvera de la Cruz, J.-L. Sikorav, and F. Livolant, Biophys. J. 74 (1998)
381.

[13] M. Saminathan, T. Antony, A. Shirahata, L.H. Sigal, T. Thomas, and T.J. Thomas, Bio-
chemistry. 38 (1999) 3821.

[14] E. Raspaud, I. Chaperon, A. Leforestier, and F. Livolant, Biophys. J. 77 (1999) 1547.

[15] A. Osland and K. Kleppe, Nucleic Acids Res. 4 (1977) 685.

228



BIBLIOGRAPHY 229

[16] M. Olvera de la Cruz, L. Belloni, M. Delsanti, J.P. Dalbiez, O. Spalla, and M. Drifford, J.
Chem. Phys. 103 (1995) 5781.

[17] 1. Borukhov, K.-C. Lee, R.F. Bruinsma, W.M. Gelbart, A.J. Liu, and M. Stevens, J. Chem.
Phys. 117 (2002) 462.

[18] I. Borukhov, R.F. Bruinsma, W.M. Gelbart, and A.J. Liu, Phys. Rev. Let. 86 (2001) 2182.
[19] J. Wittmer, A. Johner, and J.F. Joanny, J. Phys. II France. 5 (1995) 635.

[20] T.T. Nguyen, I. Rouzina, and B.I. Shklovskii, J. Chem. Phys. 112 (2000) 2562.

[21] B.Y. Ha and A.J. Liu, Phys. Rev. Lett. 79 (1997) 1289.

[22] J.J. Arenzon, J.F. Stilck, and Y. Levin, Eur. Phys. J. B. 12 (1999) 79.

[23] L. Belloni, M. Drifford, and P. Turq, Chem. Phys. 83 (1984) 147.

[24] R.W. Wilson and V.A. Bloomfield, Biochemistry 79 (1979) 2192.

[25] R.W. Wilson, D.C. Rau, and V.A. Bloomfield, Biophys. J. 30 (1980) 317.

[26] D. Andelman, in Handbook of Physics of Biological Systems, I. R. Lipowsky and E. Sack-
mann (eds.), Elsevier Science: Amsterdam, 1984, Vol. I, Chap. 12, p. 603.

[27] F. Oosawa, Polyelectrolytes, Marcel Dekker: New York, 1971.

[28] M. Le Bret and H. Zimm Biopolymers 23 (1984) 287.

[29] M. Guéron and G. Weisbuch Biopolymers 19 (1980) 353.

[30] A.P. Lyubartsev and L. Nordenski6ld, J. Phys. Chem. B 101 (1997) 4335.

[31] T.T. Nguyen and B.I. Shklovskii, J. Chem. Phys. 115 (2001) 7298.

[32] J.X. Tang, T. Ito, T. Tau, P. Traub, and P.A. Janmey, Biochemistry 36 (1997) 12600.
[33] W.H. Braunlin, T.J. Strick, and M.T. Record, Jr., Biopolymers. 21 (1982) 1301.

[34] G.E. Plum and V.A. Bloomfield, Biopolymers 27 (1988) 1045.

[35] J.A. Subirana and J.L. Vives, Biopolymers 20 (1981) 2281.

[36] H.H. Strey, R. Podgornik, D.C. Rau, and V.A. Parsegian, Curr. Opin. Struct. Biol. 8
(1998) 309.



230 BIBLIOGRAPHY

[37] D.C. Rau, B. Lee, and V.A. Parsegian, Proc. Natl. Acad. Sci. USA. 81 (1984) 2621.
[38] D.C. Rau and V.A. Parsegian, Biophys. J. 61 (1992) 246.

[39] D.C. Rau and V.A. Parsegian, Biophys. J. 61 (1992) 260.

[40] I. Rouzina and V.A. Bloomfield, J. Phys. Chem. B 100 (1995) 4292.

[41] I. Rouzina and V.A. Bloomfield, J. Phys. Chem. B 100 (1996) 4305.

[42] 1. Rouzina and V.A. Bloomfield, Biophys. Chem. 64 (1997) 139.

[43] H. Magdelénat, P. Turq, P. Tivant, M. Chemla, R. Menez, and M. Drifford, Biopolymers
18 (1979) 187.

[44] G.S. Manning, J. Chem. Phys. 51 (1969) 924.

[45] G.S. Manning, Quart. Rev. Biophys. IT 2 (1978) 179.

[46] G.S. Manning, Biophys. Chem. T (1977) 95.

[47] V.A. Bloomfield, R.W. Wilson, and D.C. Rau, Biophys. Chem. 11 (1980) 339.

[48] N. Korolev, A.P. Lyubartsev, L. Nordensikéld, and A. Laaksonen, J. Mol. Biol. 308 (2001)
907.

[49] N. Korolev, A.P. Lyubartsev, A. Laaksonen, and L. Nordenskiold, Biophys. J. 82 (2002)
2860.

[50] H. Deng and V.A. Bloomfield, Biophys. J. 77 (1999) 1556.



Chapter 6

Charge regulation of interacting
weak polyelectrolytes

In the following chapter we study the pH-regulated dissociation of weak rod-like polyelectrolytes
(PEs).! We introduce a generalized non-uniform mean-field formalism to describe the dissoci-
ation. Our formalism allows for two-sublattice symmetry breaking, which in titration curves
is associated with a plateau for intermediate dissociation degrees. We first test our method in
the case of a single weak PE by comparison with exact enumeration studies and show that it
gives quantitatively accurate results for the dissociation degree in the full range of pH values,
and in specific performs much better than the nearest-neighbor approximation (where exact
solutions are possible). We then study charge regulation of the coupled system of a weak poly-
acid and a weak polybase as a function of their mutual distance, which has some relevance
for PE-multilayer formation and for PE complexation. An intricate interplay of the degree of
dissociation and the effective interaction between the PEs as a function of their mutual distance

is found.

6.1 Introduction

The charge of weak polyacids and polybases is determined by the probability of each functional
group to dissociate and expose a charged residue. This probability depends on a chemical
equilibrium which can be tuned by varying the pH of the solution. In contrast to dilute solutions
of monoacids or monobases, in weak polyelectrolytes (PEs) each functional group is influenced
by all other groups along the polymer, via their mutual electrostatic interaction. As a result of

the repulsion between charged groups, even strong PEs become weak at low salt concentrations.

IThe material presented in this chapter was published in Ref. [].
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Furthermore, when two or more polymers interact with each other, their degree of ionization
is modified, compared to their isolated state, and depends on parameters such as the distance
between the polymers and their relative spatial configuration. Due to the many-body nature
of this problem, and the long range of the electrostatic interactions, an exact solution for the

average charge as function of pH is generally not known.

In this chapter we consider stiff PEs, where there is no coupling between the dissociation
degree of freedom and the polymer conformation (for treatment of such coupling in flexible
PEs see, for example, [2-4]). We consider first a single PE in salt solution and discuss some
of the approximations commonly used to characterize its charge regulation. It was previously
shown that a uniform mean field approach cannot adequately describe charge regulation when
the coupling between charges along the polymer is strong [5]. In these cases ionizable groups
dissociate in a two-step process, characterized by a plateau in the charge vs. pH curve. This
process results from a spatially inhomogeneous charging pattern and is not predicted by a
uniform mean field approach. We introduce a mean field theory with explicit symmetry breaking
between two sublattices. Such an approximation is shown to be semi-quantitatively accurate
and performs better than previous calculations where the range of interactions is restricted [5],
as we demonstrate by comparison with exact enumeration over all configurations for finite chain
lengths.

In the second part of the chapter we apply our non-uniform mean-field scheme to the in-
teraction of two stiff PEs. We restrict ourselves to the simple case of polymers aligned parallel
to each other and calculate the average charging and free energy as function of their distance.
Our model reveals some of the intricate effects that can occur in interacting weak PEs. In a
broader context, these interactions are of interest in the formation of PE multilayers, composed
of alternating layers of positively and negatively charged polymers [6-8]. In particular weak
polyacids and polybases can be used to form multilayers [9,10]. In this case properties such
as the layer thickness and density depend strongly on the dissociation degree of the functional

groups, and can be tuned sensitively by varying the pH of the solution [10].

6.2 Single Polyelectrolyte

The free energy for a weak PE, immersed in an aqueous ionic solution, can be written as follows:

F=-In Z exp(—H) (6.1)
{Si:O,l}
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The Hamiltonian H is given by:
H=up Z s; + Z sisjupu(r;, ;) (6.2)
i i>j
where r; is the position of the ith monomer and s; can be either zero (for an uncharged monomer)
or one (charged monomer). The sum in Eq. (6.1) goes over all different configurations of
dissociated groups. Note that F' and H are given in units of the thermal energy kpT. The
chemical potential p is related to the pH of the solution [11]:

uw = —2.303(pH—pK,) — Ik (Acid)

uw = 2.303(pH —pKy) — gk (Base) (6.3)

where £ is the Debye screening length, I = €2 /(ekgT) is the Bjerrum length, equal to about
7 A in water at room temperature, kT is the thermal energy, €, is the dielectric constant of
water and e is the unit charge. The last term in Eq. (6.3) is the self-energy of the two charges
created in the dissociation process. We assume throughout this chapter that the ionic solution
can be described using the linearized Debye-Hiickel theory, so that electrostatic interactions
between charges are pairwise additive, as in Eq. (6.2). The exact form of vpy depends on
the salt concentration, and also on the dielectric properties of the polymer backbone, as will
be discussed below. In the most simple case of dielectric continuity between the polymer and
solution, vpy is equal to:

efn\rlfrg\

vpu(ri,r2) =Ip (6.4)

The linear Debye-Hiickel approach neglects non-linear effects that are associated with counte-
rion condensation and which are contained in the non-linear Poisson-Boltzmann formalism. The
main reason for resorting to linear theory is that only at that level can the complicated prob-
lem of spatially inhomogeneous charge distributions on the PE backbone be calculated. One
justification is that weak polyelectrolytes as studied in this chapter are typically not strongly
charged, so that non-linear effects are less important than for strong polyelectrolytes, as will
be discussed in more detail in the concluding section.

For the following calculations, it is convenient to use symmetric variables §; having the

values —1,1 instead of 0, 1:

(6.5)

In terms of these variables the partition function is:

7 = Z exp{ —¢ — ﬂz S — Z 5:5;0pm la(i — j)] (6.6)

{5,=—1,1} i>j
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where:
;= Iy +1NZ [aj]
c = B 1% 1 : VUDH |Q])
7>0
- op 1 )
me=g + 5 ZUDH[GJ]
7>0
N 1
UDH = ZUDH (6.7)

and a is the nearest-neighbor distance between dissociable groups on a straight line.

6.2.1 Non-uniform mean-field approach with two sublattices

Mean-field equations

In principle, the above statistical one-dimensional problem can be solved using transfer-matrix
techniques which take the long-ranged interactions into account via a multiple-time integration
with a suitably chosen kernel. In order to obtain a simple, tractable solution we use mean-field
methods, which are implemented in the following way. The Gibbs variational principle can be

used to obtain an upper bound for the free energy F' = —InZ,
F < Fo+ (H)y — (Ho), (6.8)

In this inequality Hj is a trial Hamiltonian (to be specified below) and Fy = —InZy, where Zj
is the partition function obtained from Hp; The thermal averages in Eq. (6.8) are evaluated

using Hy. We introduce the trial Hamiltonian
Ho = ho Z S2i + hy Z $2i+1 (6.9)

which separates the polymer into two sublattices. The variational parameters hg, hi are fields
which act on the charges in the two sublattices. By minimizing the right hand side of Eq. (6.8)

with respect to hg and hq, the following equations are obtained,

ho = fi+J{Go), + K (51),
hi = j+J (), + K (3), (6.10)
where
(50), = —tanh(ho) ; (81)y = —tanh(hy), (6.11)
and
J= %Z’UDHpja] ;K= %ZvDH[(zj + 1) (6.12)
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The choice of two sublattices (as opposed to more sublattices with a larger period) is related
to the strong anti-correlation that can exist between adjacent monomers, and will be further

motivated below.
Main properties of mean-field equations

Equations (6.10) and (6.11) always have a symmetric solution for which hg = hy. However, the
symmetric solution is not always the minimum of the free energy but can be, instead, a saddle
point in the 2D plane spanned by hg and h;. In these cases two other solutions exist, both
of which break the symmetry between the two sublattices, i.e., hg # hi. One solution can be
obtained from the other by exchanging hog and h;. The average charging degree of the polymer
is then equal to:

(8)g+1  (So)g+ (51)g+2

(s) = 10T~ = 20T (6.13)

In order to understand for which parameters symmetry breaking occurs, let us consider first

the case i = 0. In this case the Hamiltonian exhibits the symmetry s; — —Ss; in addition to
the symmetry of exchanging the two sublattices. Even if the latter symmetry is broken, we
have (5), = 0, or equivalently (s), = 1/2, i.e., exactly half of the monomers are dissociated.
Using the fact that hg = —hy, Egs. (6.10) and (6.11) reduce in this case to one transcendental
equation,

h() = (K — .]) tanh(ho) (614)

This equation has a non-zero solution (where hg # hq) only if:
K-J>1 (6.15)

If this condition is met, a sublattice symmetry breaking solution also exists within a certain
range of ji values around zero. Outside the range |fi| < fi. there is no symmetry breaking, i.e.,
(50)¢ = (81)¢- If condition (6.15) is not met, there is no symmetry breaking solution for any
value of fi.

The solution with hg = h1 (no sublattice symmetry breaking) can be found by substituting
this equality in Egs.(6.10) and (6.11), leading to the transcendental equation

ho = (K + J) tanh(hg) (6.16)

In a uniform mean-field approximation this solution is found for all values of ji, whereas in our
case it applies only for || > fic.
Before considering concrete examples we comment on the nature of the transition at i =

+/i.. This transition is second order, i.e., (51), — (50), — 0 as fi — %fi.. Note that a non-zero
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it does not break the symmetry of exchanging the two sublattices in the Hamiltonian. This is
why the order parameter is continuous at the transition. However the derivative of the order
parameter with respect to fi is discontinuous and diverges when approaching the transition from
the side where symmetry breaking occurs. Similarly, the derivative of the average dissociation
degree with respect to i has a discontinuity at the transition. These are artifacts of the
mean-field approach, since the exact solution for a one dimensional system with short-ranged
interactions cannot exhibit a real phase transition [12]. However, our non-uniform mean-field

scheme still predicts the average charge very accurately, as will be demonstrated below.

6.2.2 Uniform dielectric constant

In the case of a uniform dielectric constant, in which the screened interaction is given by

Eq. (6.4), the summations in Eq. (6.12) can be performed explicitly, yielding

J = “Ia [ln (1—e™") +In(1+ e*’m)]
K = —i—i In(1—e™™) —In(1+e "] (6.17)
N R A—
po= 5-g In (1—e") (6.18)
The condition for sublattice symmetry breaking, Eq. (6.15), translates to
K—J:%ln(1+e_m) >1 (6.19)

Increasing k decreases K — J and thus the possibility for sublattice symmetry breaking. Sym-

metry breaking can occur for a finite range of x and pH only if the condition

l 2
EB > o5 =29 (6.20)
is met. For Iz = 7.0A this condition leads to a < 2.4 A. Hence vinyl-based polymers with
an acid group on every second Carbon atom such as poly-styrene-sulfonate or poly-acrylic-acid
with a charge-distance of a ~ 2.5 A are marginally close to symmetry breaking within the
present model. However, a dielectric discontinuity due to the polymer backbone can increase
K — J considerably, as will be discussed in the following sub-section.

Examples with symmetry breaking will be shown in the following sub-section, while here we

restrict ourselves to the case of dielectric continuity and no symmetry breaking. In the case of

no symmetry breaking all the dependence on x enters through the quantity
K+ J=—(lp/2a)In (1 —e "), (6.21)

which increases with increasing Debye length 1.
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Figure 6.1: (a) Average degree of dissociation of a polyacid as function of pH-pKa, calculated using
a mean-field approximation (solid lines). For comparison an exact enumeration over all configura-
tions is also shown (symbols) with N = 20 and using periodic boundary conditions. Results for four
different values of the Debye length are shown, k= = 3A (squares), 10 A (diamonds), 30 A (trian-
gles) and 100 A (circles). The separation between charged groups is a = 2.5 A. (b) Average degree
of dissociation as function of pH-pKa, calculated using an exact enumeration for a chain length
Na = 50A. The solid lines show enumeration results with periodic boundary conditions (as shown
using symbols in part (a)). These results are compared with enumeration without periodic boundary
conditions (dashed lines). Two different values of the Debye length are shown in the plot, k! =
3 A (to the left) and 100A (to the right).

Results

In Fig. 6.1 (a) we show the average degree of charge dissociation following from our mean-field
equation for a polyacid with a = 2.5 A, for four different salt concentrations, corresponding to
x~1 = 3,10, 30 and 100 A (solid lines). These results are compared with an exact calculation
of the free energy for a finite chain with N = 20 dissociable groups (symbols), by enumeration
over all 2V states. For the exact enumeration, periodic boundary conditions are imposed by

setting the interaction between monomers ¢ and j to be

oo

vhyi i) = > wvpnli,j+nN). (6.22)

n=—o00
The comparison between mean-field and the exact enumeration is very good for all four values
of k=1 shown in the figure. Note that in all these cases there is no symmetry breaking in
the mean-field solution, as expected since the charge distance of a = 2.5A does not satisfy
the condition Eq. (6.20). Comparison of the four curves shows that x~! has a large effect on
the degree of charging. As k! is increased each monomer interacts more strongly with the
other monomers. This increased repulsion reduces the charging, or, as one might put it, the

long-ranged repulsion between charged groups makes even strong PEs weak.
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Throughout this work we will assume that the polymer is long compared to the Debye
length. However, it is important to realize that for shorter polymers the average degree of
dissociation depends on the polymer length. In order to demonstrate this point we show in
Fig. 6.1 (b) the average degree of dissociation as function of pH for a finite chain of length Na,
where N = 20 and a = 2.5A. In the calculation an exact enumeration over all configurations
is performed, without periodic boundary conditions (dashed lines). The results are compared
with an enumeration with periodic boundary conditions (solid lines), as was done in Fig. 6.1 (a).
For k=1 = 3 A, the polymer length is larger than the screening length, Na > k="' and the two
calculations yield nearly identical results. In the second case shown in the plot, x~1 = 100 A,
x~1 and Na are of the same order of magnitude and there are significant finite size effects.
These results may be important for the interaction of short DNA oligomers with substrates, as
they show that the polymer length affects adsorption behavior also via the effective charge of

PEs.

Restriction to nearest-neighbor interactions

A common approximation that was previously applied for the charge regulation of PEs is to
consider only nearest-neighbor (NN) interactions [13-15]. The reason is that exact closed-form
solutions are available in this case. Within the non-uniform mean-field approach, this approx-
imation corresponds to setting K = (Ip/2a) exp(—ka) and J = 0. Note that the combination
K + J, which determines the solution without symmetry breaking, is smaller in the NN case
than in the full interaction case. On the other hand the combination K — .J, which affects the
symmetry breaking (see Eq. (6.15)), is larger in the NN case.

In Fig. 6.2 we compare the NN predictions (dashed lines and open symbols) with those
obtained using the full long-range interaction (solid lines and filled symbols), for two different
values of the Debye length. The symbols show exact enumeration results, obtained using
periodic boundary conditions and are thus representative of an infinitely long system, while
the lines show mean-field results. For both values of the Debye length there are significant
deviations between the NN result and the full interaction. As can be expected, these deviations
are larger for the larger screening length, £~ = 100 A, since in this case the interaction between
further-nearest neighbors contributes significantly to the total interaction. Note that for k! =
100 A and NN interactions (open square symbols and dashed line) there is also a small effect
of symmetry breaking in the mean-field solution, resulting in a non-monotonous slope near
(s) = 0.5. A similar effect is seen in the exact enumeration. As a main result of this section, we

see that the restriction to nearest-neighbor interactions is in general not a good approximation,
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Figure 6.2: Comparison of a nearest neighbor mean-field approximation (dashed lines) with a mean-
field calculation taking into account all long range interactions (solid lines) for a polyacid having
a =2.5A, as function of pH-pKa. Results for two values of the Debye length are shown. They can
be distinguished in the plot according to the type of symbols (circles, k=1 = 10A; squares, k™' =
100 A). The symbols show exact enumeration results with N' = 20 and periodic boundary conditions
(empty symbols - only nearest neighbor interactions; full symbols - full long range interaction). In
the enumeration with NN interactions results are nearly identical to the analytical expression for an
infinite chain.

while the mean-field approach reproduces the exact enumeration results very accurately.

6.2.3 Non-uniform dielectric constant

So far we neglected effects of the dielectric discontinuity between the polymer and its surround-
ings. As these effects tend to increase the electrostatic interactions, they are expected to be
important for the dissociation process. They were estimated in Ref. [5] using a simple model,
shown in Fig. 6.3. The PE is modeled as a cylinder of radius d and dielectric constant e4 < &,
where g,, >~ 80 is the dielectric constant of water. Charged groups are assumed to be equally
spaced along the cylinder axis, with separation a. Here we generalize this model to some extent
by placing these charged groups at a distance 0 < b < d from the axis, as shown in Fig. 6.3.
The electrostatic potential exerted by one such charge on another one was calculated in Ref. [5]

and is given by

cwlB 1 ad
= — — .2
v=Ee 3 W (6.2

where z is the distance between the charges. The first term is equal to the electrostatic interac-

tion within a medium of dielectric constant €4, with no screening by salt. In the second term,
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Figure 6.3: Schematic representation of a simple model taking into account the difference between
the dielectric properties of water and a polymer’s backbone. A PE is modeled as a cylinder of radius
d with a dielectric constant 4, while the dielectric constant outside the cylinder is equal to &,,.
Charged groups that can dissociate from the polymer are located at regular intervals a from each
other, at a distance b from the cylinder axis.

W, is equal to

W,(z,n) = 42215 / Tk cos(kz) [ (kb))* R(k,n) (6.24)
Ed 0
where
Rt ) — R s (k) B (k) Kon(pd) — pew [ (pd) + Ko o)) Kn(hd)

keq [In—1(kd) + L1 (kd)] Ky, (pd) + pew [Kn—1(pd) + Kn+1(pd)] I, (kd)

p= (k2 + HQ) 12 and K, I,, are the n-th modified Bessel functions of the first and second kind,
respectively.

In Ref. [5] only the case b = 0 was considered. For two charges located exactly at the
polymer axis, b = 0, the electrostatic interaction approaches (€, /e4)lp/% at short separations,
while for larger separations it crosses over to the interaction in the aqueous ionic solution,
Ipexp(—kz)/z. The former interaction is typically much larger than the latter, leading to a
two-step charging curve and failure of a uniform mean-field approach. On the other hand, only
close-by monomers interact strongly with each other, motivating the use of a nearest-neighbor
(NN) model [5], where only interactions between neighboring monomers are taken into account.
The free energy and average degree of dissociation can then be calculated exactly [13-15], e.g.,
using the transfer matrix method [12,16].

The NN approximation indeed predicts the two-step behavior of the charging curve, but
it can fail for large values of the Debye screening length, since in this case further-nearest

neighbor interactions become important. For large ! long-range interactions can be important



6.2. SINGLE POLYELECTROLYTE 241

although they are much weaker than the interactions between neighboring monomers, as shown

in the following numerical examples.

Results for radially symmetric charge distribution

In Fig. 6.4 (a) the NN prediction (dashed line, exact solution) is compared with an enumeration
using the full long range interaction (circles). The Debye length is s~* = 100 A and interactions
between monomers are calculated using Eq. (6.23) with b = 0, d = 2.5A, Ew/eq = 80/3 and
a monomer separation a = 3.5A . In all calculations with dielectric discontinuity we use a
monomer separation a = 3.5 A rather than 2.5 A, which corresponds to a somewhat smaller
fraction of dissociable groups.

The exact solution of the NN model in Fig. 6.4 (a) (broken line) deviates significantly from
the enumeration results with the full range of interactions included (circles). In contrast,
our non-uniform mean-field approach with symmetry breaking (solid line in Fig. 6.4 (a)) is
semi-quantitatively correct. The success of our generalized mean-field approximation is one
of the main results in the first part of this work. Note that the main difference with respect
to enumeration is that the mean-field approximation over-estimates the effects of symmetry
breaking, as seen from the exaggerated size of the plateau region.

We also present in Fig. 6.4 (a) a comparison between the NN exact solution (dashed line)
and an enumeration taking only nearest-neighbor interactions into account (crosses). This is
done in order to test finite size effects in the exact enumeration. The enumeration and exact
solution yield almost identical results, demonstrating that an enumeration with N = 20 is
typically very accurate for a single polymer. We note that periodic boundary conditions are
essential in order to obtain this level of accuracy in enumeration, when long range interactions
are included [compare Fig. 6.1 (b)]. As another test for the enumeration procedure we increased
N to 30 for several different choices of vpg(z). In all these cases deviations from results with
N = 20 were insignificant.

Figure 6.4 (b) shows a comparison between the NN exact solution (broken line) and a mean-
field calculation with two sublattices (solid line), taking only the NN interaction into account,
for k=1 = 100A . The NN-mean-field approximation shows an effect similar to the curve in
Fig 6.4 (a): two artificial discontinuities in the derivative of (s) are seen, corresponding to two
erroneous second-order transitions. In addition, the plateau is more pronounced compared
to the exact solution. Nevertheless, the overall prediction for (s) as function of pH is quite
accurate.

Finally, the dependence on the Debye screening length x~! is investigated in Fig. 6.4 (c),
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Figure 6.4: Average degree of dissociation of a polymer with strong interactions between close
by monomers, characterized by a plateau near (s) = 1/2. The interactions between monomers
are calculated using the cylindrical model shown in Fig. 3, with ¢4 = 3, €, = 80, d = 2.5A,
a = 3.5A, b = 0 and a Debye length k™' = 100A. (a) Mean-field results with two sublattices
(solid line) are compared with an enumeration over all configurations with N = 20 and periodic
boundary conditions (circle symbols). The mean-field results show two cusps, where transitions
occur between a solution with no symmetry breaking and one with symmetry breaking (the latter
occurs for intermediate pH). Results are also compared with an enumeration taking only nearest
neighbor (NN) interactions into account (crosses) and the exact solution with NN interactions,
calculated using the transfer matrix method (dashed line). (b) Mean-field calculation with two
sublattices taking only NN neighbor interactions into account (solid line), compared with the exact
solution with NN interactions (dashed line). (c) Dissociation as function of PH for four different
values of the Debye screening length: x~' = 3, 10, 30 and 100A, calculated using the mean-field
approximation with two sublattices. All parameters other than & are as in part (a). The interaction
parameters J, K used in the mean-field approximation are equal to 0.21,4.36 (k=3 A); 0.46, 4.86
(k~1=10A); 0.87,5.30 (k" '=30A); and 1.37,5.84 (k~'=100A).
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Figure 6.5: Dependence of the electrostatic interaction between two monomers on their distance b
from the polymer axis, within the cylindrical model of Fig. 3. The distance between the monomers
is @ = 3.5 A and the other model parameters are d = 2.5A, ¢; = 3 and ¢,, = 80. Results are shown
for four values of the Debye length, x~! =3, 10, 30, and 100 A. The electrostatic interaction in an
aqueous ionic solution is shown for comparison using dashed lines.

using our non-uniform mean-field approach. The parameters J and K of the sublattice inter-
actions are calculated for each value of k using Eqgs. (6.12) and (6.23). For all the four values
of k=1 that are shown, k=1 = 3, 10, 30 and 100 A a pronounced plateau is visible. The cusps
that are present in all four cases [for example, at (s) ~ 0.07 and (s) ~ 0.93 in (a)] are artifacts

due to the mean-field approach.

Dependence on the position of charged groups

In most polyacids and polybases the charged units are located in side groups, rather than being
close to the polymer axis. This raises the question whether an interaction much larger than the
usual Debye-Hiickel interaction will occur even if the charges are displaced from the axis. Within
the simple cylindrical model presented above, this question can be addressed by calculating the
electrostatic interaction between two monomers as a function of . Such a calculation is shown
if Fig. 6.5, for four different values of the screening length £~!. The monomers are separated by
a distance of a = 3.5 A, while the polymer radius is taken as d = 2.5 A, as in Fig 6.4. In all four
cases a very large decrease of vpyg occurs with increase of b toward the cylinder boundary, b = d.
For large d this result is not surprising, since the cylinder becomes similar to a planar interface,
separating an aqueous ionic solution and a low dielectric medium. Near such an interface the

electrostatic interaction is equal to twice the screened electrostatic interaction in water [17].
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For large cylinder radius d > k! we have checked that Eq. (6.23) indeed yields this result. In
Fig. 6.5 the cylinder radius is not large compared to the Debye length and the interaction close
to the cylinder boundary is even smaller than in the planar limit. The screened interaction in
water is shown for comparison using dashed lines.

The above analysis demonstrates that actual electrostatic interactions between near-by
monomers depend strongly on the spatial organization of the PE. These interactions proba-
bly cannot be estimated reliably using simplified models such as the cylindrical one presented
above. The detailed polymer structure, as well as other effects such as the discreteness of the

solvent, must be taken into account.

6.2.4 Further discussion of the two-sublattice approximation

Although the comparison with exact enumeration demonstrates that a two-sublattice model is
useful, one may ask to what extent the separation into two sublattices has a physical signifi-
cance. In order to discuss this question we note that within the plateau region of the titration
curve there is typically a strong anti-correlation between even and odd monomers. In order
to understand this anti-correlation one may think of the ground state of the Hamiltonian in
Eq. (6.6), concentrating first on the special case i = 0. When the interaction between monomers
favors opposite dissociation values, the ground state is typically a periodic array of alternating
values in the even and odd positions, s = +1 and s = —1. The long range order of the ground
state is not preserved within the exact theory at any finite temperature, due to the entropy
associated with domain boundaries in a one dimensional system [12]. Nevertheless, at a certain
range of pH values around i = 0 we may expect a staggered correlation function with strong
anti-correlation between even and odd monomers.

As an example, Fig. 6.6 shows the correlation function, (s;s0) — (s;) (so), for a PE having
the same parameters as in Fig. 6.4 (a), calculated by exact enumeration over all states of a
PE of length N = 30 and using periodic boundary conditions. Results are shown for three
different pH values: in the top plot pH = 7, corresponding to ji = 0. The correlation function
has a staggered form which persists over the full length of the PE. Nevertheless it is clear that
there is no true long range order because the (anti) correlation decreases slightly with monomer
separation. In the middle plot, where the pH is equal to 9, the correlation has a shorter range,
persisting only up to a distance of about 8 sites from the center monomer. Note that a pH
value of 9 is approximately at the right edge of the plateau region seen in Fig. 6.4 (a). With
further increase of pH the correlation length continues to decrease and at pH = 13.5 (bottom

plot) there is almost no correlation even between adjacent monomers. This pH value is close
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Figure 6.6: Correlation function between the dissociation of a monomer and that of its neighbors,
(sis0) — (si) (so), calculated from an exact enumeration over all configurations of a PE having
N = 30 monomers, with periodic boundary conditions. All physical parameters are as in Fig. 4(a).
The pH is equal to 7 in (a), corresponding to s = 0, to 9 in (b), and to 13.5 in (c).

to the transition point that is found in the two-sublattice model, beyond which there is no
symmetry breaking between the two sublattices. In summary, Fig. 6.6 demonstrates that the
two-sublattice approximation captures an essential physical property of the dissociation pattern
that is absent in the uniform mean field approach, namely a strong anti-correlation between
even and odd sites.

In principle, a periodicity other than two may be included in the formulation of the mean
field equations, and could lead, for certain parameters, to a lower free energy than the two-fold
periodicity. In such cases a plateau would be expected in the titration curve at an average
degree of dissociation other than one half. Comparison with the exact enumeration and with
typical experimental results indicates that such additional symmetry breaking into structures
with more than two sublattices does not occur within the physical parameters considered in
this work.

In the second part of this work, where we will look at the interaction between two weak
polyelectrolytes, we will employ Debye-Hiickel interactions in a uniform dielectric constant,
Eq. (6.4), as well as the interaction within a cylindrical dielectric cavity with b = 0, which

constitute the two extreme cases. In both cases we expect a mean-field approach with two
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acid base

Figure 6.7: Schematic illustration of a model describing the interaction of a polyacid with a parallel
polybase, separated by a distance D. The distance between charged groups in both of the PEs is
a. For simplicity the charged groups are facing each other.

sublattices to be adequate in order to predict the average charging, as was demonstrated in the

preceding discussion.

6.3 Interaction between polyacid and polybase
6.3.1 Uniform mean-field approach

The model we consider is shown schematically in Fig. 6.7. A polyacid (left) and polybase (right)
are aligned parallel to each other and separated by a distance D. For simplicity we assume that
the distance between charged groups (denoted by a) is identical in the two polymers and that
the charge lattices are in phase with each other in the two polymers, as shown in the figure.
We would like to calculate the average charge on the two polymers and the free energy as a
function of D.

We consider first the case of a uniform dielectric constant, Eq. (6.4), and also assume that
for each polymer a uniform mean-field theory (with no symmetry breaking) is adequate. As was
shown in the calculations for a single polymer, the latter assumption is justified for monovalent
monomers having a nearest neighbor separation a 2 2.5 A

It is convenient to define for the polyacid

(6.26)

and for the polybase

(6.27)
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where s, and s, are zero for an uncharged monomer and one for a charged (dissociated) one.
With these definitions both 5, and §; increase with pH. The mean-field equations are found in

a similar way as in the single polymer case, and are given by

ha = fia+J (3a)y + K (3)y
hoe = i+ J (E)g+ K (Ba)g (6.28)
where
(3a)y = —tanh(he) ; (34)g = —tanh(hs). (6.29)

The coefficients in these equations are given by:

J = iszH(iQ)

i£0
K = EZDH [ViaE T 07|

~ 2.303

fa = 5 (PH —pKa) + Aj
. 2.303 _
o = ———(pH—pKb)—A# (6.30)

where

Aji = i EUDH(m) - i ;vDH (\/W) - ZBT“ (6.31)
Equations (6.28)-(6.29) are very similar to Egs. (6.10)-(6.11), with a number of important
differences. First, the subscripts a and b do not represent two sublattices but instead distinguish
between the polyacid and polybase. Another difference is that the chemical potentials fi, and
[y are usually not equal to each other. Most importantly, J is almost always larger than K,

whereas for the two sublattice case J is smaller than K. It is easy to show that for J > K

Eqgs. (6.28)-(6.29) have a single solution.
Results

The electrostatic interaction between the polyacid and polybase increases dissociation in both
polymers (in contrast to the interactions within each PE, which inhibits charged groups from
dissociating). Figure 6.8 shows the degree of charging of a polyacid and polybase having a =
2.5 A, as function of pH and for three different values of D. When the polymers are sufficiently
far away from each other their dissociation curves are identical to those of a single polymer.
For smaller separation the average charge increases. An important case occurs when the pH is
tuned such that

(pH — pKa) = — (pH — pKb) (6.32)
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Figure 6.8: Average dissociation degree of a polyacid (increasing lines) interacting with a polybase
(decreasing lines), as function of pH. The distance between charges is a = 2.5 A; pKa = 4, pKb
= 10 and the Debye length is s~' = 30 A. Results are shown for three values of the inter-polymer
separation: D = 100A (solid lines), 10A (dashed lines) and 5A (dash-dot lines). The symmetric
case where pH — pKa = pKb — pH occurs at pH = 7.

For example, with the parameters used in Fig. 6.8, pKa = 4 (similar to poly-acrylic-acid) and
pKb = 10 (similar to poly-vinyl-amin), this equality holds at pH = 7. In this case, one has
[y = —[iq, as seen from Eq. (6.30), and the solution of Egs. (6.28)-(6.29) has the properties
ha = —hy and (5,), = — (5p),. Using the definitions in Eqs. (6.26)-(6.27), the average charging
degrees of the polyacid and polybase are then equal to each other, and the value of h, is found

from the single transcendental equation:
ha = fiq + (K — J) tanh(h,) (6.33)

In the following examples we restrict ourselves to the symmetric case described by Egs. (6.32)
and (6.33). Figure 6.9 (a) shows the average degree of dissociation as function of the polymer
separation D (identical for the polyacid and polybase). Results are shown for a = 2.5 A,
pH — pKa = pKb — pH = 3 and for four different values of the Debye length, ranging between
3A and 100A. When D is large compared to x~! the polymers do not interact, and their
average charge is equal to its value in an isolated polymer (compare with Fig. 6.2 at pH-pKa =
3). This value depends strongly on k™. At separations D of order k=1 and smaller, the average
charging increases with decrease of D and approaches unity (full dissociation) at contact.

We turn to the free energy of the two interacting PEs, shown in Fig. 6.9 (b). In this figure

the free energy F' is divided by N, the number of monomers in each PE. A distinctive feature in
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Figure 6.9: Average degree of dissociation (a) and free energy per monomer, F'//N (b) as function
of the distance D between a polyacid and polybase, with pH — pKa = pKb — pH = 3. Simple
Debye-Hiickel interactions are used with k=% = 3 A (dashed line), 10A (solid line), 30A (dotted
line) and 100 A (dash-dot line). All other parameters are as in Fig. 8. The arrows on the right hand
side of (a) show the value of (s) for an isolated PE.

this figure is that F is almost independent on x~! at small separations. In contrast to this short
separation behavior, F' depends strongly on x~! at large separations. In order to understand

these two behaviors we consider each one of the two limits separately:

Small PE distances, D < k™!

At short separations the average degree of dissociation saturates and is independent on £~1, as

can be seen in Fig. 6.9 (a). The electrostatic interaction energy of the two polymers also becomes

nearly independent on x~!

, as can be understood from the following argument. Consider the
two polymers as uniformly, oppositely charged and parallel lines. In the limit of no screening,
k = 0, the electrostatic energy is dominated by interactions at distances of order D and smaller.
At distances larger than D opposing positive and negative charges in the two polymers can be
regarded as dipoles and the electrostatic interaction between them decays as 1/z% where z
is their distance, measured parallel to the polymers. As long as k™' > D screening affects
only these dipole-dipole interactions, but not the main electrostatic contribution coming from

interactions at distances smaller than D. The independence of both (s) and the electrostatic

energy on k£~ ! leads to the behavior seen at these small separations.

Large PE distances, D > k!

At large separations the free energy approaches the sum of free energies of the two isolated

polymers. More precisely, the average degree of dissociation on the two polymers approaches a
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Figure 6.10: The difference AF' between the free energy I’ of a polyacid interacting with a polybase,
and the asymptotic form of Eq. (6.34). Four values of x~! are shown. These values, and all other
parameters and notations are as in Fig. 9. For each value of k! the values of F, and s in Eq. (6.34)
are equal to the free energy and average degree of dissociation of an isolated PE, respectively.

constant and the free energy can be approximated as follows:
F  2F 2
a0 g, (5_0) Ko(kD) (6.34)
a

where Fj and sg are the free energy and average degree of dissociation of a single, isolated PE,
respectively. These constants are unrelated to the interaction between the two PEs but depend
strongly on . The modified Bessel function Ky(kD) characterizes the electrostatic interaction
between two parallel and uniformly charged rods:

Ko(xD) /ood exp (—kV2% + D?) /Ood exp (—Vu? + k2D?)
R = z = u

Deviations from the asymptotic form (6.34) are expected to occur only when the average degree

(6.35)

of dissociation deviates from so. This happens approximately when D < k=1 as can be seen in

Fig. 6.10, where the difference between F/N and Eq. (6.34) is plotted for the same four values

of k! as in Fig. 6.9.

6.3.2 Non-uniform mean-field approach

In the case of stronger interactions between monomers within each polymer, the dissociation
curve of a single PE is characterized by a plateau. In this case we expect a symmetry breaking

transition with two sublattices on each PE. In order to deal with this case the mean-field
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Hamiltonian can be generalized to account for sublattices on each one of the two PEs:
Ho = h{ Z 55; + h{ Z 8311 + ho Z 85, + I3 Z 851 (6.36)

The mean-field equations and free energy are found using the Gibbs variational principle, in a

similar fashion as for the single polymer case. For example, the equation for h§ is:
hg = i+ J (30)g + K (31) + Io (50)g + T (51)g (6.37)

where (3;); = —tanhh. Similar equations are obtained for h¢, h} and h}. The coefficients

J,K. Iy and I in Eq. (6.37) are equal to:

1 .
J = ZZUDH(2ZG)

pors
K = i ZUDH 2(i 4+ 1)a]

Iy = i Z - [ (2ia)2 + D2}

L = i Z - [\/(m’ F1)2a? 1 DQ} (6.38)

and 1%, i® are given by Egs. (6.30) and (6.31). The four equations for h® typically have multiple
solutions; For example, if symmetry breaking occurs on both polymers the number of solutions
is 9. In the limit of non-interacting polymers, Iy = I; = 0, four of these solutions are equivalent
minima of the free energy, related to each other by exchange of the two sublattices on one or
both of the polymers. Interactions between the polymers break the symmetry of exchanging
only the sublattices in one of the polymers, and there are two (equivalent) global minima of

the free energy.
Results

As a concrete example we consider again the model shown in Fig. 6.3, which accounts for a
low dielectric constant of the polymer backbone. Parameters are similar to Fig. 6.4, b = 0,
a=35A, d=25A and k7! = 100A. The pH, pKa and pKb values are chosen such that
pH — pKa = pKb — pH = 3. The coefficients J and K are set as in Fig. 6.4 with k' = 100 A,
J = 1.4 and K = 5.8. For the coefficients Iy and I; we use Egs. (6.38) with the screened
Debye-Hiickel interaction in water, Eq. (6.4). Both of these choices are approximations which
become inaccurate when the polymers are very close to each other, since the electrostatic
Green’s function should then be evaluated in the presence of two dielectric cylinders. However

we expect our results to be qualitatively correct as will be further discussed below.
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Figure 6.11: Average degree of dissociation of interacting polyacid and polybase, as function of
their distance. The interactions between monomers within each PE are calculated assuming a low
dielectric backbone, as in Fig. 3. The parameters of the model are as in Fig. 4: a = 3.5A, d = 2.5A,
b=0and k! = 100A, and pH — pKa = pKb — pH = 3. The inset shows the free energy per
monomer, F//N, as function of D (solid line). The dashed line shows the approximation of Eq. (6.34)
with sop = 1/2 and Fy set to match the value of F' at large D.

Figure 6.11 shows the average charging of the two polymers as function of their separation
D. Due to the plateau in the dissociation curve of each polymer, (s) is close to 1/2 in most of
the separation range. A sharp increase in (s) is found at close separations of a few Angstroms.
Note that this range, where interactions between the polymers affect the average charging, is

much smaller than the Debye length, =1 = 100 A.

The inset shows the free energy (solid line) as function of D. For comparison we show (by a
broken line) the approximation of Eq. (6.34), with s equal to 1/2 and Fy matching the value
of F' at large D. The two free energies deviate from each other only at very small distances,

where (s) is larger then 1/2.

In summary, the symmetry-broken solution is stable for a wide range of distances and gives
way to a symmetric solution only at very small distances. Note that in Fig. 6.11 the most
significant increase in (s) is found for D < 5 A, where the two cylinders overlap. However, with
the dielectric discontinuity on both polymers taken properly into account (affecting Iy and Iy
as well as K and J) we can expect a stronger interaction between the polymers for small D.

This will lead to an increase of the average charging at larger values of D than in Fig. 6.11.
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6.4 Summary

The main result in the first part of this work concerns a generalization of the standard mean-field
theory of charge regulation in weak PEs. The polymer is divided into two sublattices, allowing
explicitly for correlations between these sublattices to be taken into account. Similar models
have been studied in the past in the context of Ising-like models. In the Ising model, interactions
are usually assumed to be short-ranged. If only interactions between neighboring monomers
are considered, the partition function can be calculated exactly. For PEs the main advantage
of using a mean-field approximation is that it allows long-range electrostatic interactions to be
taken into account. Simultaneously, one expects mean-field methods to gain in accuracy as the
range of interactions increases. Our main result is that a mean-field approach with separation
into two sublattices is adequate within a wide range of model parameters. In particular it
succeeds in the case of large inter-monomer interactions, where a uniform mean-field theory
fails, while also taking into account long range interactions, which may still play an important

role.

A motivation for the use of a nearest-neighbor approximation was recently suggested in
Ref. [5]. It was pointed out that a low dielectric constant of the polymer backbone can lead to
strong enhancement of the coupling between close-by monomers. We show that even within the
model of Ref. [5], the nearest neighbor approximation needs improvement for large values of the
Debye length, because of the contribution of interactions between non-neighboring monomers.
On the other hand, a mean-field approximation with two sublattices is semi-quantitatively
accurate. We also demonstrate that effects due to the dielectric discontinuity between the PE
interior and the aqueous solvent depend sensitively on the location of the charged groups within
the low-dielectric cavity; this is quite relevant, since for most experimental PE architectures,
the charged groups are not located centrally but are displaced towards the aqueous interface.

The linearized Debye-Hiickel theory is used in this work to evaluate the interaction between
monomers. This, of course, is only an approximation, whereas in principle the full non-linear
response of the ionic solution must be taken into account. Use of Debye-Hiickel interactions is
justified as long as the electrostatic potential is small compared to the thermal energy. Hence
this approximation is probably reasonably accurate in the plateau region, where the average
charge along the polymer is small. Far away from the plateau, and for highly charged PEs, one
needs to go beyond Debye-Hiickel theory, using the non-linear Poisson-Boltzmann theory. The
great advantage of using pairwise interactions is that they allow tractable, analytic solutions to

be obtained. In contrast, the nonlinear distribution of ions cannot be calculated analytically
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even near a uniformly charged cylinder immersed in a salt solution, let alone an inhomogeneously
charged PE. In light of this situation we believe that the results presented in this work provide
a useful qualitative treatment of charge regulation even for the case of highly charged PEs,
although they may be quantitatively modified by charge renormalization due to nonlinear effects
close to the PE [18].

In the second part of this work we studied the interaction between a polyacid and a poly-
base, using a mean-field approximation. This interaction leads to an increase of the average
charging in both polymers as they approach each other. In addition, the interaction energy
between a weak polyacid and a weak polybase is stronger than expected in the absence of
distance-dependent charge regulation. This means that the effect of charge regulation may be
important for the building of stable multilayers, since it decreases the repulsion between simi-
larly charged weak PEs (since the charge regulation in this case decreases the charge strength)
and at the same time leads to strongly bound polyacid-polybase pairs. For close-by polymers
the electrostatic energy is dominated by interactions between neighboring monomers, and the
free energy depends only weakly on the Debye screening length x~!'. On the other hand at large
separation between the polymers both the average degree of dissociation and the free energy

typically vary strongly with x~1.

The characteristic distance where interactions between the
polymers can affect their degree of dissociation is the Debye screening length. However, when
there is a plateau in the charge vs. pH curve of a single PE, the degree of dissociation may
remain close to 1/2 even at small separations compared to x~!. In these cases a sharp increase
in the average dissociation can occur close to contact.

The increase of charging when weak polyacids and weak polybases come into contact could
in principle be observed using infra-red spectroscopy in multilayers. However, one has to keep

in mind that in such highly concentrated systems the oppositely charged groups will get very

close to each other and form salt bridges.



Symbol Legend (Chapter 6)

Dielectric constant of PE backbone.

Dielectric constant of water.

Inverse Debye length.

Bjerrum length.

Chemical potential.

Distance between sites along the PE axis.

Distance of charged sites from the PE axis (Fig. 6.3).
Distance between PEs.

Free energy.

Variational field.

Hamiltonian.

Eq. (6.12).

PE length.

Dissociation variable of monomer i (0 - uncharged, 1 - charged).

Symmetric dissociation variable (-1 - uncharged, 1 - charged).

255



Bibliography

[1] Y. Burak and R. R. Netz, J. Phys. Chem. B 108 (2003) 4840.
[2] E. Raphael and J.-F. Joanny, Europhys. Lett. 13 (1990) 623.

[3] I. Borukhov, D. Andelman, R. Borrega, M. Cloitre, L. Leibler, and H. Orland, J. Phys.
Chem. B 104 (2000) 11027.

[4] T. Zito and C. Seidel, Eur. Phys. J. E 8 (2002) 339.
[5] M. Borkovec, J. Daicic, and G.J. Koper, Physica A 298 (2002) 1.
[6] G. Decher, Science 277 (1997) 1232.

[7] G.B. Sukhorukov G.B., E. Donath E., S.A. Davis, H. Lichtenfeld, F. Caruso, V.I. Popov,
and H. Méhwald, Polym. Adv. Technol. 9 (1998) 759.

[8] F. Caruso F., R.A. Caruso R.A., and H. M6hwald, Science 282 (1998) 1111.

[9] D. Yoo, S. Shiratori, and M. Rubner, Macromol. 31 (1998) 4309.

[10] S. Shiratori and M. Rubner, Macromol. 33 (2000) 4213.

[11] R.R. Netz, J. Phys.: Cond. Matter 15 (2003) S239.

[12] K. Huang, Statistical mechanics, Wiley: New York, 1987, 2nd ed.

[13] R.A. Marcus, J. Phys. Chem. 58 (1954) 621.

[14] F.E. Harris and S.A. Rice, J. Phys. Chem. 58 (1954) 725.

[15] S. Lifson, J. Chem. Phys. 26 (1956) 727.

[16] R.J. Baxter, Ezactly solved models in statistical mechanics, Academic Press: London, 1982.
[17] R.R. Netz, Phys. Rev. E. 60 (1999) 3174.

[18] R.R. Netz and H. Orland, Fur. Phys. J. E. 11 (2003) 301.

256



Chapter 7

Summary and future prospects

In this thesis several problems, involving charged objects in contact with ionic solutions, were
investigated. In chapters 2-4 two types of modifications to Poisson-Boltzmann (PB) were
considered: discrete solvent effects in aqueous solution, beyond the primitive model, and ion-
ion correlation effects, which are not taken into account by the mean-field approach of PB

theory.

The main outcome of chapters 2—3 is that discrete solvent effects can be very significant
near highly charged surfaces. With sodium counterions, considered specifically in this work,
these effects are important when the surface charge is in the order of 0.1 C/m? ~ 6 x 10~3¢/A?
or larger. Counterions accumulate close to the surface more than predicted by the primitive
model. Consequently the effective surface charge, far away from a charged surface is reduced

relative to the nominal charge.

The effective surface charge can be used in order to evaluate the pressure between two plates
at large separations, using the usual PB theory. However, at small inter-surface separations,
comparable to the range of the short-range, solvent mediated ion-ion interaction, inter-surface
forces behave very differently from the PB prediction, and in particular can be attractive.
Such fundamentally different behavior from PB theory is found with highly charged plates,
at separations smaller than about 20 A. The existence of strong deviations from PB theory at

these separations is in agreement with surface-force apparatus measurements [1].

The third chapter’s results may explain the apparent repulsion seen experimentally at very
small inter-surface separations, referred to as the hydration force [1,2]. On the other hand, the
model does not account for oscillatory forces that were observed experimentally [2]. In order
to account for these oscillatory forces the free energy of the solvent itself must be considered

and, of no less importance, the ion-surface, solvent mediated interaction must be included in
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the theory.

The results of chapters 2—-3 are qualitative, and mainly point at the importance of solvent-
mediated interactions. I believe that further refinement of the model is required in order to
make contact with experimental data. In addition to the ion-solvent mediated interaction,
a refinement is also required in the ion-ion interaction, which was taken in this work from
simulations in a bulk solution. These modifications require evaluation, in simulation, of effective

potentials in a confined or anisotropic geometry, which are not available at this time.

The formalism developed in chapters 2—3 can be used to study ion-ion interactions, other
than the solvent-mediated ones. In particular, much interest has been devoted lately to the
consequences of dispersion interactions, acting on the ions. In this context ion-surface dispersion
forces were considered [3,4] but the ion-ion dispersion forces were not taken into account. The

formalism of chapters 2-3 may be a valuable tool in assessing their effect.

In chapter 4 ion-ion correlation effects are considered in the most simple possible model
for a macroion in ionic solution, namely, an infinite, uniformly charged surface neutralized by
counterions. A formalism similar in spirit to Debye and Hiickel’s theory for bulk electrolytes
(Sec. 1.1 and Ref. [5], Sec. 78) is developed, in which a test charge is singled out. The other
ions’s response is then evaluated, treating the ion charge in a non-linear manner. The emerging
theory coincides, in its prediction for the ion density profile, with known asymptotic limits, of

very small or very large coupling parameter values.

At intermediate coupling parameters, in which an exact analytic theory is not available, the
theory of chapter 4 provides useful results, showing semi quantitative agreement with Monte-
Carlo simulation [6]. Further results from simulation are desirable in order to test the predictions
on the ion density profile far away from the charged plates and, in particular, the predicted
distance-dependent crossover from exponential to algebraic decay. It is argued, in chapter 4,
that when the coupling parameter is large a modified mean-field equation describes the ion
distribution in a large range of distances from the plate. This prediction awaits comparison

with simulation as well.

Many interesting generalizations of chapter 4’s formalism are possible, among them consid-
eration of a salt solution, and geometries other than the planar one (technically, the spherical
geometry involves the same computational complexity as the planar one since there is one axis
of symmetry, the line connecting the sphere’s center and the test charge, whereas the cylindrical
case is computationally more demanding since there is no axis of symmetry once a test charge

is introduced). It is also of great interest to generalize the theory to study the interaction
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of two charged surfaces. Such a generalization may yield a relatively simple theory that will
interpolate between mean-field theory and strong-coupling theory [7,8], in its prediction for

inter-surface forces.

The works presented in chapters 2—-3 and in chapter 4 demonstrate that PB theory is inac-
curate close to highly charged objects. Its relative success, in analysis of experimental data, is
often due to the use of renormalized surface charges, which are taken as fit parameters. Ideally,
it should be possible to calculate these renormalized charges from first principles. From the
works presented here, together with others [3,4,6,9-14], it becomes evident that this goal can
be achieved only with a unified treatment of solvent-mediated interactions, dispersion forces,

detailed surface geometry, and ion-ion correlations.

In contrast to chapters 2—4, chapter 5 deals with a specific experimental system, namely
a solution of short, rod-like DNA segments in a solution that contains both monovalent and
multivalent counterions. Two quantities, characterizing the ion density profile near isolated
segments in the dilute (non-aggregate) phase are extracted from the experimental data: the
bulk density ¢ and the excess p} of multivalent ions, at the onset of aggregation. It is argued
that these quantities are independent on cpna, the DNA concentration (in contrast to previous
theoretical treatments), whereas the amount of multivalent salt, required to induce aggregation,

depends linearly on ¢pna. This linear dependence is due only to the contribution of the excess.

Models for the ion distribution near a single DNA segment, such as PB theory, enforce a
certain relation between c;, the monovalent salt concentration, ¢}, and p}. Because this relation
is different from the actual one in the experimental system, such models are inherently limited
in their capability to describe boundaries in the aggregation phase diagram. Furthermore,
as shown in chapter 5, competition between monovalent and multivalent ions amplifies the
importance of specific ion effects (not taken into account by PB theory), such as the counterion

size and other short-range interactions [15]. Comparison of the extracted ¢, p% values with PB

theory supports this conclusion.

The main assumption made in chapter 5 (that ¢% is independent on cpya) relies on the
neglect of direct DNA-DNA interactions, and on neglect of the DNA segments’s translational
entropy. The latter assumption is currently under theoretical investigation [16]. According to
our results, taking the DNA translational entropy into account shifts the extracted values of
c; and p; by a small degree, but does not affect any of chapter 5’s qualitative conclusions. In
very dilute DNA solutions, smaller than the ones considered in the experiments of Ref. [20],

the DNA entropy does affect the onset curve, as will be addressed in a future publication [16].
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Chapter 5 sheds light on one aspect of the phase diagram, namely the onset of aggregation.
The nature of this boundary in the phase space is not yet clear, neither theoretically or ex-
perimentally. Current theoretical approaches treat this boundary as the coexistence line of a
dilute phase involving single DNA chains, and a concentrated, liquid crystalline phase [16-20].
However, some measured quantities, such as the amount of DNA remaining in the dilute phase
beyond the onset, do not seem to agree with such a picture. In particular, the minimal amount
of DNA, at the point where redissolution begins, depends on the initial concentration of DNA
(Ref. [20], Fig. 6). I believe that the approach taken in this theoretical work, in which emphasis
is placed on analysis of the experimental data, can contribute greatly to further understanding
of the phase diagram.

Finally, in chapter 6 charge regulation of weak, rod-like polyelectrolytes (PEs) is considered.
This chapter introduces a simple, analytically tractable method, taking into account the anti-
correlation between neighboring sites. This anti-correlation is associated with a plateau at
intermediate pH values in titration curves, which is reproduced quite accurately using the
method introduced in chapter 6. In addition to the introduction of this method, recent results
on dielectric discontinuity effects [21] are re-examined. The main conclusion on this issue is
that the effect depends strongly on the position of charged groups within the low-dielectric
backbone.

Another important conclusion of chapter 6 involves the interaction of two PE chains. The
average degree of dissociation is found to depend on the separation between PEs, increasing
when two oppositely charged PEs approach each other. The increase can be gradual or abrupt,
depending on the strength of interactions between sub-lattices within each PE. A similar con-
clusion probably applies to multi-layers of weak, oppositely charged PEs [22,23], and may be
important for the building of stable multilayer complexes.

The model of chapter 6 relies on the use of the linearized Debye-Hiickel theory to treat
all interactions between dissociation sites along the PE backbone. For highly charged PEs it
is no longer possible to trace over ionic degrees of freedom in this manner. Treating the full
non-linear theory remains an intriguing, open challenge.

All the works presented in this thesis share a common attempt to introduce a theoretical
formalism that (i) captures the essential physical effects, (ii) is sufficiently simple to allow
some level of analytical treatment and, of no less importance, provides physical insight into the
problem under study, and (iii) is rooted in the methods of statistical mechanics. T hope that
these works will contribute to the understanding of inhomogeneous ionic solutions, and that

they will prove to be useful for the study of other charged macromolecular systems.



Bibliography

[1] R. M. Pashley, J. Colloid Interface Sci. 80 (1981) 153.
[2] R. M. Pashley and J. N. Israelachvili, J. Colloid Interface Sci. 101 (1984) 511.
[3] B. W. Ninham and V. Yaminsky, Langmuir 13 (1997) 2097.

[4] S. A. Edwards and D. R. M. Williams, Phys. Rev. Lett. 92 (2004) 248303 and references

therein.

[5] L. D. Landau and E. M. Lifshitz, Statistical Physics, 3rd edition, Part 1, Pergamon Press:
New York, 1980.

[6] A.G. Moreira and R.R. Netz, Eur. Phys. J. E. 8 (2002).

[7] R. R. Netz, Eur. Phys. J. E 5 (2001) 557.

[8] A. Naji and R. Netz, Eur. Phys. J. E 13 (2004) 43.

[9] S. Maréelja, Nature 385 (1997) 689.
[10] I. Borukhov, D. Andelman, and H. Orland, Phys. Rev. Lett. 79 (1997) 435.
[11] D. B. Lukatsky, S. A. Safran, A. W. C. Lau, and P. Pincus, Europhys. Lett. 58 (2002) 785.
[12] L. Guldbrand, B. J6nsson, H. Wennerstrém, and P. Linse, J. Chem. Phys. 80 (1984) 2221.
[13] R. Kjellander and S. Marcelja, J. Chem. Phys. 82 (1985) 2122.
[14] A.Y. Grosberg, T. T. Nguyen, and B. Shklovskii, Rev. Mod. Phys. 74 (2002) 329.
[15] See also, Y. Burak, G. Ariel, and D. Andelman, Curr. Opin. Colloid Int. Sci. 9 (2004) 53.
[16] Y. Schwarzkopf, Y. Burak, and D. Andelman, manuscript in preparation.
[17] J. Wittmer, A. Johner, and J.F. Joanny, J. Phys. II France. 5 (1995) 635.

261



262 BIBLIOGRAPHY
[18] T. T. Nguyen, I. Rouzina, and B.I. Shklovskii, J. Chem. Phys. 112 (2000) 2562.
[19] F. J. Solis, J. Chem. Phys. 117 (2002) 9009.

[20] E. Raspaud, M. Olvera de la Cruz, J.-L. Sikorav, and F. Livolant, Biophys. J. 74 (1998)
381.

[21] M. Borkovec, J. Daicic, and G.J. Koper, Physica A 298 (2002) 1.
[22] G. Decher, Science 277 (1997) 1232.

[23] D. Yoo, S. Shiratori, and M. Rubner, Macromol. 31 (1998) 4309.



